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PREFACE 


This book is intended for students who have completed a first year’s 
physics course and who are proceeding further with the study of light. 
A good knowledge of elementary mathematics is assumed. The 
calculus is used, but I hope that the results obtained by its aid wilt 
be understood by those who cannot follow the intermediate steps, and 
in any case the greater part of the book is free from it. 

The book was first published in 1915 and has since been reprinted 
ten times. For the present edition it has been completely reset and 
the diagrams have been remade, and advantage has been taken of the 
opportunity to make a very extensive revision. Old matter has been 
cut out and new paragraphs and sections added throughout the book. 
One and a half chapters are new, there are eight new pages of half-tone 
illustrations, the answers to the problems have been given for the 
first time and the changes have necessitated a new index. 

Mr. Charles Cochrane read all the proof sheets and worked all the 
examples for the first edition, and my obligation to him still stands. 
I am indebted to Dr. John Thomson for reading the proofs of the new 
matter appearing in the present edition. I am also indebted to the 
various reviewers and friends who at different times have sent me 
criticism, favourable and unfavourable. It has all been carefully 
considered and has led to much improvement in places. But, 
generally speaking, there has been little unanimity in the criticism. 

R. A. HOUSTOUN. 

July, 1938 
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CHAPTER I 

FUNDAMENTAL IDEAS 

LiGirr travels in straight lines. This is taken for granted by every¬ 
one lor we always assume that a body exists in the direction of the 
rays of light which enter our eye from it. Also numerous illustrations 
of the rectilinear propagation of light occur in daily life. For example, 
the rays of the sun entering a darkened room through a chink in a 
shutter are seen to be straight; also if a shadow of a stick be cast by a 
candle flame, the flame, the top of the stick, and the shadow of the 

top of the stick are all in one straight line. 

But if observations are made with great accuracy, it is found that 
the propagation of light is only approximately rectilinear. It, tor 
example, light from a point source falls on a screen with a very narrow 
hole in it, say mm. diameter, after passing through the hole the 
rays bend into the shadow to such an extent that we can no longer 
speak of the rectilinear propagation of light. In this case diffraction 



is said to take place. Diffraction will be fully considered in a sub¬ 
sequent chapter; it can be ignored as far as concerns the great 
majority of optical phenomena. 

Let us suppose that AB is a spherical source of light, CD a spherical 
obstacle, and EF a screen. Each point of the source casts its own 
shadow, so that on the screen we have an infinite number of over¬ 
lapping shadow discs, the point A casting for example the shadow HK 
and the point B the shadow Gl. As A and B are the extreme points of 
the source, the overlapping portion HI receives no light at all. The 
parts GH and IK receive light from part of the sphere, and the shadow 
gradually becomes brighter as we proceed from H to G and from I to 

3 
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K. The whole shadow consists therefore of a perfectly black disc of 
diameter HI called the umbra surrounded by a ring of gradually 
diminishing darkness called the penumbra. 

If the sphere AB represents the sun and the sphere CD the moon, 
it is only when a point on the earth’s surface enters the cone CMD 
that the sun is totally eclipsed for that point. When it is within the 
penumbra, the eclipse is only partial. 

Pinhole Camera. If a luminous object AB (Fig. 2) is placed in 
front of a small hole OP in an opaque screen and a white card placed 
on the other side of the hole, an inverted image CD of the luminous 
object will be formed on the card. A pencil of light goes out from 
every point on the object in the manner indicated by the diagram, and 
forms a patch of light on the card. The hole must be small, literally 
a pinhole, otherwise the patches of light on the card will be too large 
and the image blurred. Consequently the image is very faint and if 



a photograph is taken by this method a very long exposure is neces¬ 
sary. The pinhole camera has, however, the advantages that it takes 
in a very wide angle of view and also that no focussing is necessary, 
i.e. there is perfect depth of focus. 

Laws of Reflection and Refraction. The fact that a body not 
itself luminous is yet visible in all directions, when illuminated by 
light from a light source, shows that it must be capable of reflecting 
light in all directions. Such reflection is called diffuse reflection and 
is subject to no simple law. It takes place at all rough surfaces. 
Rays that undergo diffuse reflection usually change their colour. 

When a narrow pencil of light is reflected from a mirror or the 
polished surface of a transparent medium, diffuse reflection takes place 
to only a very small extent and the incident pencil of light gives rise 
to two pencils, a reflected one and a refracted one. The light is then 
said to undergo regular reflection. The point where the incident ray 
of light strikes the surface is called the point of incidence, and if a 
normal be drawn to the surface at this point, the angle which it makes 
with the incident ray is called the angle of incidence and the angle 
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refraction. . . . 

The laws of reflection and refraction are as follows .— 

The incident ray, the normal to the reflecting surface at the point 
of incidence and the reflected ray are all in the same plane. 

The angle of reflection is equal to the angle of incidence. 

The refracted ray lies in the same plane as the normal and the 
incident ray, and is on the opposite side of the normal from the incident 

r& The sine of the angle of incidence bears a constant ratio to the 
sine of the angle of refraction for all 
angles of incidence, the value of the ratio 
depending on the nature of the light and 
on the nature of the media in contact at 
the surface at which refraction takes 
place. 

Thus in Fig. 3 if P is the point of 
incidence, MK the trace of the reflecting 
surface, NP the normal and AP the incident 
ray, the reflected ray PB and the refracted 
ray PC are both in the same plane as AP 
and PN, /.NPB=ZNPA and sin NPA/sin LPC is constant, no matter 
what the value of Z.NPA is. 

sin NPA 

Write iSTptr' 1 - 


x 

N 

M P 

\ K 

L 


Fio. 

3. 


Then /z is said to be the index of refraction of the lower medium with 
reference to the upper for the light in question. For all transparent 
solids and liquids is greater than 1. 

When the angle of incidence is zero, AP and PB both coincide with 
NP, and PC coincides with PL. The ray is then undeviated by refraction. 

If the surface on which the light falls is curved, we may divide it 
up into small elements of area, regard these elements as plane, draw 
a normal to each and consider each separately. The light falling on 
each will then be reflected and refracted according to the above laws. 

The laws of reflection and refraction can best be proved with the 
spectrometer (p. 99), but a very simple means of verifying them in 
the case of a glass slab will be described here. 

Fix a piece of paper on a drawing-board and draw any straight 
line AP on it. Place the slab in position so that one of its faces rests 
along MK and draw the line MK by running a pencil along its edge. 
Look into the surface of the slab and the iine AP will be seen by 
reflection in the direction A'P ; then place a ruler on the paper so that 
its edge seems a continuation of A'P and draw part of the line PB. 
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Remove the slab and produce BP to cut MK. It should cut it at P 
and it can be shown with a pair of compasses in the manner indicated 

in the diagram that Z.APN= Z.NPB. 

Draw a straight line AP as before and place the slab in position so 
that MK and HJ are the traces of two of its parallel faces. Draw MK 


Fio. 4. Fio. S. 

and HJ. Then looking into the face HJ of the slab draw with a ruler 
OR which appears to be the continuation of the line AP. Remove 
the slab, draw the normal NPS, produce RQ to meet the normal at S 
and join PQ. Then Z.SPQ is the angle of refraction. 

The ratio of the sines can now be determined in different ways 
but perhaps the neatest is as follows. It is found from the drawing 
that SR is parallel to AP. Consequently ZPSQ is the supplement of 
/_APN and sin APN=sin PSQ. Hence, since the sines of the angles of a 
triangle are proportional to the lengths of the opposite sides, 

sin APN sin PSQ PQ 
^ = sirT^PQ = sin SPQ SQ* 

No matter bow /_APN varies, the ratio PQ/SQ is always constant. 

§ Let MN be the section of a plane mirror perpendicular to the 
plane of the paper, and let P be a point source of light. Let PA be 
any ray from P to the mirror; then after reflection it has the direc¬ 
tion AC. Draw EA, the normal at A, draw PN perpendicular to MN 
and produce CA and PN to meet at Q. 

In As APN and A Q N we have AN common, Z. A NP = Z.ANQ both 
being right and A pA N=Z_Q A N, since Z.EAN is right and EA bisects 
A CAP. Hence the triangles are equal and PN = NQ. 

The point Q is fixed and quite independent of the direction of PA. 
If we draw another ray PB, DB its direction after reflection must also 
pass through Q. All rays diverging from P and striking the mirror 
appear therefore to an eye at CD to diverge from Q. The point Q is 
thus said to be the image of P, and since the rays AC and BD them- 
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selves do not pass through Q but only their directions produced^back¬ 
wards do, the image is said to be virtual. If the rays themselves hail 
passed through Q, the image would have been real. . The « ss ® nt *“ 
difference between a real image and a virtual image is, that area 
image can be received upon a screen and made visible ; a virtual 
image cannot. 

If instead of a luminous point we have a line object PR, an image 
is formed of every point of it as above, and these point images com¬ 
bine to form the line image QS as shown in Fig. 7. It will be noticed 



Fio. 6. 



that the object is reversed by reflection, that right and left are inter¬ 
changed. Consequently, if a piece of writing be held up to the mirror, 
its image is illegible ; if however it be blotted and the blotting-paper 
held up to the mirror, the writing, being reversed twice, becomes 
legible again. 

The fact that the image is as far behind the mirror as the object 
is in front of it can be shown very easily with two pins, a short one 
and a long one, and a glass plate, the back of which has been blackened 
so that only the front surface can reflect light. The glass is mounted 
vertically and the short pin stuck up in front of it. The long pin is 
placed behind the glass in such a position, that it and the image of the 
short pin appear to occupy the same position. Then there is no 
parallax between the long pin and image of the short one, i.e. moving 
the eye from side to side does not cause the one to move past the 
other. If the adjustment is made accurately, the long pin and the short 
pin are equidistant from the surface of the glass. 

If the experiment is performed with a piece of mirror glass instead 
of an unsilvered plate, the image is of course brighter, but a complica¬ 
tion arises owing to the fact that the light has to pass through the 
glass before it gets to the mirror. It will be shown later that if t is 
the thickness of the glass, this makes the image nearer the mirror by 
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2(fi-\)tfoi. If the mirror is on the front surface of the glass, this 
complication falls away. But in this case the mirror has to be made 
by the new aluminium process ; a silver mirror on the front of a glass 
surface is not very permanent. 

Rotation of a Plane Mirror. Let MN be the intersection by 

the paper of a plane mirror perpendicular 
to the plane of the paper. Let PO be 
the incident ray, OQ the reflected ray, 
and OH the normal at the point of inci¬ 
dence. Let the mirror be rotated through 
an angle a about an axis through 0 
perpendicular to the plane of the paper 
and let OR and OG be the positions of the 
reflected ray and normal after the rota¬ 
tion. Then 

a= Z M'0M= ZG0H= Z.P0H - P0G = iZ.P0Q - J/.POR 

= i(Z.P0Q-ZP0R) = UQ0 R - 

But QOR is the angle turned through by the reflected ray. Therefore 
the angle turned through by the reflected ray is twice the angle turned 
through by the mirror. 

Use is often made of a mirror and reflected ray to measure the 
angle through which a body rotates. For example, in some patterns 
of galvanometer a small magnet or system of magnets has a little 
circular mirror attached, which reflects the light from a lamp on to a 
graduated scale usually at a distance of about a metre from the 
mirror. When a current passes, the 
magnet and mirror are deflected and con¬ 
sequently the image moves along the 
scale. The reflected rays thus form a 
perfectly straight mass-less pointer. 

Multiple Reflections. ABCD is a thick 
plate of glass with parallel faces. A ray 
of light Pa falls on the upper surface of 
the plate at a and gives rise to a reflected 
ray aa and a refracted ray aa . The 
refracted ray falls on the lower surface 
of the plate and gives rise to the reflected 
ray ab and a refracted ray which is not 
shown. The reflected ray ab in turn 
falls on the upper surface of the plate at 
b and gives rise to the refracted ray bb' 
and the reflected ray bb". And so on; 
tne single incident ray Pa gives rise to an 

infinite number of rays aa\ bb\ cc\ dd\ etc., which appear to come from 
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i • n n p P otr to an eye above the plate. The first 
V, X tejlt th, other, sat »pi% 
fainter because each reflection diminishes the intensity of the light 
v^ry Considerably. If the experiment is performed wrth a candle 
flame in a darkened room usually only three images can be seen. If, 
however, the lower surface of the glass is silvered the second image is 
much brighter than the others and altogether about five images can 

honin' ordinary mirror it is this second image that we see : the other 
images are there but are so faint that they can be ignored. 

Suppose a point source P (Fig. 10) is placed between two mirrors A 
and B which have their faces turned towards one another, so that its 



distance from A is a and its distance from B is b. Then by reflection m 
A an image is formed at Aj ; by reflection in B an image of this image 
is formed at A 2 , and by reflection again in A this in turn gives rise 
to an image at A 3 , and so on. Similarly by considering the reflection 
of P in B we get B x and another infinite series of images, Bj, B 2 , B 3 . . . 
There are thus two infinite series 
of images, but of course, owing to 
the light getting fainter by suc¬ 
cessive reflection it is only the 
first of each series that are seen. 

Above each image in the dia¬ 
gram is given its distance from P. 

The diagram also shows the path 
taken to the eye by the pencil of 
rays, which forms one of the 
images, A 2 . 

§ The positions of the images 
become interesting when the two 
mirrors are inclined to one another. 

In the figure AO and BO represent 

the mirrors and P is the object. P Fio. 11. 

forms an image P 2 by reflection in 

0A. Since PPj is at right angles to 0A and P x is as far behind 0A as P is 
in front of it, P x is on the circle.through P which has 0 as centre. The 
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image P, forms an image P" in OB. This image is obviously on the same 
circle as P and P,. It in turn forms an image P 3 in 0A. The line joining 
P" and P 3 passes of course beyond the end of 0A, but this is immaterial. 
For P" to form an image in 0A it is only necessary that rays from P' should 
reach the eye after reflection at 0A. P 3 forms an image P"" in OB ; P"" 
is behind both mirrors and can consequently produce no further images. 

If we go back to the object P, it forms an image P' in OB which in turn 
forms an image P 2 in 0A. The latter forms an image P"' in OB, and this 
image is behind both mirrors ; hence no further images are formed. Thus 
in the case in question seven images altogether are formed, and these all 
lie on the circle with centre 0 and radius OP. 

The angles between the different images are marked on the figure, the 
angles AOP and BOP being respectively denoted by a and/3, and it is found 
that the angle between two consecutive images is alternately equal to 2a 
and 2/3. 

Refraction through Slabs with Parallel Sides. Let a ray of light 
ABDE be refracted through a plate of a transparent material with 




parallel sides, as shown in Fig. 12. Let jx, 2 be the index of refraction 
of the plate with reference to the medium in which it is placed, and 
let fx 2 1 be the index of refraction of the medium with reference to the 
material of the plate. It is found by experiment that the direction 
of a ray is never altered by passing through a medium with parallel 
sides ; hence the emergent ray DE makes the same angle a with the 
normal as the incident ray does. If /3 denotes the angle of refraction, 

sin a _sin/3 

^ 2I _ sin a* 

Therefore /z 2 i = 1//M2* 

Suppose that two slabs with parallel faces are placed together and 
that a ray of light ABCDE passes through them as shown in Fig. 13. 
Let 1 2 be the index of refraction of the second medium with reference 
to the first, let 3 be the index of refraction of the third medium with 
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reference to the second, and let*,, be the index of refraction of the 

first medium with respect to the third. Then, if p and y have the 
values shown in the figure, 

SS—-** • • • • (1) 


sin a 


Hence 


sin a sin/3 sin y , 
Mi2^23 hz\ s jjj p sin y sin a 


and 

The index of refraction with reference to a vacuum of air under 
standard pressure and at a temperature of 0° C. is 1-0003. The index 
of refraction with reference to a vacuum is usually called the absolute 
index of refraction, and, when the index of refraction of a gas is given, 
it is always its absolute index of refraction that is meant. When the 
index of refraction of a glass or a liquid is given, it is usually the 
index of refraction with reference to air that is meant. If either 
the index of refraction with reference to air or the absolute index of 
refraction is given, the other can easily be found by the equation 
M 23 =Mi 3 /A x i 2 > since the absolute index of refraction of air is known. 

If we denote the absolute indices of refraction of the three media 
in Fig. 13 by h\> fi 2 > Hz> then H\ 2 =P 2 h M i> A i 23=/ x 3// i 2* an( * P3\ = bih x 3 * 
hence (1) can be written 

H\ sin a =/x 2 sin /3 =/x 3 sin y. 

This equation can easily be extended to take in the case of n media 
bounded by parallel plane surfaces, and we see from it that the inclina¬ 
tion of the ray in any one medium depends only on the original inclina¬ 
tion and is independent of the intermediate media passed through. 

Astronomical Refraction. Since the index of refraction of air is ap¬ 
preciably greater than for a vacuum, when the rays from a star enter our 
atmosphere they are refracted. The effect of this refraction is to make the 
star appear higher in the heavens than it really is. Since the density and 
consequently the refractive index of the atmosphere decrease gradually as 
we ascend, the refraction does not take place all at once, but the rays are 
curved during their passage through the atmosphere. We can get the effect 
of this gradually decreasing index of refraction by supposing the atmosphere 
divided into parallel layers, for each of which the index of refraction is 
constant and has a smaller value than for the layer immediately below ; t. 

Let Fig. 14 represent the passage of a ray of light through such a layer. 
Then applying the law of refraction at the point P we have 

Hi sin i=H 2 s * n T ~\ L 2 s * n ( l “P)» 

where p is the deviation produced by the refraction. Since p i* small we 
can write sin p=p, cos p = l, and the above equation becomes 

Hi sin i =H 2 (sin cos *) 
or p = (hz ~Hi) tan * 
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pinceu 2 can be written approximately equal to 1. If wc form this 
equation in succession for all the other layers and add, and if wc also 
assume that i is not near 90° and tan i consequently varies 
slowly, then the total deviation is given approximately by 

p = (/x-l) tan i, 

v\hcrc /x is the index of refraction of the atmosphere close 
to the earth's surface. The index of refraction in the upper 
region of the atmosphere is, of course, 1. 

The full theory of astronomical refraction is very com¬ 
plicated, as the magnitude of the effect depends on the 
temperature and pressure of the atmosphere. The upward 
Fio. 14. displacement produced increases very rapidly as the star 
approaches the horizon, attaining a magnitude of 35' when i 
reaches 90°. This is greater than the angle subtended by the diameter of 
the sun or the moon. Thus when the lower edge of the sun's disc appears 
to be touching the horizon, the whole disc is really below the plane of the 
horizon. Hence owing to the refraction of the atmosphere both ends of 
the day arc lengthened at the expense of the night. 

§ It sometimes happens in a desert that the layer of air immediately 
above the sand is much hotter than the layers higher up, consequently its 
density and index of refraction are lower than for the layers higher up. 
Rays of light from the sky incident on the hot layer at a very large angle 
are thus totally reflected * and pass upwards again in the colder region 
without reaching the sand. If they reach the eye of an observer, he sees a 
piece of the sky apparently mirrored in the sand and takes it to be the 
surface of a lake. To this phenomenon the name of mirage is given. 

If objects at a distance are regarded through a stream of hot air, e.g. 
through the hot air issuing from a chimney or rising from a seashore heated 
by the sun, they appear to wave about and tremble. This is due to the 
index of refraction of the hot air being less. The patches of hot air act 
like prisms, deviating the rays and changing the apparent directions from 
which they come and the positions and shapes of the patches of hot air are 
always altering. The scintillation or twinkling of the stars is similarly 
to be ascribed to changing inequalities in the 
refractive index of the atmosphere. 

Image of a Point formed by Refraction at a 
Plane Surface. Let us suppose that a pencil of 
rays is diverging from a point P on the under 
surface of a parallel-sided slab of some refracting 
material, for example, glass. The ray PN which 
meets the upper surface of the slab at right 
angles does not change its direction in passing 
into the air, but any other ray PS is refracted at Fio. 15. 

the surface of separation. Let SR be its direction 
after refraction and let /x be the index of refraction of the glass. 

• For the meaning of this expression cf. next page. 
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firet^ocussed on a mark on the stage, then the slab of glass is placed 
on the mark and the microscope focussed on the virtual image of the 

raised this time gives QN. Then, 
when PQ and QN are known, the 
index of refraction can be calcu¬ 
lated. 

In determining the index of 
refraction of liquids by this 



Fio. 10. 



method a scratch on the bottom of the vessel containing the liquid 
is taken as the first mark and dust or chalk floating on the surface 
of the liquid as the second mark. The method is not an accurate 
one unless the objective has a short focal length.* 

If the rays diverge from P making a wide angle with PN, their 
directions after refraction no longer pass through Q but touch a 
curve as is shown in the figure. This curve is termed a caustic. 

Total Reflection. The angles of incidence and refraction are con¬ 
nected by the relation sin i=/x sin r. If the ray is passing from a 
medium with a large index of refraction to one with a small index of 
refraction, say from glass to air, /x. is less than 1. As i, the angle of 
incidence inside the glass, increases, r increases, and when sin i becomes 

* It can be improved by using a Ramsden eyepiece with cross-wires instead of the 
Huygens eyepiece usual with microscopes. Then the parallax between the cross-wires 
and image makes the focussing more accurate. 
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equal to ll, sin r = l and r = 90°. The value of t given by sin *=/* is 
known as the critical angle. When the angle of incidence is greater 
than the critical angle, sin r is greater than 1. Consequently r can 
have no real value ; there is no refracted ray and the light is said to be 
totally reflected. In Fig. 17 are shown corresponding angles of 
incidence and refraction for rays incident internally on the surface 
of glass of index of refraction 1*5. The ray PA makes the limiting 
angle with the normal. The ray PB is totally reflected. 

Aplanatic Surfaces. The optical distance between two points or 
the optical length of the path traversed by a ray between two points 
is equal to the actual distance multiplied by the index of refraction of 
the medium containing the path. If the path goes through different 
media, then its optical length is obtained by multiplying the length 
of each part of it by the index of refraction of the medium, in which 
that part is, and then taking the sum. 

An aplanatic surface is one for every point of which the sum of the 
optical distances from two fixed points is constant. 




Let us suppose that the two fixed points S and S' are in the same 
medium, that the light goes directly to the aplanatic surface and back, 
and that P is any point on the aplanatic surface. Then its equation is 

SP + S'P=c, 

where c is a constant. This is the equation to an ellipsoid of revolu¬ 
tion with S and S' as foci, i.e. the surface obtained by rotating the 
ellipse in Fig. 18 round the line SS'. Now a property of the ellipse is 
that the straight lines joining any point on it to the foci make equal 
angles with the tangent and normal at that point. Consequently if 
PN is the normal at P, Z.SPN = ZS'PN, and if the inner surface of the 
ellipsoid be regarded as a mirror, any ray of light incident on the 
surface from the one focus must pass after reflection through the 
other focus. 

If one of the foci, S', is moved to infinity, the ellipsoid becomes a 
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paraboloid of revolution, and if S is regarded as a ^urce of light e^ry 
ray that diverges from S, no matter at what angle, after reflection a 
the mirror becomes parallel to the axis. Conversely p . 

mirror brings all the rays from an infinitely distant object to a point 

f °Let us suppose that the point S is in a medium of index of refrac¬ 
tion 1 and the point S' in a medium of index of refraction /<.. The . 
the equation to the aplanatic surface becomes * 

SP + pS'P = c, 

where P is any point on the surface. Let the point Q (Fig. 20) be 
a neighbouring point to 
P. From P draw PN 
perpendicular to SQ and 
from Q draw QM perpen¬ 
dicular to S'P. Then, 

small we 6 may 1 write^SP = SN ; similarly S'M = S Q. Now SP+/xS'P"<) 
and SQ+pS'Q = c ; hence by subtraction 

sq-sp=m(S'p-s'Q) 

• e. SQ-SN= M (S'P-S'M) 

or NQ=/xPM. 

Divide both sides by PQ, which may be regarded as an element of a 
straight line. Then 

NQ = PM 
PQ M PQ‘ 

But NQ/PQ = cos NQP = sine (angle of incidence of SQ) 
and PM/PQ = cos MPQ = sine (angle of refraction of PS ). 

Therefore, in the limit when QP is made infinitely small we have sine 
(angle of incidence of SP)=/x sine (angle of refraction of PS'), i.e. the 
iay SP is refracted so as to pass through S'. Thus all rays incident 
in the surface from S pass after refractiou through S' and S' is a real 
image of S. 

Draw a circle with centre C and radius AC, A being any point on 
it; then with the same centre describe circles with radii equal to 
AC//* and /*AC, fi being greater than 1, and draw any line CP to meet 
them respectively in P and Q. Join QA and PA. 

In As APC and AQC we have Z.ACP common, PC : CA :: CA : CQ, hence 
the As are similar and Z.QAC= /_ APC. Thus 

sin QAC sin APC_AC_ 
sin PAC _ sin PAC~PC _, ‘' 

If we regard the circle of radius CA as a section of a glass sphere with 

• The curve represented by this equation is known as the Cartesian oval. 
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centre C and index of refraction /z, since AC is the normal to the surface 
at A, rays diverging from the point P inside the sphere appear after 

refraction at the surface to come from Q. 
Thus Q is the image of P. P and Q are 
termed the aplanatic points of the spher- 
and the surface of the sphere is an apian 
atic surface for P and Q. The sphere ha* 
an infinite number of aplanatic points ; to 
every point on the inner sphere there 
corresponds an aplanatic point on the 
outer sphere. 

To an element of area surrounding P on 
the inner sphere there corresponds as 
image an element of area surrounding Q on 
tlie outer sphere. The area of the whole inner sphere is 47 t(AC//z) 2 
and the area of the whole outer sphere 4 tt(/zAC) 2 . The area of the 
element surrounding Q is therefore /z 4 times the area of the element of 
which it is the image. 

Ordinary lenses give sharp images only when the rays make small 
angles with the axis. The property of the aplanatic points of the 
sphere may be used to construct a lens which gives a sharp image, no 
matter at what angle the rays diverge from the axis. 

For let ABED be the section of a lens of which CD is the axis ; let 
P be the centre of curvature of the one surface DE and let P and Q be 
aplanatic points of the other surface AB. 

Then all rays diverging from P cuter the 
lens undeviated and after refraction at 
the second surface appear to diverge 
from Q. The lens thus forms a virtual 
image Q of P. 

For the above construction to hold 
the object must of course occupy the 
one definite position and the light must 
be monochromatic. 

Law of the Stationary Path. The laws of reflection and refraction 
can be summed up in a very general law entitled the law of the 
stationary or extreme path. It runs as follows : The optical length of 
the path traversed by a ray between two points is stationary, i.e. is 
either a maximum or a minimum. The law was formerly known as 
Fermat s Principle of Least Time, and was stated erroneously as 
follows: Rays of light are the shortest optical distance between the 
points they connect. 

The law will first be proved for the case of a single reflection at a 
curved surface. This will of course include the case of reflection at 
a plane. 
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Let a ray of light from S fall on a curved surface AB at P and be 
reflected so as to arrive at S'. Take Q any other point on the curved 
surface, not necessarily in the same plane as S, P, and S. Join 
and S'Q. Then it is required to show that SP + S'P is either gi eater or 

less than SQ + S'Q for every position of Q. . 

With S and S' as foci draw an ellipsoid of revolution to touch the 
surface AB at P and let SQ intersect this ellipsoid at R. Then by 
the property of the ellipsoid of revolution SP +S'P = SR +S R. But 
S'R<RQ + S'Q; hence SR + S'R<SR +RQ + S'Q<SQ + S'Q, i.e. 8P + SP< 
SQ + S'Q. If the surface AB had been more concave towards S and S' 
than the ellipsoid itself is, e.g. like the dotted curve, then SQ would 
have intersected it before meeting the ellipsoid and we shouid con^ 

sequently have SP +S'P>SQ + S'Q. 

The case of refraction at a curved surface can be treated similarly 
by means of the other aplanatic surface. 

Take next the case of two reflections. Let PABQ be the actual path 




of the ray and PA'B'Q a neighbouring path. We shall suppose that 
AA # and BB' are small quantities of the first order. Then the law oi 
the extreme path demands that the difference between the two paths 
should be a small quantity of the second order. Take a point C on 
AB at some distance from both A and B. Then since the law of the 
extreme path holds for a single reflection, PA'+ A'C = PA +AC and 
CB +BQ = CB' +B'Q as far as concerns small quantities of the first 
order. The path PA'CB'Q therefore differs from the path PACBQ only 
by small quantities of the second order. To complete the proof it is 
necessary to show that A'C + CB' differs from A'B' only by small 
quantities of the second order, and this is of course the case since the 
distance of C from A'B' is first order. 

More complicated cases can be treated in the same way. 

EXAMPLES 

(1) If the light of the sun is admitted through a small bole, an imago of the 
sun is formed on a screen placed to receive it, but if the aperture is a laree one 
He obtain an image of the aperture. Explain this. 

(2) The refractive indices of glass and water with respect to air are 1-52 
and 1-33. Find the refractive index oi glass with respect to water. 
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(3) A luminous point is placed between two mirrors inclined to cno another 
at an angle of 00°. Find the number and position of the imugcs formed by 
reflection at the mirrors, and draw a diagram showing the path to tho eyo of 
the axis of tho pencil by w hich each image is seen. 

(4) A luminous object is placed between two plane mirrors inclined to ono 
another at an anglo of G0°. Find the number of images produced and show 
that they all lie on a circle. 

(5) Two plane mirrors inclined at an angle 0 intersect in 0 ; P is a point 
between tho mirrors and PCJR a ray emanating from P reflected at the mirrors 
in succession so as to return to P. Show that OP bisects /_QPR and that the 
length of tho path is 20P sin 0. 

(6) On a moonlight night, when tho surface of tho soa is covered with small 
ripples, instead of a clear image of the moon a band of light is seen on tho surface 
of the water extending in tho direction of the moon. Explain with a diagram 
w hy this occurs. 

(7) The apparent elevation of the centre of tho sun’s disc is 30°. Find tho 
true clovation. Tho index of refraction for light passing from vacuum to air 
may be taken as 1-0003. 

(8) To an observer looking down at a pool of clear water tho depth appears to 
bo 4 ft. What is tho real depth ? 

(9) A small air bubble in a glass slab appears to an eye looking normally 
at tho surfaco to bo 2 cms. from the latter. If 1-52 is the index of refraction 
of tho glass, what is the real distance of tho bubble from the surface ? 

(10) A slab of glass 10 cms. thick with a refractive index of 1-52 is held with 
its lower surface 6 cms. above a piece of paper on w hich a mark is made. Where 
does tho mark appear to bo to an eyo looking at it vertically through the slab T 
Illustrate your answer with a diagram. 

(11) Two mirrors are inclined at a fixed angle to one another and the combina¬ 
tion can bo rotated about their lino of intersection as axis. Show that, if a ray 
of light is reflected first in the ono mirror and then in the other in a plane at right 
angles to tho axis, the deviation is unaltered by the rotation of the mirrors. 

(12) Prove directly without using the property of aplanatic surfaces that, if a 
ray of light from a point P is reflected by a plane mirror so as to arrive at a point 
Q, then the optical length of the path of the ray is a minimum, i.e. is less than 
the optical length of any other path from P to the surface of the mirror and then 
to 0 . 

(13) Prove directly without using the property of aplanatic surfaces that, if a 
ray of light from a point P is refracted at the plane surface of a denser medium 
so as to arrive at a point Q inside that medium, then the optical length of tho 
path of tho ray is less than the optical length of any other path from P to Q. 

(14) Deduce from the law of the stationary path, i.e. without using the law 
of reflection as an intermediate step, the formula connecting the positions of tho 
object and image formed by reflection at a concave mirror. 
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ELEMENTARY THEORY OF SPHERICAL MIRRORS 

AND LENSES 

Spherical Mirrors. If the surface bounding two media is spherical 
in shape and highly polished, it is said to form a spherical mirror. It 
is not necessary for it to be silvered ; an unsilvered glass surface gives 
quite as sharp images, but if the glass surface is silvered or if the 
mirror is made of speculum metal, the images are much brighter. The 
glass must be silvered on the front if the simple theory given in this 
chapter is to apply, for if the mirror consists of a thin piece of glass 
silvered on the back, the light suffers refraction at the front, both 
before and after reflection at the back. 

Spherical mirrors are divided into two classes, concave and convex. 
In the case of the concave spherical mirror, the light falls on the sur¬ 
face from the same side as the centre of curvature or centre of the 
sphere of which the surface forms part: in the case of the convex 
spherical mirror the light falls on the surface from the opposite side 
to the centre of curvature. Thus a glass-air surface can be regarded 
as concave or convex according to the side on which the source of light 
is placed. 

The formulae giving the positions of the images formed by mirrors 
and lenses are algebraic. Thus, if v denotes the distance of an image 
formed by a mirror from the mirror, and we solve for v, we may find for 
an answer a value such as +10 cms. or -7 cms. It has hitherto 
been common in elementary textbooks on light to take the direction 
opposed to the incident light as positive ; thus v= + 10 cms. means 
that the image is 10 cms. from the mirror on the side from which the 
light is coming, and v=-7 cms. means that the image is 7 cms. 
distant on the other side. In coordinate geometry and in plotting 
graphs on the other hand, positive numbers are always measured to 
the right and negative numbers to the left, and there is so much graph 
plotting done in schools now that this convention is very well under¬ 
stood. The two conventions agree or clash according to the side of 
the page from which the light comes. 

In this book we shall adopt the convention of coordinate geometry 
throughout, and v= -7 cms. will denote that the image is 7 cms. to 
the left of the mirror, no matter from which side the light comes. 
There is no reason why a student should unlearn his coordinate 
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geometry when he starts to study light, since the one convention 
possesses no advantage over the other.* 

Let AB represent a section of a concave spherical mirror, let C be 
its centre of curvature, and let P be a point source of light. Join 

PC and produce it to cut the mirror 
in A. We shall suppose at first that 
AP is greater than AC. 

Draw any ray making a small 
angle a with AP to meet the mirror 
at B. Then CB is the normal to 
the element of the mirror at B. 
Let Z.PBC = (f>. The ray after re¬ 
flection at B makes an angle <f> with the normal and meets AP at Q. 
Denote Z.BCQ by p and Z.BQA by y, and let the coordinates with 
respect to A of the points P, C, and Q have the values u, r, and v. 
Then, from the figure 

P=(f>+a } y=<f>-\fi 

and consequently a + y=2p. But since a, /3 and y are small wo can 
write 

AB 0 AB . AB 

<* = — ,£= —, and y= —. 
u r v 

On substituting these values in the equation above and dividing out 
by AB we obtain 

! + W 

u v r 

If the point P is on the other side of C and the reflected ray meets 
AP to the right of A we proceed in the same way. If however BQ 
meets AP to the left of A (Fig. 2G) the equations between the angles are 

a=<f>+P, 2<t>=a + y, 

which give a-y = 2fi. In this case, however, y= - AB/u, so the 
final equation is the same as before. 

If the mirror is convex (Fig. 27) the equations are 

y=p + (f>, 2<f>=a + y, 

and these give y-a=2/3. In this case a = AB /u, /3=-AB/r, and 

* A committee appointed by the Physical Society (London) to consider the leaching 
of Geometrical Optics recommended in 1934 that when a Cartesian system is used, 
the light should always bo incident from the left of the page, 60 as to mako the focal 
length of a convex lens positive; this will harmonise with technical practice, which 
regards convex lenses as positive lenses. I have no preference and in my teaching use 
both directions, but drew the 31 diagrams in this book involved in tho matter the 
other way, because teachers in England prefer to have the coordinate of tho object, 
the first quantity they deal with, positive. This diminishes tho chance of arith¬ 
metical error. After some hesitation I have left things as they are. The report 
of the committee, which is an exhaustive one, should be consulted by thoso interested 
in the matter. 
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y= - AB/v, so the equation again takes the same form. In Figs. 2b 
and 27 it will be noticed that the reflected ray itself does not pass 
through Q but only its direction produced backwards. 



Rays diverging from a point P therefore and making a small angle 
with the straight line joining P with the centre of curvature of the 
mirror, after reflection at the mirror either converge towards or 
appear to diverge from another point Q. Or in other words the mirror 
forms an image of the point P at Q. 

In each of the three Figs. 25, 26 and 27 keep the mirror and conse¬ 
quently the point C fixed and rotate the line PC through a small 
angle about an axis perpendicular to the plane of the figure through 
C. P and Q then describe arcs which may be taken as straight. 
Next rotate the figure about PC. Small circular elements of area will 
be traced out at P and Q and the one element will be the image of 
the other. 

Spherical mirrors have usually a circular rim and the straight lino 
through the centre of curvature perpendicular to the plane of this rim 
is called the axis of the mirror. We have proved, therefore, that a 
spherical mirror always forms an image of a small plane figure situated 
on the axis and perpendicular to the axis. 

If the object is at infinity, l/u is zero and v becomes equal to r/2. 
All the incident rays are then parallel, and after reflection they con¬ 




verge to, or appear to diverge from, a point F midway between A 
and C. This point F is called the principal focus or simply the focus 
of the mirror and the length AF is called its focal length and i? 
usually written /. 

§ If the property of the focus and the fact that the mirror forms 
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images be assumed, the position and size of the image can be found 
very easily by a graphical construction. Let there be an object at P 
(Figs. 30. 31) only one-half of which, P p, is drawn. Draw a ray from 



p through C ; it falls on the mirror perpendicularly, and consequently 
after reflection comes back along the same path. Draw another ray 
pB parallel to the axis ; after reflection it passes or appears to pass 
through the focus. The point q where BF cuts pC is therefore the 
image of p and the perpendicular to the axis, pQ, consequently the 

image of pP. t . 

Since AB is small in comparison with the radius of curvature—it 
is greatly exaggerated in the figures for the sake of clearness—it may 
be regarded as straight and at right angles to AP. Then AB = Pp 
and consequently AB/Q? = Pp/Q< 7 . Triangles ABF and QgF are similar, 
as are also triangles Q^C and PpC. Hence 

AB AF and Pp = P_C 
Qq QF a Q q QC 

But the left-hand sides of these two equations are already equal; 

AF PC 
QF QC’ 

/ - 2 /-* 

/-• 2 /-*’ 

/(2/-i’) = (2/-*) (f-v), 
fu+fv = uv 


hence 

or 

which gives 
or 


and on dividing out by uvf 


1,1 __ 1 _ 2 

U V f T 


the equation which has already been found. 

The relative sizes of the image and object can also be obtained 
from Figs. 30 and 31. For 


Q7_QC_^_ 

P p PC - (u- r) 


d 1 - 1 ) 

r-v _ \v rj 





But since 
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1 1 = 2 

u + v r v r r u 


Qq__v 

and r v - o 

The ratio Qq/Pp is termed the linear magnification. The minus sign 
means that if u and v have both the same sign then and P p are 
drawn in different directions from the axis, or, in other words, that 
the image is inverted. Apart altogether from the question of signs 
the above equation can be put into the following useful rule : the 
linear dimensions of the image and object are in the ratio of their 
distances from the mirror. 

In working problems on mirrors it is better not to rely on the 
equation 

1 1 = 2 = 1 
u + ~v r f 

alone, as errors of sign are very easily made, but to verify the result 
by the graphical construction. 

As the position of the object varies, the change in the position and 
character of the image formed by a spherical mirror can be traced 
very readily by the graphical construction. It is given in the following 
tables 


Concave Mirror 
Position of Object 
At infinity. 

Between oo and C. 

AtC. 

Between C and F. 

At F. 

Between F and mirror. 

At mirror. 

Convex Mirror 

Position of Object 
At infinity. 

Between infinity and 
mirror. 

At mirror. 


Position of Image 
At focua. 

Between F and C. 

At C. 

Between C and oo. 

At infinity. 

From an infinite distance 
behind mirror to mirror. 
At mirror. 

Position of Image 
At focus. 

Between F and mirror. 

At mirror. 


Character of Image 
Real. 

Real, inverted, diminished. 
Heal, inverted, same size. 
Real, inverted, magnified. 

Virtual, erect, magnified. 

Erect, same size. 


Character of Image 
Virtual. 

Virtual, erect, diminished. 
Erect, same size. 


§ An interesting optical illusion called the “ Phantom Bouquet ” can be 
produced with a large concave mirror of about a metre radius of curvature. 
A bouquet is placed in front of the mirror in a darkened room in such a 
position as to produce a real and magnified image. The bouquet itself is 
suspended upside down and the image is erect. The mirror and bouquet 
are placed in a large box and the bouquet illuminated strongly by electric 
lamps. These lamps are placed in the box in such a position that they 
cannot be seen from outside. After reflection by the mirror, the rays 
from the bouquet emerge from an opening in the box and form the image in 



24 A TREATISE ON LIGHT 

front of it. An empty vase is placed below the image. If an observer 
looks at the vase so that his direction of vision meets the mirror, he sees the 
bouquet in the vase, but if he looks at it from the side, the vase appears 
empty. 

A similar illusion, that has been shown at different places from time 
to time, is one of dancing human figures about nine inches high. This 
also requires a darkened room for its exhibition. The figures arc, of course, 
diminished images of real human beings, and their size is simply due to the 
imago being much closer to the concave mirror than the object is. The 
axis of the concave mirror is at right angles to the line of vision of the 
spectators and the rays are turned towards the latter by a combination of 
plane mirrors, which at the same time inverts the image. The details of 
this combination are left as an exercise to the reader. 

The illusion known as “ Pepper’s ghost ” requires a large plane sheet of 
plate glass, which is placed vertical and at an angle of 45° with the line of 
vision of the spectators. The latter consequently see two scenes superim¬ 
posed, the background which is visible by the direct rays that come through 
the glass, and objects at the side of the stage which are visible by the rays 
reflected through 90° by the glass. The background is usually somewhat 
dim, and at first the actor who is to fill the role of the ghost is kept in the 
dark at the side. He is too far to the side to be seen by the spectators 
directly. When it is time for him to “ appear,” the spotlight is turned od 
him and his image at once appears superimposed on the background by the 
reflected light. The image is of course transparent; bright parts of the 
background can be seen through it. “ Kineplastikon ” was merely a 
variant of Pepper’s ghost, in which the place of the live actor at the side is 
taken by a screen on which a picture of an actor is projected by the 
cinematograph. 

Refraction at a Spherical Surface. Let us suppose that the com¬ 
mon boundary of two transparent media is spherical in shape, and that 
the rays emitted by a luminous point P in the first medium are 
refracted at the spherical boundary. The first medium may be thought 
of as air and the second as glass, although for the sake of generality 
we shall put /xj for the index of refraction of the first medium and /x 2 
for the index of refraction of the second, /x 2 being greater than fj x . 

Just as in the case of the spherical mirror, the refracting surface 
may be either concave or convex with respect to the point P. We shall 

first take the case that it is 
concave (Fig. 32). 

Join P to C, the centre of 
curvature of the surface, and 
let PC meet the surface in A. 
Let PB be any ray making 
Fio. 32. a small angle a with PC and 

meeting the surface at B. CB 
is the normal to the surface at B. After refraction the ray will 
proceed as if it came from Q. Let /_CBP = <f> and /_CBQ = 6. Then 
by the law of refraction fi x sin <f>=y. 2 Sln 0* Since the angle a is 
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small, the angles + and 8 must also be small. Hence this equat.on 
may be written 

U\4>=}l2^ • • • • • ( ' 

Let ZAQB =y and /_ACB=p. Then 

0=P-y, <f>=p-<*> 

and on substituting in equation (2) this gives 

li\(f}—a) =1*2$ “ Y) or/ijy-/xi a =^(M2-Mi) • • 

jfow let AP = u, AQ=v, and AC=r, where u, v and r are all measured 

positive to the right of A. We may then write 

AB AB , fl _AB 
<x=—, y= —, and p = —-> 
u v r 

and on substituting these results in (3) and dividing out the common 
factor it reduces to 

M2_Ml = /*2 7Ml .... (4) 
v u r 

If the point P is on the other side of C, <f>=a-p and 0=y-p } but 
the proof is otherwise the same. Thus all rays diverging from P and 
making a small angle 
with AP appear to come 
from Q after refraction, 
or in other words a 
virtual image of the 
point P is formed at Q. 

If the refracting sur¬ 
face is convex (Figs. 33 and 34) there are two cases according as BQ 
meets AP to the left or the right of A. 

If we take the former case (Fig. 33), <f>=a+P, 6=P-y and con¬ 
sequently 

ti 2 y+hi a =P(H2-H\)- 

Since a=AB/w, y= - AB/v, «nd /3= — AB/r this reduces to (4). In 
this case the image is real 

If we take the latter case 
(Fig. 34), (f>=a+p, d=p+y , and 
therefore 

My-w=P(p i“M2)- 

In this case a= AB/u, y= AB/v, 
and p = - AB/r, so the final 
equation is once more the same. In this case the image is virtual. 

If in Figs. 32, 33, and 34 the refracting surface and consequently C 
is kept fixed and PC rotated through a small angle about an axis 
through C perpendicular to the plane of the paper, P and Q describe 
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*mall arcs which may be regarded as straight lines. If the figures 
then be rotated about AP these lines describe small areas, and every 
point on the one area is the image of a point on the other. Thus by 
refraction at a spherical surface, images are formed of plane elements 
on the axis of the surface and at right angles to the axis. 

Refraction through a Lens. A lens is a portion of a refracting 
medium bounded by two spherical surfaces or by one spherical surface 
and a plane surface. The straight line joining the centres of curva¬ 
ture of the surfaces is called the axis of the lens, or, if one of the sur¬ 
faces is plane the axis is the straight line normal to it drawn through 
the centre of curvature of the other. A plane through the axis is said 
to be a principal section of the lens. 

Lenses are divided into two classes. The first class, convex or 
converging lenses, cause a beam of parallel rays to converge ; the 
second class, concave or diverging lenses, cause a beam of parallel rays 
to diverge. Fig. 35 gives the principal sections of some typical lenses. 
Of these, A, B, and C are convex ; D, E, and F are concave. A is termed 



A B C D E F 

Fio. 35. 


a double-convex or bi-convex lens, B a plano-convex lens, and C a 
convex meniscus, while D is termed a double-concave or bi-concave 
lens, E a plano-concave lens, and F a concave meniscus. C and F are 
termed also, somewhat indiscriminately, convexo-concave and concavo- 
convex lenses. 

If a convex lens is placed in a medium the index of refraction of 
which is greater than that of the glass of the lens itself, it acts as a 
concave lens. 

Let a lens be placed in a medium with reference to which the 
index of refraction of its material is ft and let a luminous point P be 
situated on its axis at a distance u from its first surface. Let r x and r 2 
be the distances of the centres of curvature of the two surfaces each 
measured from its own surface, and let t be the thickness of the lens 
measured along its axis. 

An image of P is formed by refraction at the first surface. Let its 
distance from the first surface be s. Then by (4) 


The image is distant s +1 from the second surface of the lens and a 
second image is formed of it by refraction at the latter. Let v be the 
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distance of the second image from the second surface. Then apply 
ing (4) a second time 

. . . . ( 6 ) 

V S + t r 2 

Let us now suppose that the lens is thin and that t may be neglected 
in comparison with 8. Equation (6) thus becomes 

If* W .... (7) 


. (7) 


v s 


Add the left-hand and right-hand sides of equations (5) and (7) and 
we obtain finally 

= .... ( 8 ) 

u Vi r 2 J 

the fundamental equation giving the position of the image formed by 

a thin lens. . 

If the object is at an infinite distance from the lens, the incident 

rays are parallel, l/u=0 and v is given by 

1 




This quantity is denoted by / and is called the focal length of the lens. 
If / be substituted in (8) the fundamental equation of the thin lens 
becomes . 

1_1 = 1 

v u f 

If the lens is convex, the image formed of the object at infinity is 



Fio. 36. 


Fio. 37 


situated on the other side of the lens from the incident light and is 
real ; if the lens is concave, it is situated on the same side of the lens 
as the incident light and is virtual. 

In using the equation for/, 




due regard must be paid to the signs of r x and r 2 . If the lens is bi¬ 
convex or bi-concave the surfaces are turned different ways and r x and 
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r 2 have different signs. Which is positive and which is negative 
depends upon whether the lens is bi convex or bi-concave and also on 
which side of the lens is to the right of the page, but in any case, after 
the numerical values are substituted, the two terms in the second 
biacket must have the same sign. If the lens is concavo-convex or 
convexo-concave and r 2 have the same sign, and after the numerical 
values are substituted the two terms in the second bracket have con¬ 
sequently different signs ; the two curved surfaces partly neutralize 
one another. If the lens is plano-convex or plano-concave, either r x or 
r 2 becomes infinite. 

Optical Centre of a Lens. If a ray of light passes through a lens 
undeviated, that is, if its direction after emergence is parallel to its 
direction before incidence, the lens must act on it merely as a parallel 
slab and the tangent planes at the points of incidence and emergence 
must be parallel. 

Let EiG|G 2 E 2 be such an undeviatcd ray. Then the radii Cfii and 
C 2 G 2 perpendicular to the tangent planes must be parallel. Let GiG 2 
cut the axis of the lens at C. 

Triangles C^G, and C 2 CG 2 are similar, for Z.GiC l C= ZG 2 C 2 C, since 
C|G] is parallel to C 0 G 2 , and Z.CiCGj= ^.C 2 CG 2 . Thus C L C : C 2 C : : 

CjGj : C 2 G 2 , or, in other 
words, the distance 
between the centres is 
divided in the ratio of 
the radii and C is a 
fixed point. All rays, 
therefore, that are un¬ 
deviated by the lens 
pass through a fixed 
point on the axis. This 
point is called the op¬ 
tical centre of the lens. 

Conversely, if any ray passes through the optical centre, it is 
undeviated, for, if the radii be drawn to the points of incidence and 
emergence, they can be proved to be parallel. 

Fig. 38 is exaggerated for the sake of clearness. It will never be 
necessary to consider rays incident so obliquely as EjGi. When 
the lens is thin, we may regard its optical centre and the two points 
in which the axis meets its surface as coincident. 

Graphical Determination of Position of Image. If the properties 
of the focus and the optical centre of the lens be assumed, the position 
of the image can be determined very easily graphically. For, let P p 
represent one-half of the object. From p draw a ray parallel to the 
axis to meet the lens in B. After refraction by the lens it either 
passes through F (Fig. 39) or appears to pass through F (Fig. 40). 
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From V draw another ray through C, the centre of the lens, 
passes through undeviated. The point where these two rays intersect, 
that is, q, is the image of p and the perpendicular to the axis, q Q, is the 

The fundamental formula for the thin lens can be derived very 



Fio. 39. 



easily from Figs. 39 and 40. For CB = Pp and consequently CB/Q?- 
Pp/Qq. Triangles FQ q and FCB are similar, as are also triangles CQ q 

and CP p. Hence 

CB CF ,P/>_PC 

Qj — QF an Q? Q° 

But the left-hand sides of these two equations are already equal; 
hence 

CF_PC / _-ti 
QF QC ° f-v - v ■ 


which gives if=vf-uv , and on dividing out by uvf 


1 _ 1_1 

V u f 


The relative sizes of the image and object are also obtained from 
Figs. 39 and 40. 


For 


Q7_CQ_ v 
Pp— CP u 


that is, the linear dimensions of the image and object are in the 
ratio of their distances from the lens. 

In working problems on lenses it is better not to rely on the 
equation 

1_1 = 1 

v u f 


alone, as errors of sign are very easily made, but the result should be 
verified by the graphical construction. 

As the position of the object varies, the change in the position and 
character of the image formed by a lens can be traced very readily by 
the graphical construction. It is given in the following tables :— 
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Convex Lens 


Position of Object 

Position of Image 

Character of Image 

At infinity. 

At focus. 

Real. 

Between oo and 

Between v *=f and 

Real, inverted, diminished. 

u--2/. 

At u = —2/. 

”“2/ 

At v-2/. 

Real, inverted, samo size. 
Real, inverted, magnified. 

Between u => —2/ and 

Between *>=2/and 

*--/• 

At u~-f. 

Between u = —/ and Ions. 

V = — 60 . 

At —CO. 

Between v = -f oo and lens. 

Virtual, erect, magnified. 

Concave Lens 

Position of Object 

Position of Image 

Character of Image 

At infinity. 

At focus. 

Virtual. 

Between oo and lens. 

Betweon focus and lens. 

Virtual, ereot, diminished. 


WORKED EXAMPLES 

In each of the following examples it has been assumed that lhe 
light is coming from the right. 

(1) A concave mirror has a radius of curvature of 16 cms. Find the position, 
nature, and size of the image when an object 5 mm. high is placed (a) 20 oms. 
from the mirror, (6) 6 cms. from the mirror. 

(a) The formula gives 

1 1 A 
20 + 1> — 16' 

Hence v—13} cms. and the image is real and inverted. The magnification 
vju is l and hence the height of the image 3$ mm. 

(b) In this caso 

112 

6 + t>”l6' 

Hence v= - 24, i.e. the image is behind the mirror and is erect and virtual. 

24 

The magnification is - g- - 4 aud the height of the image consequently 2 cms. 

(2) A convex mirror has a radius of curvature of 16 cms. Find the position, 
nature, and size of the image when an object 5 mm. high is placed at a distance 
of 20 cms. from the mirror. 

In this case the centre of curvature is behind the mirror so that r must be 
written « - 16. Then the formula gives 

I I_ -• 

20 + v" 16* 

Hence - 5$, the image is behind the mirror, erect and virtual, the magnifica¬ 
tion is - -——= — - and the height of the image is — mm. 
i x 20 7 7 

(3) The radii of curvature of the two faces of a thin convex lens are 20 and 40 
cms. and the refractive index of the glass of which it is made is 1*6. Find the 
numerical value of the focal length, (a) if the lens is biconvex, (6) if it is concavo- 
oonvex. 

We have in the first case 

}=d-6-1) GVij)- ie -/ =26 5 cmB - 
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and in the second case 


r (1 - •-i ) («-i >) or '- 80 


cms. 


( 4 ) The focal length of a convex lens is 40 cms. Find the positions of the 
image when the object distance is (a) 60 cms., (6) 30 cms. . 

Here/ is written -40 since rays are brought to a focus on the negative side 
of the lens. In the first case the formula is 


1 

v 60 40' 


v= - 120 cms., and the image is a real one and is on tho opposite side yi tne 
lens from tho object. In the second case 

1 i_ _ I 

v 30“ 40* 


+ 120 cms., the image is a virtual one and is on the same side of the lens as the 
object is. 


EXAMPLES 


(1) The radius of curvature of a concave mirror is 20 cms. Fiud the positions 
of tho object for which a real image three times its height and a virtual image 
twice its height are formed. 

(2) A flower is suspended, inverted, 50 cms. in front of a concave mirror. 
empty vase is placed 100 cms. in front of the mirror. What must be the radius 
of curvature of the mirror, if the flower appears in tho vase to an observer looking 
at tho vase towards the mirror ? 

{3) A glass globe, 6 inches in diametor, is filled with water. Trace the changes 
in position of the image, seen by an observer looking along a diameter, of a point 
in the water as it moves from the farther to the nearer end of the diameter. Tho 
thickness of the glass may be neglected. 

(4) The radius of curvature of a convex mirror is 15 cms. The object is 
distant 1 metre and has a height of 5 cms. Find the position and height of tho 
image. 

(5) A small air bubble in a sphere of glass of 3 cms. diameter appears to bo 
1 cm. from the surface when looked at along a diameter. If the refractive 
index of the glass is 1-52, find the true position of the bubble. 

(6) An incandcscont gaslight w ith a mantle 8 cms. high stands at the same level 
as a convex lens of focal length 20 cms. and at a distance of 5 metres from it. 
Find tho position of tho image. If the light is lifted 50 cms. above its original 
position, what change takes place in the position of the image ? 

(7) Determine by experiment the form of a curve showing the relation between 
the distance of an object from a given lens and the magnification of the real 
image. 

(8) An image of a lamp is to be produced on a screen at a distance of 4 metres 
and is to be magnified four times. Find the focal length of the lens that will be 
required. 

(9) A lens of focal length 12 cms. made of glass of refractive index 1-52 
is ; mmersed in water. What does the focal length become ? 

1 10) A convex lens of focal length / produces a real image of magnification m. 
Show that the distance of the object from the lens must be (m+ 1 )f/m. 

(11) An image of height a is formed on a screen by a convex lens. It is 
found by keeping the positions of object and screen unaltered and by moving 
the lens towards the screen, that there is a second position for the lens in which 
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it forms a sharp image on the screen. In^ this case the height of the image is b 
Show that the height of the object is Vab. 

(12) Prove that the distance between two real conjugate points with respect 
to a convex lens cannot be less than four times its focal length. 

(13) The radii of curvature of a biconvex lens are 20 and 30 cms. and it is made 
of glass of refractivo index 1-52. Calculate its focal length. If the lens had 
been a convex meniscus lens with the same radii of curvature, what would the 
focal length have been ? 

(14) If a plane mirror on which a pencil of light is incident is turned through 
any angle about an axis perpendicular to the plane of incidence, the reflected 
light is deviated through twice that angle. 

Hence show that when a plane wave is reflected at a spherical surface, the 
curvature of the reflected wave is twice that of the surface. 

(15) Prove that if a lens is held before the eye and then moved to one side, the 
objects seen through it appear to move in the same direction as the lens if the 
latter is concave, but in the opposite direction to the lens if the latter is convex. 

(10) OA and OB are two straight lines at right angles to one another. A point 
C is taken in OA and a point D is taken in OB, so that oc=OD=/, and straight 
lines are drawn through D and C parallel to OA and OB to meet in E. A straight 
line is drawn through E to meet OA and OB in P and Q. Show that if OP repre¬ 
sents the object distance for a convex lens of focal length /, 0Q represents tho 
image distance. 

Show that tho construction holds for a concave lens, if C and D are taken in 
OA and OB produced. 

(17) The focal length of a thin lens has been determined to bo 25 cms. by using 
a lamp at a great distance as object and measuring the distance of the imago 
from the lens. How far away must the lamp bo in order that the result may bo 
right to 3 per cent. T 

(18) A system of rays is such that they all cut a given surface orthogonally. 
A curved mirror intersects each ray in a point, such that tho sum or difference 
of the distances of tho point of intersection from the ort hogonal surface and from a 
fixed point is constant. Show that the mirror reflects the system of rays to a 
focus at tho fixed point. 

(19) A convex and a concave Ions each 20 cms. in focal length are placed 
coaxially at a distance of 6 cms. apart. Find the position of tho imago, if tho 
object is at a distance of 30 cms. beyond (o) the convex, (6) tho concave lens. 



CHAPTER III 

THICK LENSES AND SYSTEMS OF LENSES 


Ik we are dealing with a thin lens a knowledge of its focal length 
enables us to calculate the distance of the image when the distance 
of the object is known. It is immaterial from what point in the 
lens these distances are measured. If, however, the lens is a thick 
one or a photographic objective consisting of four or six separate 
lenses, very different values of the object and image distances are 
obtained according as they are measured from the front or the back 
surface of the lens, and the question arises, are there any points from 
which they can be measured in this case in order to give consistent 
results, or must the single surfaces be treated separately. 

It was proved by Gauss ninety years ago that it is not necessary 
to treat the single surfaces separately, but that a compound lens can be 
treated as a whole and the ordinary formula for the thin lens applies, 
if the object and image distances are measured from two theoretical 
planes fixed with reference to the lens. When the medium on both 
sides of the lens is the same, these planes are called the equivalent 
planes ; when it is different they are called the principal planes. The 
rays from the object diverge to the one equivalent plane and converge 
from the other to the image, conjugate rays meeting the equivalent 
planes the same distance from the axis. 

It is always possible to find a thin lens that produces an image of 
a given object in the same place and of the same size as the image 
produced by a system of leuses. For this only means the solution of 
the equations 


1 1 1 
v u~f' 


in = v/u, d=u-v, 


where d and m are given. But the equivalence holds only for the two 
given conjugate points. The images of other objects produced in the 
two ways coincide neither in position nor magnitude. It is thus im¬ 
possible to find a single lens that placed in any one position will act 
in the same way as the system of lenses does. 

If, however, a thin lens of a certain focal length is taken and 
placed at the first equivalent plane to receive the rays of light and 
then rapidly shifted to the other equivalent plane to discharge the 
rays, it will act in exactly the same manner as the compound leDS. 

2 3 -* 
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This is, of course, an exceedingly popular way of putting the 
matter, but it will serve to give preliminary ideas. 

In this chapter the whole treatment is made to depend on the 
property of conjugate planes and on Helmholtz’s law of magnification. 



V*.. . 

C 


9' 


This method does not enable the 
positions of the cardinal points to 
be calculated in the general case, 
but it is much simpler than the 
other methods and it is at the 
same time rigorous. Possibly 
the analytical nature of the other 
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methods has been the reason why the 
theory is so little known at present. 

Helmholtz’s Law. Let Q q be the 
image of P p formed by a refracting 
surface (Figs. 41, 42, 43, cf. Figs. 32, 
33, 34). Let PB be any ray through 
P making a small angle with the axis and let BQ be the same ray or 
its direction produced backwards after refraction. Let y x = Pp and 
2/2= let a x and a 2 be the angles which PB and QB make respec¬ 
tively with the positive direction of the axis of the lens. We shall 
regard y x and y 2 as the coordinates of p and q ; they are positive 
if the points are above the axis and negative if the points are below 
the axis. Then 



P > AB 

y x tan a x _ *AP PC AQ _(r- u)v 
y 2 tan a 2 Q AB QC AP (r-v)u 
W AQ 


But 


P2_ 

““ ~ c 


U 


that is, /^(J; or n i u(r-v)= fH v{r-u). 

Thus, on substitution in (9), we obtain 


y\ tan a, _jx 2 
y 2 tan a 2 y.\ 

fi x y x tan o. x =p.<^y 2 tan a 2 


or 


v (10) 
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This formula was first given by Lagrange The ratio y*/y, ls c ^'® d 
the linear magnification and the ratio tan a 2 /tan a, the angular magn 

ot reflection .t. .pherio.l 

mirror 

y x tan a x = -y 2 tan a 2 - 

Suppose now that instead of one spherical refracting surface 
separating two media we have n-1 coaxal refracting surfaces 
separating » media, and that the index of refraction of the first medium 
is a., of the second medium M2 . and of the n“> medium /v Let a 
small object of linear dimensions y x perpendicidar to the axis be 
placed on the axis in the first medium and let a ray drawn from it 
make an angle a x with the axis. After refraction at the first surface 
this ray makes an angle a 2 with the axis and appears to diverge 
from an image of linear dimensions y 2 . After refraction at the second 
surface it makes an angle a 3 with the axis and appears to diverge 
from an image of linear dimensions y 3 . Thus, applying (10), we 
obtain 

H\yi tan a x =fi 2 y 2 tan a 2 » ^ 

u 2 y 2 tan a 2 =fi 3 y 3 tan a 3 , 


Mn-l y»-l tan *n-l=hr&n * ai1 

or leaving out the intermediate steps 

fi x y x tan a x =fjL n y n tan a n . . . (11) 

This equation for a system of surfaces was first given by Helmholtz. 

Focal Planes. Let us suppose we have any system of coaxal 
spherical refracting surfaces, that a plane element is placed on the axis 
at a point P and that a final image is formed of this element by the 
system at a point Q. Take any point on the axis as origin and let x x 
and x 2 be the coordinates of P and Q with respect to this origin. We 
shall have no occasion to deal with the intermediate images and so can 
give the suffix 2 to the last image. Then 

AiiZ2+Bxi + Cz2+H = 0 • • • (12) 

where A, B, C, and D are constants depending on the positions and 
curvature of the surfaces and the indices of refraction of the different 
media. This equation merely expresses the fact that for every 
position of the object there is always one and only one position of the 
final image, a fact which we can prove by taking the single refractions 
separately, and it is the most general way of expressing this fact, as 
may be seen on attempting to add additional terms. 

For a single refraction we have 

h2 ZM_ P2-Ml 

v u r 
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On differentiating with respect to u this gives 

_/f2 , Af_i = 0 

v 2 du u 2 

or 

dv_fi x v 2 
, du fJ> 2 u “ 

and this is always positive. Thus, if the object is displaced along the 
axis, the image is displaced along the axis in the same direction. 
Since this holds true of all the intermediate refractions it must be 
true for the final image formed by a system. 

Differentiate (12) with regard to x x . Then 

Axo+Ai 1 ^?+B + C'^=0 
dx x dx x 

dx o Ax* + B 

a,,d dir~^rc 

ftBar t + D _ B 

Ax, + C (BC-AD) 

Axj + C (Axi + C) 2 ' 

Since this must be positive and the denominator being a square is 
always positive, it follows that BC-AD is negative. 

Assume that A is not zero. Then (12) may be written in the 
form 

B C BC BC D 

or (x l -g l )[r t -g. 2 )=-y 2 

where g x = - C/A, < 7 2 = - B/A, and -y 2 is written for (BC — AD)/A 2 
since the latter is essentially negative. 

The region of space, in which all possible positions of the object 
arc situated, is called the object space and the region in which all 
possible positions of the image are situated is called the image space. 
The object and image spaces may, of course, overlap. 

If the object P is at infinity, x x is infinite and x 2 -g 2 must equal 
zero, that is, the image is situated on the plane x 2 =g 2 . This plane 
is called the focal plane of the image space. Similarly, if the image 
is at infinity, the object is situated on the plane x x =g x and the latter 
is called the focal plane of the object space. 

Principal Planes. Nodal Points. Focal Lengths of System. 

Let U and V denote the distances of the object and image from the 
focal planes. Then 


U=x x -gi, V=x 2 -y 2 . 
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Let Pp be a linear object of length y x , Q q its image of length y 2 
PQ the axis of the system, BF, and AF 2 the lines in which the foca. 
planes of the object 
space and image 
space respectively 
intersect the plane 
of the diagram. 

Draw p B parallel 
toPFj. Then since 
pB is parallel to 
the axis in the object space, after passing through the system it 
must intersect the focal plane of the image space in F 2 . It must 
also pass through q since the point q is the image of the point p. 
Consequently F 2 q is the image of the ray pB after refraction through 
the system, or, in other words, the ray F 2 ? is conjugate to the ray pB. 

Draw QA parallel to ?F 2 . The ray conjugate to QA in the object 
space must pass through P, the conjugate point to Q. It must also 
intersect BFj in the same point as the ray conjugate to qP 2 > that is, as 
Bp does. It is therefore BP. 

We can now apply Helmholtz’s law. F!p=U, F 2 Q = V. Tan aj 
= -F I B/F 1 P=-y 1 /U, tan a 2 =F 2 A/QF 2 =y 2 /V. Let m be the index 
of refraction of the medium in which the object is placed and /z., 
the index of refraction of the medium in which the image is placed 
Then 

„ Mi _ 2 = /% 2 

U V 



nr Ste*- Ml V _Mir 2 _Ml V2 nox 

y \ 2 M2 U M2U 2 M2 y 2 

since UV= -y 2 . 

If the linear magnification is unity, y 2 =y i> and by substitution in 
(13) 



the above equations serving as the definitions of f x 2 and f<?. On taking 
the root of equations (14) we obtain U = -j-/ ], V = ±/ 2 » two object 
positions and two image positions. If we had substituted y 2 = -y x 
in equation (13) we would have had the same result. One pair of the 
conjugate points found obviously gives the magnification unity 
and the other the magnification minus unity. Which is which depends 
on the absolute signs of and / 2 , quantities the squares of which 
have alone hitherto been defined. 

The pair of points which gives the magnification unity is called the 
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principal points. The other pair is called the anti-principal points. 
The planes through the principal points and at right angles to the axis 
arc called the principal planes. They arc such that if any ray cuts 
the one a certain distance from the axis, its conjugate cuts the other 
the same distance from the axis. 

Let us now define the absolute values of f x and f 2 by stating that 
the principal planes of the object and image spaces are given respec¬ 
tively by 

u - -/i> V= -/ 2 . 

Then, since 

UV=-yV,/ 2 =-y 2 , 


and by substituting this value for y 2 in (14) we find ^ 2 / 1 = -^ 1 / 2 - 
Let <n =a 2 . Then tan a^tan a 2 and by Helmholtz’s law fi x y x 
=/i 2 y 2 . We can rewrite (13) 


or, taking the root, 


W 

y\* 


/» 2 = vf 

u 2 A 2 ’ 


vi u /* 


(15) 


the sign being now no longer ambiguous. Multiplying the numerators 
by /i 2 and the denominators by /z, we obtain 

M 2 y? = 7*2/1 _ _ M2V 
Miyi ^i u M1/2’ 


or 


/^y_2 = / ?s= v 

Miyi u f\ 


since /zo/i = -^ 1 / 2 - Hence, if a x -a 2 , 

u=/ 2 . V=/i. 


The points defined by the above equation are called the nodal 
points. They are two points on the axis, such that if the incident 
ray passes through the one the emergent ray passes through the other 
and further is parallel to the incident ray. 

In Fig. 45 let Q be the image of P, let F lt Hj be the focal and principal 
planes of the object space and F 2 , H 2 the focal and principal planes 








Q 

f 2 N, h. 

N, 

H i 


P 


Fio. 45. 


of the image space. Then F 1 P= U and F 2 Q = V. Let N t be the nodal 
point of the object space, and N 2 the nodal point of the image space. 
By definition H l F 1 =/i, H 2 F 2 =/ 2 , F 1 N 1 =y* 2 , and F 2 N 2 =/i. 
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Let u and v be the coordinates of P and Q with reference to their 
respective principal planes. Then 

u= H l P=f l + V 

and v =H 2 Q=/ 2 + V. 

On substituting from the above for U and V in UV = - y 2 and remember¬ 
ing that -y 2 =/i/ 2 we obtain 

.(u-/i)(v-/ 2 )=/i/ * 


which simplifies to 



(16) 


v u 


/, and / 2 are called the focal lengths of the object and image space 
respectively. 

If the initial and final media are the same, anc * fz* “/l* 

Write in this case/ 2 = -/l =/• The equation (16) becomes 

1 _ 1_1 
v u f 

which is exactly the same as the fundamental equation for the thin 
lens. 

When / 2 = -f\=f the nodal points are in the principal planes, 
the principal planes are called the equivalent planes of the system and 
/is called the equivalent focal length of the system. 

Expression for the Magnification. According to (15) 

y\ ft 


On substituting v-f 2 for V this gives 

Vz_ (v-fi) 
y\ fz 


But from (16) 


v-ft -Vfi 

ft 


Substitute in (17); then 


Vi Mft 



Since = “^ 1/2 this gives 

y\ w 

If the initial and final media are the same, this reduces to 
yjy\=yl*> *- e -the magnification is equal to the ratio of the distances 
of the image and object from their respective principal planes. 


Graphical Construction of Images. The theory of the foregoing 
pages was first given by Gauss, but not in the same way as is done 
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here. The nodal points were introduced by Listing. The foci, prin¬ 
cipal points, and nodal points are referred to as the Gauss points or 
cardinal points of a lens or system of lenses. Strictly speaking, the 
properties of these points hold true only when images are formed of 
small objects on the axis by rays inclined at a small angle to the axis, 
but they are important as giving the first approximation to the theory 
of the majority of optical instruments in use. 

No matter of how many lenses a system of coaxal spherical re¬ 
fracting surfaces may consist or how many media of different refrac¬ 
tive indices the rays may travel through, if the position of the object 
is given and the cardinal points of the system are known, the position 
and magnification of the image can at once be deduced. It is not 
necessary to know anything at all about the position and curvature 
of the refracting surfaces or the nature of the intermediate media 



the rays travel through. A knowledge of the cardinal points is 
sufficient. 

For example in Fig. 46 let Pp be an object, Fj, F 2 , Hj and H 2 the 
focal planes and principal planes, and let it be required to find the 
position and size of the image. 

Through p draw a ray parallel to the axis to meet the principal 
plane in B. Then, since pB is parallel to the axis its conjugate must 
pass through F 2 , and it must meet the principal plane of the image 
space in A, A being the same distance from the axis as B. It is thus 
fully determined. Join pFj and produce it to meet the principal plane 
in C. Take a point D on the other principal plane the same distance 
from the axis that C is, and draw a ray qD through it parallel to the 
axis. This ray is the conjugate of Cp, for since C p goes through the 
focus in the object space, its conjugate in the image space must be 
parallel to the axis. Thus q is fully determined. 

A B_ n 

0 


Fio. 47. 

Fig. 47 shows another way of proceeding. The ray A^ conjugate 
to pB is found in the same way as before. Then a straight line is 
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drawn joining p to N„ the nodal point of the object space, and through 
N 2> the nodal point of the image space, N 2 q is drawn parallel to 
The point in which it cuts AF 2 , that is, q, is the image of p. 

The cardinal points may be obtained either by experiment or 
calculation. They do not require to occur in any particular order. 

In what follows we shall confine our attention chiefly to systems 
in which air is the initial and final medium, and consequently shal 
have usually to speak of the equivalent planes instead of the principal 
planes and nodal points of the 
system. 

The Thick Lens. Let E 1 GiG 2 E 2 
be a ray which passes through a 
thick lens undeviated. Let C be 
the optical centre of the lens 
(cf. p. 28) and C b C 2 the centres 
of curvature of its two surfaces. 

Produce to meet the axis in Nj and produce E 2 G 2 to meet the 
axis in N 2 . 

In A c i g i n i C I G 1 N 1 : sin G|CiC :: CjNj : G|N|. In Z^G^C 
sin C{G^C : sin GjCiC :: CjC : CG^ Hence, eliminating sin G^C we 
obtain 

sinC 1 Q 1 N l _ G 1 C C 1 N 1 
sin CjGjC G,N, C,C 

But ZCjGjN! is equal to the angle of incidence at Gi and ZCiGjC is 
equal to the angle of refraction at G t . Hence 

sin C l G,N,_ 
sin C,G,C 



where p is the index of refraction of the glass of the lens. 

Let the point G] move down the surface of the lens to A 1# As it 
does so, the point Nj moves along the axis. The limiting position of 
N! when G! reaches is the nodal point of the object space. We have 

g 1 c_c l n i 

^ G 1 N 1 CjC' 

In the limit this becomes 

A,C C,N l 
M AiN, C,C' 

If the radius of curvature is great in comparison with the thickness 
of the lens CjNj may be put equal to CjC. Then 
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Similarly it may be shown that 

AgC 

^ a 2 n 2 

• Thus in a symmetrical double-convex lens of index of refraction 
1-52 the nodal points and consequently the equivalent planes are 
situated inside the lens approximately one-third of its thickness from 
each surface. The same holds true for a symmetrical double-concave 
lens. 

In the case of a plano-convex or plano-concave lens of index of 
refraction /x one of the nodal points is obviously in the point where the 
axis meets the curved surface, and coincides with the optical centre of 
the lens. If i is the thickness of the lens, the other nodal point is in 
the lens and situated (/x-1 )*//x from the first. The one nodal point 
is of course the image of the other, and the lens in this case acts simply 
as a plane parallel slab of glass with a point object placed close up to 
one of its faces. 

In the case of a meniscus lens or an unsymmetrical double-convex 
or double-concave lens the position of the optical centre of the lens 

M 

Fio. 49. 



can easily be found graphically, and the equivalent planes can be shown 
in the same way to divide the distances from it to the surfaces of the 
lens in the ratio ft -1 to 1, being of course nearer the optical centre. 

The positions of the equivalent planes in some typical cases are 
shown in Fig. 49. 

§ To find the equivalent focal length of a thick lens we set out from 
equations (5) and (6) of p. 2G. They are 

M l^M-1 
s xl r x 9 

1 M 

v s + t r 2 

where u is the distance of the object from the first face, s the distance 
of the first image from the first face, and v the distance of the final 
image from the second face. Previously t was neglected in comparison 
with 8, but this simplification is now no longer admissible. 
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The equations can be written :— 


-1 1 ' 


T 


$ + t 


T l U 


i_L zJt 

v r 2 


Hence on eliminating s we obtain 


t = 


a zl+l f 

v r 2 r x u 


or 

uv 


which gives , „ x> 

Denote the coefficients for convenience by A, B, C, D ; then the equa¬ 
tion may be written 

Auu+ Bu + Cv+ D=0 . •. (1°) 

It may easily be shown that BC-AD=-1. Equation (18) can be 
written 

B C BC BC-AD 


or 


K)K)-* 


(19) 


C B 

By comparison with (12) u+-=0 and + obviousl 7 g ive the 
focal planes of the lens and the equivalent focal length is given by 

/ V! *2 b r \ r 2 / 

There is no ambiguity in the 
sign since, when t=0,f must 
reduce to its value for a thin 
lens. Note that in equation 
(19) u and v are not measured 
from the same point. 

The equivalent focal 
length of a thick plano-con¬ 
vex or plano-concave lens can be found very easily without having 
recourse to the above formula. For consider Fig. 50. Let DA be 
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ail incident ray parallel to the axis. It passes through the plane 
surface without suffering any deviation. To apply the formula 

M2 Ml_ M2~Ml 
v u r 

to the second surface we must write u=®, /x 2 = l anc ^ Mi=M* This 
gives 

r 


Hence CF = r/(l-/x), and since C is the nodal point of the image 
space, CF is the focal length of the lens. 


Spherical Lens. In the case of a spherical lens surrounded by 
air it is clear that the two nodal points coincide at the centre of the 
sphere, and that consequently the two principal planes coincide 
with the diametral plane there. 

To find the equivalent focal length consider a ray DA entering the 
lens at A, leaving it at B, and intersecting the axis at F. Let <j> be the 

angle of incidence and 9 
the angle of refraction at 
A, let r be the radius of 
the sphere and /x the 
index of refraction of the 
material of which it is com¬ 
posed. Then /_ABC = 6 and 
EBF = <£ ; also since AC is 
inclined at a small angle to the axis, angles <f> and 6 are small, 
and instead cf sin <£=/x sin 9 we may write <f>=fi9. /.ACC = <£; 
consequently /.BCF = 7 t— /_BCA — «^ = 7t — (tt — 29) - <f>=29 — <f> and 
hence Z.BFC = 2 (<f>-9). 

In AFBC 

FC sin FBC_ sin <f> _ <f> 

BC sin BFC“sin 2 (<f> - 9) 2 (<f> - 9\ 

since the angles are small. Hence the equivalent focal length FC 



= BC 






2 (<t>-9) 2(/*-l) 


Cardinal Points of a Spherical Refracting Surface. Let the 

medium left of the spherical surface have the index of refraction /x 
and let the medium right of the surface have the index of refrac¬ 
tion 1. Then it is clear both nodal points concide in N, the centre 
of curvature of the surface. As in this case the initial and final 
media are not the same, the principal planes do not pass through the 
nodal points. 
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From the formula 


H; 

V 


1 

u 


-1 


by making in succession u and v infinite, we find that the focal planes 
of the image and object spaces are at F 2 and F, where AFrW 
and AF,= -r/(M-D- The \ 

principal planes coincide —---W- f - 

and pass through A. 2 / 

In the case of a spherical Fio. 52. 

mirror the nodal points coin- . . . • . 

cide with the centre of curvature of the mirror, the two principal 
planes with its surface and the focal planes with its focus In the 
case of a mirror BC - AD is positive in equation (12), and and J 2 
as defined in (14) are equal and have the same sign. 

Two Thin Lenses. In the case of two thin lenses on the same axis 
separated by a distance d the focal planes, the equivalent focal length, 
and the nodal points can all be found very easily by graphical con- 

Atruction. . . . , , ,, 

Let <f>\ be the focal length of the first lens and <j> 2 the focal length 

of the second. Let LB (Fig. 53) be a ray incident on the first lens 



parallel to the axis. Then after refraction it passes through F,, the 
focus of the first lens. 

Now find the image of B produced by the second lens in the usual, 
manner, that is by drawing two rays through it, one parallel to the 
axis which passes after refraction through F 2 , the focus of the second 
lens and another BA 2 through the centre of the second lens. These 
two rays meet in E; therefore E is the image of B produced by the 
second lens. Consequently EG gives the direction of BG after refrac¬ 
tion by the second lens and the point F, where EG meets the axis, is 
the focus of the image space. 

Let EG cut BC in D and draw DH perpendicular to the axis to meet 
it in H. The plane DH is then the equivalent plane of the image 
space, since the line DH obviously gives the distance from the axis at 
which LB meets the equivalent plane of the object space. HF is 
consequently the equivalent focal length of the system. 
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Since the lines CA 2 , DF, and BFi meet in a point and CB and FjAf 
are parallel 

' CD _ CB _ d 

fa 2 f,a 2 • • • ( } 

Similarly, since CF 2 , DF, and BA 2 meet in a point 

PB _ CB _ d 

fa 2 f 2 a 2 -< f > 2 • • • • ( * 

Hence adding (20) and (21) we obtain 

CD DB _ d d 

FA 2 + FA 2 ~ <f> l —d -<f> 2 
CB _ — d(<f>\ + <f>2 + d) 

01 FA 2 (<f>\ + d)<l>2 


which gives 


_ {<f>\ + d)<f>2 
2 *, + * 2 +<*’ 


The equivalent focal length of the system is then given by 
HF= H A 2 + A 2 F = DC + A 2 F = A 2 F(1 + DC/A 2 F) 

_ < f > l4 > 2 

4>\ + 4>2+d 

The nodal points can be found more directly as follows. Let KJ 
be a focal plane of the lens A^ and MG a focal plane of the lens 
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A 2 B 2 . Through the centres of the lenses draw any two parallel rays 
A|J and A 2 M to meet these planes in J and M. Join JM and let it cut 
the two lenses in Bj and B 2 . Through B x and B 2 draw and B 2 N 2 
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parallel to the first two rays to meet the axis in and N ? . Then the 
ray EB, after refraction by the first lens must take the direction 
since it meets the ray P ^ in J. Similarly the ray B X B 2 must take the 
direction B 2 L after refraction by the second lens. Consequently EB i°2 L 
is the course of a ray through the system, H } is the nodal point of the 
object space, and N 2 the nodal point of the image space. 


Now 

Hence 


A i N,_PE_JB 1 _ t< A 1= 4i 
M 2 PM JM KG <f>i+<f> 2 + d 


AiNi = 


fad 


(f>i + <f> 2 + d 


Similarly b 2 H 2 =^*£ + -. 

Fig. 55 shows the variation in the position of the equivalent planes 
and focal planes of a system of two thin convex lenses as the distance 
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Fig. 65. 

F, JN, 


between them is gradually increased. In it <f>i and <f> 2 are taken 
respectively as - 3 and - 1, and d is given in succession the values of 
•5, 1*5, 2-5, 4*0, 5*5, and 7*0. The lens, the focal length of which is 
denoted by 0 2 > * s on the left. 
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It will be noticed that in the first position the equivalent planes 
are crossed and that, as the separation of the lenses increases, the 
equivalent planes move further apart, while at the same time the 
equivalent focal length becomes greater. In the second and third 
figures the focus of the object space is virtual. 

In the fourth case, which represents the telescope, the lens on the 
right being the object glass, the cardinal points are all at infinity, and 
parallel light entering the system always emerges as parallel light. 

In the fifth and sixth cases the character of the system has changed, 
the equivalent planes reappearing at infinity on the sides opposite 
to those on which they disappeared, while the focal length has changed 
sign. The sixth case represents the compound microscope, the lens on 
the left being the object glass. In order to make the connection 
with the telescope and the microscope evident, in the fourth case the 
paths of the rays and in the sixth case the images are shown by dotted 
lines. 


Telescopic Systems. 

we obtain 


If A is zero in the fundamental equation (12) 
Bx, + Cx 2 + D = 0 


and find that if x x is infinite, x 2 is infinite, and vice versa. Conse¬ 
quently light which enters the system parallel emerges parallel. In 
this case the system is said to be telescopic. It is exemplified by the 
fourth case in Fig. 55. 


EXAMPLES 

(1) Provo Helmholtz's law of magnification for the case of reflection at a con¬ 
cave or convex spherical surface. 

(2) An object is displaced a small distance du along the axis of a thin lens. 
Find an expression for the corresponding displacement dv of tho imago. If du 
is the length of an object placed along tho axis, dv is the length of the correspond¬ 
ing imago and tho ratio dv/du may be referred to as the longitudinal magnifica¬ 
tion. Show that it is equal to the square of the ordinary lateral magnification. 

(3) Prove that if an object bo at such a distance from a thick convex lens that 
it forms an image of equal size at the other side, the distance from object to image, 
minus the distance between the two principal points, is equal to four times the 
focal length. 

(4) On one side of a bi-convex thin lens the medium is water; on the other 
side it is air. The radii of curvature of the two faces of tho lens are each equal 
to 20 cma. and it is made of glass of index of refraction 1-52. Find the positions 
of the focal planes, principal planes, and nodal points. 

(5) A glass sphere has an index of refraction 1*5 and radius of curvature 
2 cms. Where will it form an image of an object distant 5 cms. from the centre 
of the sphere, and what will be the magnification of this image ? 

(6) On one side of a spherical glass lens of radius 1 cm. and index of refraction 
1-52 the medium is air and on the other side it is water. Find the positions of the 
focal planes, principal planes, and nodal points, and use them to find tho positions 
and magnifications of the image, when tho object is situated iu air (a) 4 cms., 
(6) 1*5 cms. from the centre of the sphere. 
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(7) Solve the second part of the preceding question by applying the formula for 
refraction at a spherical surface to each of the surfaces of the lens m succession. 

(8) Show that if/ is the focal length of a lens combination capable ot giving a 
real image, and if the lens combination is placed so as to give an image ot an 
object on a screen 1 metre distant from the principal plane of the image space, 
then the magnification of the image will be 100 //- 1. 

(9) A glass hemisphere of radius r and refractive index y. is treated as a lens, 

rays passing through it being limited to those nearly coinciding with the axis. 
Show that one principal point coincides with the intersection of the convex 
surface with tho axis, while the other principal point is within the lens at a 
distance r//z from the plane surface. Prove also that the focal length of tho lens 
is equal to r/(l —/x). _ 

(10) A plano-convex lens of glass of index of refraction 1-52 and radius of 
curvature 24 cms. is 2 cms. thick measured along the axis. Calculate its focal 
length, and find tho position of the image when the object is distant 50 cms. from 
the convox surface (a) on the convex side, (6) on the plane side. 

(11) If in the case of the lens described in the previous question the medium 
on the curved face is water and on the other face air, find the situation of the 
cardinal points, and calculate tho positions of tho image when tho object is 
situated in air 50 cms. distant from tho plane face. 

(12) What does tho formula for the equivalent focal length of a system of 
two coaxal thin lenses become, when tho space between them is filled with 
water ? 

(13) Two similar plano-convex lenses aro placed with their plane faces together 
and thon drawn apart to a short distance. Show that, when separated, the 
combination has a greater focal longth than when they are in contact. Show 
also that, when separated, tho positions of the principal foci are nearer to the 
respective curved surfaces than when the lenses were in contact. 

(14) An object is placed on tho axis of a concave mirror beyond tho focus 
and a plate of glass of thickness l and refractive index /x interposed between 
tho focus and the mirror, the axis of tho mirror being normal to the plate. Show 
that tho effect on tho position of the image is the same as if tho mirror bad been 
displaced through a distance t(fi - l)//z towards the object. 



CHAPTER IV 

THE DEFECTS OF THE IMAGE 



In Chapter II we assumed that the rays falling on the mirrors and 
lenses lay near the axis and were only slightly inclined to the latter. 
In this case a point image is formed of a point object. It is now 
necessary to drop the restriction and inquire what happens when the 
rays are inclined to the axis at a considerable angle. 

Let AB represent 
B a section of a con¬ 

cave spherical mir¬ 
ror, let C be its 
centre of curvature, 
and let P be a point 
object. Then if rays 
be drawn diverging 
from P at all angles, 
by making their 
angles of reflection 
equal to their angles 
of incidence they 
may be found 

graphically to occupy after reflection the positions shown in the figure. 

Onl/ the rays reflected from the neighbourhood of A pass through 
the image of P at Q ; the others intersect the axis between A and Q. 
Any two rays reflected from neighbouring points of the mirror inter¬ 
sect each other before reaching the axis and these points of intersection 
lie on a curve termed the caustic curve. All the reflected rays touch 
this curve and it has a cusp at Q. The form of the caustic alters, of 
course, if P moves along the axis. Owing to the reflected rays coming 
closer together at the caustic, a bright curve is formed on a piece of 
paper or other white surface there. A familiar example of this is 
nearly horizontal sunlight shining into a teacup filled almost to the 
top with milk. Here the inside of the cup acts as mirror. A better 
way of producing the caustic is by means of a piece of polished steel 
spring bent circular and placed on a drawing-board. 

If Fig. 56 be rotated about AP as axis, instead of a plane pencil of 
rays we have a solid conical pencil diverging from P and the caustic 
curve traces out a surface called the caustic surface. Also all the 
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rays which diverge from P at the same angle with the axis pass after 
reflection through the same point on the axis. There will conse¬ 
quently be a bright line on the axis from A to Q, and this line may be 
regarded as part of the caustic surface. The experiment with the 
teacup is apt to produce a false impression about the caustic produced 
by a spherical mirror. The teacup being cylindrical does not produce 
the bright line AQ. 

In Fig. 57 DD' represents a section of a smaller portion of the same 
spherical mirror. The 
rays DG and D'G from 
the margin of the mirror 
intersect in G while Q 
as before, is the image 
formed by rays inclined 
at a small angle to the 
axis. The caustic ia 
shown by the broken 
curve. 

If a screen were plac 
at LL' to receive the 
light, it would be illumi¬ 
nated by a circular patch 

with a bright edge. If Fio. 57. 

it were moved towards 

G the patch would contract; at G a bright spot would appear in the 
centre. At KK' the patch would have reached its smallest diameter ; 
thereafter a dimmer zone would appear on the outside and the whole 
patch would increase in size while its central bright part would 
contract. Finally at Q we would have a brilliant point of light 
surrounded by a dim circular disc. 

The circle KK' is called the circle of least confusion and may be 
regarded as the nearest approach to an image of the luminous point 
formed by the mirror. The distance GQ is called the longitudinal 
spherical aberration, or simply the aberration of the marginal ray DG, 
while QE is called its lateral spherical aberration. 

Spherical Aberration 
of a Concave Mirror. 
To find the magnitude 
of the aberration con- 
. sider Fig. 58 in which 
P is the object, C the 
centre of curvature, and 
Q' the point in which a 
ray diverging at a wide 
angle from the axis meets it after reflection. Let AP = w, AC=r, and 
AQW. Also let AB=A, a quantity such that the cube and higher 
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powers of h/r may be neglected. It is immaterial therefore whether 
we measure k along the arc or take it to represent the perpendicular 
distance of B from the axis. 


In ABCP 


In ABQ'C 


CP sin CBP 
PB sinPCB* 
Q'C sin Q'BC 


BQ' sin BCQ' 
But ACBP= ZQ'BC and sin PCB = sin BCQ'. 

CP Q'C 


Therefore 

Now 


PB BQ' 

PB 2 = CP 2 + CB 2 + 2CP.CB cos ACB 


n 


= (u - r) 2 + r 2 + 2r(u - r) cos- 


li h 2 

and cos - = 1 - — to the order of approximation adopted. 
t ir- 


Hence 

and 

Similarly 




PB=u|l- approximately. 

Q'B = »'-|l - j approximately. 

From (22) CP.BQ = Q'C.PB. This gives on substitution 

if each side be divided by uv'r. Hence 


( 22 ) 


(23) 


Since h 2 is small, we can substitute v for v in its coefficient, where 
. v denotes the image distance for rays inclined at a small angle to the 
.112 

axis. Then, since - + - = equation (23) becomes 


v u 


v u r \r uj r 
This equation gives the position of Q\ 


. (24) 
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The aberration of the ray BQ', v - v, is equal to 



on putting v=v'. 

Astigmatic Reflection at a Concave Mirror. Let BD be a section 
of a small portion of a concave spherical mirror of centre of curvature 
C, and let rays PB and PD from a luminous point P be incident on the 


L _ 

A S 0 C P 

Fio. 59. 



mirror at a large angle with the axis. After reflection let the ray PB 
meet the axis in Q, and let the ray PD meet BQ in T and the axis in S. 
Denote angles BPC, BCQ, and BQA by a, p, and y, and let angles DPB, 
DCB, and DTB be da, dp, and dy. Let BP = u, BT=v I , BQ = v 2 , and 
CB=r, and denote the angles of incidence and reflection at B by <f>. 

Then AQBP = AQBC + ACBP, 

which gives v 2 u ®in 2 <f>=v 2 r sin <f> + ru sin ^ 

on omitting the common factor £. Divide throughout by uv 2 r sin <f> 
and we obtain 

_l + l = 2cos* .... (25) 

u v 2 r 

From D draw DE perpendicular to BP. Then since da is small, 
DE=DPda=Wa. Since BD is small we may regard it as straight. 
ABDE=^. Consequently DE = BD cos <f>. Thus u<2a=BD cos <f> 

, BD cos 6 

or da= -- 


, BD cos <f> 

dy =—-— 


Similarly 
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while 



Now <f>=f$ -a=y-f$. Hence a+ y=2/3. This relation must hold also 
for the increments of a, /3, and y ; thus 

da + dy = 2(ip, 


or 


BD cos <f> BD cos <f> 2BD 


u v, 

On dividing by BD cos <f> we thus obtain 

2 


1 - + I= 


U V\ T COS <f> 


(26) 


Now rotate the diagram through a small angle about AP. The 
results hold for every instantaneous position. BD sweeps out an 
element of area, approximately rectangular in shape. The triangle 
PBD sweeps out a solid pencil of rays diverging from the point P. The 
point T traces out a short line, and the reflected rays pass through 
this line and the axis. This is shown more effectively in Fig. 60 where 
BDD'B' is the element of area traced out by BD, IT the line traced 
out by the point T, and SQ the axis. 



Thus a pencil of rays, which diverges from a point, after oblique 
reflection at an element of a concave mirror converges to two short 
lines, one perpendicular to the plane containing the principal ray of 
the pencil and the centre of curvature of the mirror and the other in 
this plane. These lines are known as the focal lines, TT' being called 
the first focal line and SQ the second focal line, and their positions 
are given by equations (26) and (25). 

If a screen is placed in the way of the pencil near a focal line, an 
irregular patch of light is produced, either the length or the breadth 
of which is extremely small. But at a certain place between the 
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focal lines the length and the breadth of the patch are equal. This 
place is known as the circle of least confusion, because in the general 
case the patch is approximately circular there. It may be regarded 
as a blurred image of the point P, the nearest approach to an image 

formed by the reflected pencil. . . 

A pencil such as that represented in Fig. 60, which does not any¬ 
where pass through a point, is caUed an astigmatic pencil from the 
Greek words a not and stigma a pomt. The distance between the 
focal lines is called the astigmatic difference. It is given by 

«,-«l=v,v 2 (I-i) 

/ 2 2 cos <f>\ 

~ VlV2 \r cos <f> r ) 

sin <f> tan <f>. 

It thus increases very rapidly with the angle of incidence. 

Curvature and Distortion. So far we have been concerned with 
point objects. Fig. 61 represents a line object at P, and if the positions 
of the images of every point on it formed by the concave mirror in 
the diagram are calculated by the elementary formula, they are found 
to lie along the curved inverted arrow at Q. If a screen SS' with a 
small aperture is placed as shown at the centre of curvature of the 
mirror, then the image of every point in P is formed only by a thin 
centric pencil, and the defects due to spherical aberration and astig- 
matism are entirely elimi- ' 

nated at the expense of the 
brightness of the image. 

This is an interesting ex¬ 
ample of the influence of a 
stop at the right place. 

Owing to all the points in 
the object not being at the 
same distance from the 
mirror, as measured along 
the straight line through 
the centre of curvature, the 
magnification of the ends 
of the object is different from the magnification of its middle. 

In this case, therefore, we have two new defects, curvature and 
distortion of the image. 

The caustic formed by reflection at a convex spherical mirror, the 
aberration of the marginal ray and the astigmatic reflection of a thin 
pencil at a convex mirror can all be treated in the same way as in the 
corresponding case for the concave mirror. 


°f 

s 

p 


S' i 

* 


Fig. 01. 
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Refraction of a Wide Angle Pencil at a Spherical Surface. Just 
as in the analogous case of reflection, if a wide angle pencil of rays 
diverges from a point and is refracted at a spherical surface, after 
refraction the rays do not pass through a point but touch a caustic 
surface which has a cusp on the axis, and we have the same pheno¬ 
mena of aberration and the circle of least confusion. 

To find the position in which the marginal ray meets the axis 
after refraction consider Fig. 62. PB is a ray incident from air on the 

spherical surface AB 
of a medium of index 
of refraction C is 
the centre of curva¬ 
ture of the surface, 
BQ' is the path of the 
Fio. 62 . ray after refraction 

produced back, and A 

denotes the distance AB. As on p. 51, A is a quantity such that 
the cube and higher powers of A/r may be neglected. Let AP = w, 
AQ'=t/, and AC=r. 



Then in A B &P 


CP_sin CBP 
PB’sin PCB 


and in ABCQ' 

But 

or 

Now 


CQ' sinCBQ' 

Q'B sin Q'CB' 

sin CBP=u sin CBQ'. Hence — =u?i 

PB HJB 

m CQ'.PB = CP.Q'B . 

BP 2 = BC 2 + CP 2 + 2BC.CP cos ACB 


(27) 


= r 2 + (u - r) 2 + 2 r(u - r) cos 


=r 2 + (M-r) 2 + 2r(u-r)^l-^-j to the ordei 
of approximation involved 

=u 2 -(u-r)^. 

Hence, remembering that A 2 is small, we obtain 


-K-U3 

(>-?)»}■ 


and similarly 
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Substitution in (27) gives 


or 


or 


4 ,')MK)IHr=)HH)£} 

V u r \r v'J\r u)\v u] 2 


Since h 2 is small, it is permissible to substitute v for v' in the co¬ 
efficient of h 2 t where v is the image distance for rays inclined at a 
small angle to the axis given by 

/* 1_M-1 

v u r 


Hence the equation determining the position of Q' becomes 

t _ I + L(l - 1 WI+e^ _e? \ 

v w r /x 2 \r u/ \u r u/ 2 
_/*-! u-1/1 1W1 /x+lU* 

r /X 2 \r ti/ \ r * / 2 • 


. (28) 


Spherical Aberration of a Thin Lens. Let us apply equation (28) 
to both sides of a lens of negligible thickness. In conformity with 
the notation of Chapter II let u be the distance of the object, r lt r 2 the 
radii of curvature of the first and second faces, /x the index of re¬ 
fraction of the material of the lens, s the distance of the point where 
the direction of the marginal ray cuts the axis after the first refraction, 
and v' the corresponding distance after the second refraction. 

Then for the first refraction 

/* 1_M-1 ,/*-!/! 1W1 

s « r, v? \r, uj \r, u / 2 

For the second refraction, on the supposition that the direction of the 
ray is reversed, 

!_/*-! fi-1/1 1W1 M + 1W 

s v r 2 p 2 \r 2 v'] \r 2 v' / 2 


By subtraction 



v 2 W \r 2 V' / / 2 
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In the coefficient of h 2 instead of v' it is permissible to use v the 
value for axial rays, which is given by the equation 


i-Uo.-ufi-iy 

v u \ r i r 2 J 


Hence 


V! v) Vt V )j 2 

The aberration of the marginal ray, v' - v, 


Spherical Aberration of a Thin Lens when the Object is at 
Infinity. Write u= «, v=f in (29). Then the expression becomes 

_nz}!L . /I _ 1 WI _m±!\ 

M 2 V. 3 U f) U / )] 2 • 

Put o , =r 1 /r 2 ; then by means of the equations 

/ ^ Vi rj r, 

eliminate f| and r 2 from (30). The result is 

- h 2 {2 - 2/x 2 +/x 3 + a(/x + 2n 2 - 2^3) + a 2^3} 
/2 M (M-1) 2 (1-*) 2 

If the lens is double-convex or double-concave a is negative; if 
it is convexo-concave or concavo-convex a is positive. 

If the expression within the bracket in the numerator is regarded 
as a quadratic function of a, the discriminant is 

(/x + 2^ 2 - 2/x3)2 _ 4^3(2 - 2^2+^3) 

=M 2 (1-4/z). 

As fi varies in practice only between 1-5 and 2, this is always negative. 
The zeros of the function are consequently imaginary and it does 
not change sign as a varies. But it is positive when a=0; hence it is 
always positive and v' -v has consequently the same sign as -/. 
Thus the marginal rays always come to a focus nearer the lens than the 
axial rays do, no matter what the ratio of the radii of curvature is. 
The aberration can never be made zero in the case of a single thin 
lens, but a convex and a concave lens can be combined so that the 
aberration of the combination is zero. 


. (30) 

. (31) 

. (32) 
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Let us suppose that A,/, and /j. are given, and that it.is required to 
find for wbat value of a the aberration is a minimum. Differentiating 
(32) with reference to a and equating the result to zero we find 

* . . ' . . (33) 

/x(l + 2^) 

This obviously gives a minimum since it is the only turning value and 
the expression is infinite for <x=l. If /* be put equal to 1*5 in (33), 
c T becomes - J, and if ft be put equal to 2, a is + i- In both cases, 
according to (31), r x must have the same sign as /. Consequently, 
if the lens is to be convex, in the first case it must be double-convex 
with the light incident first on the more curved face, and in the 
second case it must be a convex meniscus with the light incident first 
on the more curved face. A lens, the ratio of the curvatures of 
which is chosen so as to make the spherical aberration a minimum, is 
teimed a crossed lens. 

The following figures taken from Drude’s “ Optics ” show how the 
longitudinal aberration varies with /z and <r, when / and h } the focal 
length and radius of the lens, are kept at the constant values of 1 metre 
and 10 centimetres. 


Shapo of Lens 


-1-5 

h 

i-20 

a 

A oern» t ion 

a 

Aberration 

Front surfaco piano. 

00 

4-5 eras. 

00 

2 0 cms. 

Symmetrical . 

-1 

1*67 M 

-1 

10 cm. 

Back surface plane . 

'aSm'M 

1*16 „ 

0 

•50 „ 

Most favourable form 

-* 

107 M 

+§ 

•44 „ 


It will be noticed from the table that the crossed lens has not much 
advantage over the plano-convex lens, and also that increasing the 
index of refraction diminishes the aberration considerably. 

Reversing the plano-convex lens has a great effect on its spherical 
aberration. This is to be expected from elementary considerations. 
When the parallel rays fall first on the plane face, all the refraction 
takes place at the curved face ; when they fall first on the curved face, 
the refraction is distributed between the two faces and it is not 
necessary for the angle of incidence to be so great. The elementary 
theory which ignores aberration assumes <f>=fi9 for sin sin 9. 

Let us take in the next term in the expansion, and assume ^<f> - 

=/x(#-^. Then the error in the first approximation, namely 
J(^ 3 -/z0 3 ), is much more than doubled when (f> is doubled. 
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The Sine Condition. Even if a lens system is designed so as to 
produce an image of a point free from aberration when a wide angle 
pencil is used, it does not follow that it will give under the same con¬ 
ditions a clear image of an element of area surrounding the point. 
For this there is necessary an additional condition, called the sine 
condition, connecting the sines of the angles of divergence of conjugate 
rays through the point and its image. 

Let Q «7 be a sharp image of a small object Pp, produced by means 
of a wide angle pencil. Let fi x be the index of refraction of the medium 
in which the object is situated, and /z 2 the index of refraction of the 
medium in which the image is situated. 

Draw through P two rays, one, PA, along the axis and one, PB, 
making a large angle a x with the positive direction of the axis, to meet 
after refraction in Q. Similarly draw through p two rays, one, 
pC, parallel to the axis and one, pD, parallel to PB, to meet after re¬ 
fraction in q. The object and image are so small that QB' and 



may be supposed to make the same angle a 2 with QA'. From P dra\> 
PN perpendicular to pD and from Q draw QM perpendicular to jD'. 

Since F is the focus of the rays pC and PA, the path pCC'F is optically 
equal to the path PAA'F. Since is small and perpendicular to QF, 
QF = ^F to the first order of small quantities. Consequently PAA'FQ = 
pCC'Fg optically. 

Since Q is the image of P, PAA'FQ = PBB F'Q optically, and since q 
is the image of p, pCC'F^=pDD'F g optically. But PAA'FQ=pCC'F$ 
optically. Hence PBB F , Q=pDD'F'g optically. 

Since F' is the focus of the rays pD and PB, the paths NDD'F' 
and PBB'F' are optically equal. Also since QM is small and perpen¬ 
dicular to gD', F'Q = F'M to the first order of small quantities. Hence 
NDD'F'M = PBB'F'Q optically. 

Combining this result with the former one pDD'F'< 7 = NDD'F'M 
optically. The parts at the ends, pN and gM, must therefore have the 
6 ame optical length, i.e. 

p,pN=p 2 gM. 

Let Pp=yi and Q q=y 2 - Then pN = Pp sin pPU=y x sin a } and 
qU\ = Q? sin qQM = y 2 sin a 2 . Hence 


MiJfi 8in *\=V -&2 sin a 2 , 
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which is the sine condition. The above method of proof is due to 
Hockin. When the angles are small, the sine condition coincides with 
Helmholtz’s magnification law. The proof of the latter holds, of 
course, only for small angles. 

A thin pencil diverging from a point on the axis of a lens and falling 
obliquely on an element of its surface is refracted astigmatically 
by the lens and forms two focal lines as in the corresponding case of 
the concave mirror. 

Chromatic Aberration. Hitherto we have assumed in dealing with 
lenses that the light is monochromatic. The index of refraction of all 
substances varies with the colour or wave-length of the light. It is 
usual in the tables to specify the index of refraction of a glass by 
giving its values for the Fraunhofer lines ; thus, for example, the 
following table gives the index of refraction of two glasses :— 


Name 

Md 

Mo "Me 

Mf"Md 

Mo "Mr 


Hard Crown 


m 1 


mm 

•pi 654 

Denso Flint 


mam 

Kl 

mm 

02771 


The suffixes refer to the Fraunhofer lines, the wave-lengths and 
colours of those employed being as follows :— 



Colour 

Wave-length 

c 

Red 

6-563 10-‘ cms. 

1) 

Yellow 

5-893 

F 

Blue 

4-862 

G 

Violet 

4-308 


The indices of refraction of all glasses increase from the red to the 
violet. 

The focal length of a thin lens is given by 



If the different values of /z are substituted in this formula, we find 
that the focal length decreases as we pass along the spectrum from the 
red to the violet. Thus if a thin convex lens be used to form a real 
image of a white object, it forms a series of coloured images of slightly 
different size, situated at different distances from the lens, the violet 
image being nearest the lens and the red image farthest away. The 
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yellowish-green is the brightest part of the spectrum ; consequently 
if the image be focussed on a screen we unconsciously make the 
yellowish-green image sharp. Then, superimposed on it, are the 
other images all somewhat out of focus. The general effect is to give 
a blurred white image. This blurring of the image, due to the index 
of refraction being different for different colours, is termed chromatic 
aberration. 

If the screen be moved out of focus towards the lens, tho edge of 
the image becomes tinged with red ; if it be moved out of focus the 
other way, the edge of the image becomes tinged with blue. For in 
the first case the red image is more out of focus, each point on the edgt 
forming a red disc, and these discs extend beyond the blue point images, 
and in the second case these conditions are reversed. 

Denoting the focal lengths for the lines C and F by f 0 and f 9 wf 
have 




and by subtraction 


/. 




Then 


or 


Substitute for (- - -) from equation (34). 

Vx *2/ 

7f 7c (m-i)/ 

/c-/p = Mf-Mc 

fcf F (M-l)/’ 

where /z and / denote any corresponding values of the index of refrac¬ 
tion and focal length. Let us now suppose that / is intermediate in 
value between / c and f F so that we may write as an approximation f 2 
for/ c / F . Then 

.... (35) 

/ M-l 

If the object is at infinity, the expression on the left gives the distance 
between the red and blue images divided by the focal length of the 
lens, and can be regarded, as a measure of the chromatic aberration. 
Write 

this quantity is known as the dispersive power of the glass for the 
lines F and C. 
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In the case of a convex lens the red image is always farthest from 
the side of the incident light; in the case of a concave lens, it is 
always nearest the side of the incident light. The question thus 
arises as to whether it is possible to combine a convex and a concave 
lens, so as to make the chromatic aberration in the one neutralise the 
same defect in the other. To this question Newton answered no. 
He believed that for a g lass was alwa y s proportional to its 

refractivity, i.e. to /x-1, and that consequently a system free from 
aberration would act simply like a piece of glass with plane parallel 
sides, or, in other words, that the blurring of the different colours was 
essential to the image-forming properties of the lens. This view was, 
of course, wrong, but he was led to adopt it by his own observations 
on crown glass and water where the proportionality holds approxi¬ 
mately. 

Let us suppose that two thin coaxal lenses are placed in contact, 
that the focal length and dispersive power of the first are denoted by 
/ and v t while the focal length and dispersive power of the second are 
denoted by/' and v. Then F, the focal length of the combination, is 
given for the C line by 

Ul + 1 

Fc fcf'o 

and for the F line by 

I_1 . 1 

F, fr f'w 

By subtraction we obtain 

1 _ 1 = 1_1 1 _ 1 
Fp F c f r /c / f S' c 

or hzhJo-Jj + Mj 

ur F 2 / 2 /'* ' 


writing F 2 for F C F P ,/- for/c/ p and/' 2 for/'c/'p in the denominators. 
By means of (35) this last equation may be written r 


F c-F P _v . v' 

F 2 7 F 


Thus if for two colours the relation 


I 

• • • • • (36) 

holds, the images formed by light of these colours coincide in size and 
position, and the combination is said to be achromatic for these two 
colours. 

As an example on equation (36) let us suppose that a convex lens 
of focal length 35 cms., achromatic for the two lines C and F, is to be 
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made from the two glasses, the constants for which are given on p. 61. 
Then, if the light is coming from the right, we have the equations 

1 _i 1 

"35 ~j + r 

A -01054 -02771 

/ + r ’ 

the solution of which is/= - 14-10 cms.,/'=23-62 cms. The combina¬ 
tion must therefore consist of a convex lens of the crown glass of 
focal length 14-10 cms. and a concave lens of the flint glass of focal 
length 23-62 cms. The combination is, of course, achromatic only for 
the region for which it is calculated. 

If we assume that the above values of / and /' are for the D line 
and calculate the values for the other colours we obtain the results in 
the following table :— 



/ 

r 

F 

c 

14-17 cms. 

23-80 cms. 

35-02 cms. 

D 

14-10 „ 

2362 „ 

34-99 

F 

13-94 

23-15 .. 

35-05 „ 

G 

13-81 .. 

22-79 „ 

35-09 


It will be observed that F varies much less with the wave-length than 
/ or /'. If the combination is for use in photography with ordinary 
plates, it should be corrected for the violet and ultra-violet. 

In the above achromatic doublet only the focal lengths, not the 
radii of curvature of the two component lenses, are prescribed. We 
have consequently a radius of curvature in each lens at our disposal. 
According to p. 59 the spherical aberration depends on the ratio of the 
radii of curvature of the two outside faces ; we can choose this ratio so 
as to make the spherical aberration a minimum. The remaining 
relation between the radii of curvature can be used to make the inside 
curvatures of the two lenses the same. They can then be cemented 
together, and an air space with its consequent loss of light by reflection 
avoided. 

If the convex component of the above doublet is equi-convex its 
radius of curvature is 14-6 cms., and if the concave component is plano¬ 
concave its radius of curvature is also about 14-6 cms. The two 
lenses thus fit together and form a plano-convex combination. The 
latter shape, as has been seen, has a very low spherical aberration for 
parallel light. The object glasses of small telescopes are therefore 
very often made of an equi-convex crown glass lens cemented to a 
plano-concave flint glass lens, mounted so that the light is incident 
first on the crown glass lens. 
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Let us suppose that the diameter of the above achromatic doublet 
ts 3*5 cms. Then its spherical aberration can be calculated by multiply- 

ing the values on p. 59 by i.e. by -087. For an index of 

refraction 1-5 this gives 1-0 mm., and for an index of refraction 2-0 it 
gives *4 mm. 

If three thin lenses made of glasses of different dispersive powers 
be combined into a single lens, the images formed by three different 
colours may be made to coincide. 

For, proceeding in the same way as on p. 63, we can obtain the 
equation 


F r III 

C“ F P_ V , 

? /' r 


F 2 


where/" is the focal length of the additional lens and v, v\ » are 
the dispersive powers for the two lines C and F. Similarly, if a >, a/, 
a/' denote the dispersive powers for the lines F and G, we have 

F2 /VV’ 

and if/,/',/" be chosen to satisfy the equations 

1 = 1+1 +1 

F / /' /' 

i n 

Q =J+J.+J.\ .... (37) 

0=" + - + ^ I 

f r r \ 


it is clear that the lens formed by the three thin lenses is achromatic 
for the lines C, F, and G. Of course, owing to their form, equations 
(37) always give real values for/,/', and f”. 

The chromatic error remaining in the image after it has been 
achromatised for two colours is often referred to as “ secondary 
spectrum.” It was diminished very considerably by the glasses intro¬ 
duced at Jena which have now been used for achromatisation for well 
over forty years. 


Chromatic Aberration of Two Thin Lenses separated by a Finite 
Interval. Let/, /' be the focal lengths of the two lenses and a the 
distance between them. Then by p. 46, F, the equivalent focal length 
of the combination, is given by 

• F ff' 

To make the system achromatic for two colours for any position of the 
3 
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object, it would be necessary not only to give F the same value but 
also to give the equivalent planes the same positions for the two 
colours. This is impossible. It is even impossible to make the system 

achromatic for one position 
of the object. 

For, let Q q be an image 
formed of Pp by the two 
lenses A and B, Ss being 
the intermediate imago 
formed by the lens A. Let 
Pp=Pi, Ss=^ and Q •]=&%• Let AP = t/, AS = v, BS=u', and BQ=t/. 
Then 

h= u 

p 2 v' ft v" 

and therefore 

p 3 = ™s_ 

ft t/u' 



If the images formed by the two colours coincide in position and 
size, u t v' and ft/ft are the same for both colours. Hence v/u' is the 
same for both colours. But the distance BA is fixed. Therefore the 
point S is the same for both colours, or in other words the lenses A 
and B must be achromatic themselves. 

Let the equivalent focal lengths of the combination for the C and 
F lines be denoted by F c and F p . Then 


and 

whence by subtraction 


F c /c f c fcfo 

I=I + i + _ a _ 

Ff /f f r hfw 


I i.,1 U i . MfoTo-fi Tw) 

F f F c f r f c f’ F f 0 frfrfcf'c 


The last term is equal to 

aifcf'c -/c/f +/c/r -/r/r) - fr) +/'y{/c -/f» 

/f/'f/c/c /f/'f/c/c 


/k(/'f /'c) + /'c(/r“/c) 


Hence in the same way as on p. 63 
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Suppose now that the two lenses are made of the same glass and 

thatv # =i'. Then 

Fj w s =j? l f + f + 2a) ’ 

i.e. if/+/' +‘2a=0, the equivalent focal length of the system is con¬ 
stant, no matter what the value of v is. 

Thus if a system of two thin coaxal lenses made of the same glass 
is mounted with the distance between them numerically equal to half 
the sum of their focal lengths, the focal length of the combination is 
the same, not only for any two, but for all colours. 


EXAMPLES 

(1) A parallel beam is incident on a concave spherical mirror. Draw tho 
caustic curve. 

(2) A concave spherical mirror has a radius of curvature of 50 cms. A point 
object is situated on the axis 90 cms. from tho surface of the mirror. Calculate 
tho aberration for tho rays which moot the surface of the mirror 2, 4, 6 and 8 cms. 
from tho axis. 

(3) Investigate the case of astigmatic reflection at a convex mirror in exactly 
the same way as astigmatic reflection at a concave mirror is treated in the present 
chapter. 

(4) A concave mirror has a radius of curvature of 40 cms. and the diameter 
of its rim is 5 cms. A point object is 50 cms. distant from it in a direction making 
an angle of 45° with tho axis of the mirror. Find the positions of the focal lines 
and calculate their lengths, i.e. the lengths of the lines TT' and SQ in Fig. 60. 

(5) A small pencil of light diverges from a point in a medium of refractive 
index /z, is incident obliquely on the plane -uriacc of this medium and then 
passes into air. Show that it appears to diverge from two focal lines in the 
first medium distant and v 2 from the point of refraction, where v, and v t are 
given by 

u u cos 2 r 

!>*=■-, f, =-r-.: 

3 /Z 1 H C08 2 X 

u is the distance of the point object from the point of refraction and * and r 
are the angles of incidence and refraction. 

(The two focal lines are virtual in this case and hence cannot be received on a 
screen. But if a convex lens is used to form a real image of them, their existence 
can be demonstrated very neatly. The best way of producing them is to employ 
a block of plate glass 4 inches by 3 inches by $ inch or thereabouts, such as is used 
in elementary experiments on refraction, and as point source to take a small hole 
in a metal plate placed close up to one of the ends of the block with the filament 
of a glow lamp directly behind the hole. The plate is arranged so that the path of 
the rays in it is as long as possible. After emerging from the plate the rays are 
received by a convex lens w hich focusses them on a screen. The image is a straight 
line. By displacing the screen another straight line comes into focus at right 
angles to tho first.) 

(6) Show that equation (28) reduces to (24) on the substitution of - 1 for /z. 
Can all formula dealing with reflection at a spherical surface be treated in this 
way as a particular case of refraction at the same surface ? 

(7) A convex lens of focal length 50 cms., achromatic for the lines D and F, 
is to be made from the two glasses, the data for which are given on p. 61. Find 
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the focal lengths of the components and calculate how far the combination is out 
for the wave-lengths C and G. 

(8) Light diverging from a point is refracted at a plane surface ; prove that 
the caustic curve is the evolute of a hyperbola if the point is in the less dense 
medium, and the evolute of an ellipse if the point is in the more dense medium. 

(9) The radii of curvature of both faces of a thin convex lens arc the samo 
and it is made of glass of refractive index 1-52. Derive an expression for the 
spherical aberration when the object is at a distance of twice the focal length 
from the lens, and verify it by experiment. 

(10) A table of the refractive indices of a number of optical glasses is given at 
the end of the book. Which two mako the best achromatic doublet for the 
region of the spectrum from C to g ? Other things being equal, these glasses are 
to be avoided which involve small values of / and consequently steep curves. 
Illustrate your result by numbers, assuming that the focal length of the doublet 
is to bo 100 cmi 



CHAPTER V 


ON DETERMINING THE CONSTANTS OF MIRRORS AND 

LENSES 


Optical Bench. The apparatus used most in physical laboratories 
for determining the focal lengths of lenses is the optical bench. 
Optical benches can be divided into two classes, those with wooden 
bases and fittings and those with metal bases and fittings. The latter 
are much more expensive, are usually too elaborate, accuracy and 
labour being wasted on their construction where it is not wanted, and 
although indispensable for certain special uses, are not to be recom¬ 
mended for general purposes. 

Fig. 65 shows a very useful and simple wooden bench together 
with its fittings. The base is mahogany. At the side is a scale two 



metres long for reading the positions of the pieces. The stand A 
carries an incandescent electric lamp, in front of which is a wooden 
upright with a rectangular hole in it, across which are stretched cross¬ 
wires. These cross-wires are the object, and it is sometimes advisable 
to fasten a piece of tissue paper with drawing pins between the hole and 
the lamp to give a more uniform background to the object. Stand B is 
for carrying the lens or mirror ; it has a V-shaped top with a groove in 
it. C is a screen for receiving the image, consisting of an upright with 
a piece of paper fastened on with drawing pins, D a similar screen with 
a hole in it also used for receiving images, and E a stand carrying a 
square of ground glass with a scale on it. The positions of the various 
stands can be read by marks on their bases. These marks may not 
be placed accurately, and so before taking a series of readings of the 
distance between cross-wires and lens, for example, it is usual to place 
a rod of known length with one end touching the cioss-wires and the 
other touching the lens and to compare the distance as read by the 
scale with the known length of the rod. If there is any difference, 
it should be employed as a correction to each reading of the series. 

60 
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Focal Length of a Convex Lens. To find the focal length of a con¬ 
vex lens it is simply put on the stand B and an image of the cross¬ 
wires focussed on the screen. Then u and v, the distances of the 
cross-wires and screen from the lens, are measured and/ is calculated by 
the formula 

1_1 = 1 
v u f 

The length of one of the cross-wires and the length of its image can 
at the same time be measured by callipers and thus the linear magni¬ 
fication found. It should, of course, be equal to v/u. 

Another way of finding the focal length is to place the lens at the 
middle of the bench and arrange the cross-wires and image screen at 
equal distances from it. Then, in general, there will be no image 
formed. If now the distances of the cross-wires and image screen 
from the lens be gradually increased or decreased, their values being 
always kept equal to one another, positions will eventually be reached 
in which a sharp image is formed on the screen. Then u is numeri¬ 
cally equal to v and each is numerically equal to 2/. If d be the 
distance between the cross-wires and image screen, / is numerically 
equal to d/4. 

If d is numerically less than 4/, no real image is formed. If d is 
numerically greater than 4/, for every given position of the cross-wires 
and image screen two positions can be found for the lens in which it 
gives a real image. This follows simply from the nature of the 
formulae, for they can be written arithmetically 

111 , 

-+- = >, u + v=d, 

V u f 

and thus u and v can be interchanged without their form being altered. 
Thus, if originally w=10 cms. and v = 15 cms., and if the cross-wires 
be kept fixed and the lens be moved out another 5 cms. so that u 
becomes 15 cms., v becomes 10 cms. and an image again appears on 
the screen. The magnification in the one case is the reciprocal of the 
magnification in the other. 

If a be the distance between the two positions of the lens, a=v-u. 
But d=v + u; hence 2v = d + a, 2u = d-a, and 


1_1 + 1_ 2 + 2_ = 4d__ 
f v u cZ + a d-a d 2 -a 2 


or 


d 2 -a 2 
4c r m 


Hence, if d and a be measured,/can be calculated. This method is 
called the double-position method. 

A fourth method is simply to measure the distance from the lens 
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of the image of a lamp situated at a distance, which is great in com- 
parison with the focal length of the lens. 

Focal Length of a Concave Lens. If the object is real, the image 
produced by a concave lens is always virtual; if the image is real, the 
object is always virtual. Consequently the focal length of a concave 
lens can never be determined by using it alone on the optical bench ; 
an auxiliary convex lens must be employed. 

There are two simple methods for determining the focal length of 
a concave lens. It is necessary for the first of these that the auxiliary 
convex lens should be more powerful, i.e. have a shorter focal length 
than the concave lens. For the second method any convex lens will do. 

In the first method the concave lens and auxiliary convex lens are 
placed together in close contact on stand B. The combination acts as 
a convex lens and its focal length F is determined. The focal length,* 
f of the convex lens alone is next determined. Then /', the focal 
length of the concave lens, is given by the algebraic formula 


The sign of/' comes out different from the signs of F and/. 

In the second method the convex lens is first used alone to forn. 
an image Q of the cross-wires on the screen. The concave lens is 



next mounted on another stand similar to B and inserted at T between 
the convex lens and screen. The rays after passing through it become 
less convergent, and the screen has to be moved to S to bring the 
image again into focus. Thus the focal length can be determined by 
the algebraic formula 

l = l 1 

/' v u* 

where TS=v and TQ = u. 

In this case the object is virtual and the image real. 

Focal Length of a Concave Mirror. The focal length of a concave 
mirror is given by the formula 

12 1.1 

— e -- • 

f r u v 

Hence / may be found simply by measuring r with the spherometer 
and dividing the result by 2.. . 
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It may be determined on the optical bench by using the screen D 
with the hole in it. This screen is placed between the mirror and 
cross-wires. The rays from the cross-wires fall on the mirror through 
the hole on the screen and are reflected to form an image on the screen. 
The mirror is given a slight tilt, otherwise the image would fall on 
the hole itself. Then, if u and v are measured,/can be calculated. 

If the lamp is taken to a very great distance, v, of course, becomes 
equal to /. 

Another method consists in sticking a pin in the rectangular 
opening in stand D, as nearly in the plane of the paper as possible, 
and reversing the stand A so as to throw more light on the pin. Then, 
if the image of the pin be formed on the screen, u = v=r and / is half 
the distance of the screen from the mirror. 

• Focal Length of a Mirror. The focal length or radius of curvature 
of a concave spherical mirror can also be determined by the following 
method, which is of interest because, unlike the methods in the 
preceding section, it can also be applied to a convex spherical mirror. 



A paper scale about 50 cms. long pasted on wood is mounted 
horizontally directly in front of the concave mirror (Fig. 67) about 
the same height above the table and two or three metres from it. 
Two metal strips A and B slide along the front of this scale. An 
image of AB, i.e. the distance between the strips, is produced at G, 
and if FH be this image, the points C, F, and A and the points C, H, and 
B are collinear, since the lengths of the object and image are in the 
ratio of their distances from the mirror. A telescope is placed with its 
object glass at E, the centre of AB, and focussed on FH. A small 
scale is fixed in front of and in contact with the mirror which is tilted 
so that, when viewed through the telescope, the image FH appears 
parallel to and touching the edge of this scale The distance between 
the metal strips is adjusted so that the image FH appears to coincide 
with an exact number of divisions on this scale, / cms.. say. Let r be 
the radius of curvature of the mirror, let AB = L and let CE = D ; then 

r= 2ZD _ 

L+ 21 
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If the mirror is convex 


2 10 
f "L-2 1 


This is the easiest of all the optical methods for determining the radius 
of curvature of a convex mirror. It should be noted that the small 
scale and the image must be in focus at the same time ; hence D must 
be large in comparison with r. 

To prove the formula for the case of the concave mirror let CG = v; 
l , of course, is equal to ab. Then 

L ! ™ ?.£z« = ?-l . . . (38) 

l FH l v D v 


by similar triangles. But 


therefore 


] + \j. 

D v r' 
v r 


. (39) 


Hence eliminating D/r between equations (38) and (39) wa obtain 


or 


the required relation. 


2 +— 
l r 

2/D 

f L + 2I’ 


Cylindrical Lenses. Let us suppose that the surfaces of a thin 
piece of glass are cylinders, the axes of which are parallel. Such a 
piece of glass is called a cylindrical lens. 

If a section be made of it by a plane at right angles to both axes, 
it has the same shape as the section of a lens with spherical surfaces. 
Consequently any pencil of rays diverging from a point in this plane 
is brought to a focus by the lens. On the other hand, the section by 
a Y P^ne parallel to the axes is the same as the section of a thin plate 
wiJh parallel sides. Consequently a pencil of rays in this plane is 
unaffected by the lens. 

A cylindrical lens thus forms images only of lines parallel to the 
axes of its surfaces. If such a lens is placed on the optical bench with 
its axes parallel to one of the cross-wires it forms a sharp image of 
that wire but no image at all of the other wire. As far as the other 
wire is concerned the lens acts merely as a plane parallel plate. 

With this limitation the focal lengths of cylindrical lenses and 
mirrors can be determined on the optical bench in the same way as 
the focal lengths of spherical lenses and mirrors. 


Magnification Methods for Determining Focal Lengths. The 

methods of determining the focal lengths of convex lenses given 
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hitherto are suitable only for thin lenses. The three methods which 
follow are suitable also for thick lenses or systems of lenses :— 

(1) Form an image on the optical bench. Denote the magnification 
by m. Keep the object and image screen fixed and displace the lens 
through a distance d, so as to give a ckiar image again. Let the 
magnification now be m' . Then 

d 

m — m 

(2) Abbe’s Method. Make the first magnification, m, unity or less, 
keep the lens fixed, displace the image screen a distance d away from 
the lens and move the object until focus is again obtained. Let the 
magnification in the second case be m'. Then 

d 

m-rri 

(3) Same as (2), only d in this case is the distance moved by the 
object and 

d 

■ ■■ • 

I-i 

m m 

To carry out the above methods on the bench shown on p. 69, two 
lantern slides were made by photography from a white paper scale, 
but in mounting them pieces of ground glass were used instead of the 
cover glass, the ground side being next the photographic film. The 
two scales thus prepared were, of course, identical. One of them, 
mounted on the stand E, was used as object. It was illuminated 
by placing lamp A behind it, the lamp being turned round so that the 
wooden upright did not come between. The other scale mounted on a 
similar stand was used as image screen. The magnification was found 
by getting the image of the one scale directly below the other and 
finding how many divisions on the one corresponded to the whole 
length of the other. 

One advantage of the above methods is that the only length in¬ 
volved, d , is in every case not a distance between two objects but a 
displacement of one object, and the latter can be measured with much 
greater accuracy. 

To prove the three formula? let u and v in each case denote the 
distances of the object and image measured from their respective 
principal planes before the displacement, and let u and v denote the 
same distances after the displacement. 

Then in each case we have 


1 i _ 1 i_i_ = i 
V u f v' tt' f 
m=t>/u, m*=v'lu\ 
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In the finit and second cases we have 

d=v' - t>=/(l -»»')"/(! - - ”*')• 

/= * 

l.ft. J 


m-m 


In the third case 


d=u - u ' = f(l ~ _/ (i _ l ) -/ (i »') 


i.e. 


'=1 


d 


in in 


The Nodal Slide. The focal planes of a system of enses can be 

found very easily by simply letting a beam of parallel light fall on.it 
from each side in succession and noting where the image “formed- 
Then, when the focal length is determined, the prindpai pknes and 
nodal points can be found simply by measuring off their distances 
from the focal planes. There is. however, an elegant method of 

determining the nodal points directly. 

The property of the nodal points, it will be remembered, was, that 
if a ray of light passed through the one, its conjugate passed through 
the other, and further was always parallel to the incident ray. bup- 
pose now a beam of parallel rays is incident on the system in the ob¬ 
ject space, and that the system is pivoted so that it can rotate about 
the vertical through the nodal point of the image space. As it does 
so, the nodal point of the object space describes a short arc and so 
different rays in turn pass through it. But the incident rays are all 
parallel, so the direction of the ray through the nodal point of the 
object space is always the same. Consequently the direction of the 
ray through the nodal point of the image space is always the same, and 
if the image is received on a screen, it remains stationary when the 
system is rotated. The distance from the screen to the axis of rotation 
gives, of course, the focal length of the system. 

To put the method into practice the lens system is mounted on a 
stand which is placed on a turntable, along one side of which is fixed 
a scale for reading the position of the stand. This apparatus is known 
as a nodal slide. Then the turntable is rotated for different positions 
of the stand on the scale. Unless the axis of rotation passes through 
the nodal point of the image space, the image moves on the screen. 
When the right position is passed, the direction of the motion of the 
image on the screen changes. 

More Accurate Method of Determining Focal Length. Foca. 
lengths are usually determined in a physical laboratory not for the 
numerical result, but for the purpose of teaching students the principles 
of optics. The lenses measured are usually spectacle lenses with a 
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tocal length of 20 or 30 cms., because such lenses suit a two-metre 
optical bench well. The methods for a convex lens on p. 70 give 
single results which agree to a millimetre for such lenses, but the 
magnification methods as used on p. 74 are not so accurate. If 
greater accuracy is really desired or if a method is wanted that will 
also give, for example, the equivalent focal length of a telescope eye¬ 
piece, recourse may be had to a more elaborate apparatus such as the 
Beck Lens Testing Bench. It ought to be pointed out, however, that 
by means of a vernier microscope such as is to be found in every 
laboratory, values of the focal length can be got which will compare 
favourably with those obtained by any other method. 

The method consists in the measurement of the aerial image of an 
object at a great distance. For camera lenses I have taken a hori¬ 
zontal 50 cm. scale distant 12 metres. It was illuminated by a lamp 
or even by Na light. For microscope objectives the distance should be 
much less. The vernier microscope should have both a horizontal 
and a vertical motion. The lens is mounted on a stand in front of it 
and the length of the image measured. If m is the magnification and 
d the distance of the object from the image, and if u and v are used 
arithmetically, 

m = -, d = i/ + v = t<(l + m) 
u 

uv _ mu _ md 

ftn J u + v 1 + m (1 + wij 2 * 

m being usually so small that the denominator may be made unity. 

A beauty of this method is that the percentage error of measure¬ 
ment is about the same for the lengths of the object and the image and 
for the distance d. 

So far the distance between the principal planes has been neglected, 
but from the first value of/ it can be estimated,* the result subtracted 
from d y and a more accurate calculation made, d is 60 great that it 
does not require to be known very accurately. 

The method can be made applicable to a long focus lens by using 
distant objects and taking the angle between them with a sextant. 
Then, if the image length is l and the angle 2a,/is simply lf (2 tan a). 

Investigation of the Aberrations of a Lens. In deriving the 
formula connecting the positions of the object and image formed by 
a lens system, the angle which each ray makes with the axis is assumed 
to be so small that it may be put equal to its sine and that its cosine 
may be put equal to unity. If the second terms in the expansions 
for the sine and cosine be taken into consideration, the passage of the 

• I.e. by measuring off a distance / from the aerial image and making a scratch 
on the lens mounting, then reversing the lens and repeating the operation. The 
two scratchea give the principal planea since d is so very great. 
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and it is found that when the object is a pom ^ 1 J£ the angle9 

space no longer converge to a P° j n t h e expansion are not 

made, with the ax* are so gnthat ^thJol treatment; 

**-* “ b “ i ™ 

‘TZrSrKofmake small angles with the axis, the image is 

{ytstsssa ftj££. 

position of the object The system can be cojTected for any one of 
them by making the appropriate constant vanish and the image-form 
„g properties of the system can be investigated by testing for each of 
them separately. It should be stated that there are at present no 
generally recognised methods of testing or of measuring these defects 

"Tuomse’in addition to the above there may be defects due to the 
surfaces of the lenses not being true or to the separate components 
being badly centred. There is also chromatic aberration. 

As excellence in one respect is gained often at the expense of 
comparative failure in another respect, lenses should, of course, be 
tested only under the conditions for which they are to be used and for 
the defects which are important under these conditions. 

For measuring the aberrations of lenses properly an apparatus 
such as the Beck Testing Bench is absolutely necessary. However, 
two simple arrangements will be described here which are of some 

use when the aberrations are large. 

For the first of these there is necessary a vernier microscope which 
can be racked forward in the direction of its length. Vertical motion 
and horizontal motion at right angles to the length are a great con¬ 
venience, but not absolutely necessary. As source of light a circular 
hole of 1 mm. diameter drilled in a thin sheet of aluminium is used. 
It is held in front of a lamp and placed at a distance of about 12 
metres from the microscope. The lens to be tested forms an aerial 
image of this hole and this image is examined with the microscope. 

To measure the chromatic aberration a piece of red glas6 is placed 
behind the hole and the image focussed. Then the red glass is re¬ 
placed by a piece of green and a piece of blue, which together give an 
approximately monochromatic green, and the microscope racked for¬ 
ward to focus the image a second time. The distance between the 
two images, l y divided by the focal length is an approximate measure 
of the chromatic aberration. 
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To measure the spherical aberration a screen with two holes in it 
is used, one to transmit the rays that pass through the centre of the 
lens and the other to transmit the rays that pass through a marginal 
zone. These stops are placed in succession in front of the lens. If L 
is the distance between the images in the two case3 and 0 half the 
angle subtended at the image by the mean diameter of the marginal 
zone, the expression 

l_ 

Jo- 

may be taken as a measure of the spherical aberration, since for an 
uncorrected lens the distance between the images is proportional to 0 2 . 

To measure the astigmatism the lens is placed so that its axis 
forms an angle 6 of about 10° with the straight line from the micro¬ 
scope to the source. Then, instead of a point image, two line images 
may be seen at right angles to one another and distant l apart along 
the axis of the microscope. They may however be obscured by the 
other defects. The distance between these lines should be propor¬ 
tional to 9 2 for small values of 6. Hence the astigmatism may b( 
approximately measured by 

w 


If a lens forms an image of a point source not on its axis, the central 
zone of the lens gives a point image and the other zones may give ring 
images of increasing diameter according to the dis¬ 
tance of the zone from the centre of the lens, even 
if the lens is corrected for spherical aberration. 
These rings are not concentric but situated as in 
Fig. 68, the radius of each equalling half the distance 
of its centre from the point image. The result is 
to give an egg-shaped patch of light with the narrow 
end much brighter than the other. This defect is 
called coma and vanishes if the system obeys the 
sine condition. 

The curvature and distortion of the image formed by a spectacle 
lens can be measured very well by the apparatus shown in Fig. 69, 



Fig. 68. 



Fig. 69. 


which consists of an optical bench with a cross-piece at one end. A 
stand carrying cross-wires and illuminated by a lamp can move along 



deteemining constants of mirbobs and lenses 79 

th,"■«Saving 

sr ss £ as “■ 

is exactly parallel to the axis o e e . g disp | ace( i a distance 6 

a distance a along the cross-piece, ° p moved a 

along the scale, and at the same ti™ the latter hw^w 

distance c along the bench to r^re oc^ Thed»tor^ tufe j. 

by the deviation from proportionality of 0 to a 
proportional to c/6 2 . 

EXAMPLES 

axis of the bench but rotated thro g d ^ ertica j an d horizontal, do not 

sssuass waft: B=aa 

roanlt is about 38-2 cms. Which image should he use and why • 

m\ Tu e focal length of a concave mirror is obtained in the usual way by 

intrnHiirpd and eive numbers for an actual case. . 

(5) The focal length of a concave mirror is obtained by:forming the image of a 
•amp several metres distant. The result is 321 cms. How far away must the 

amp be for the result to be accurate to 2 mm. . ... „ 

(6) A convex spherical lens of focal length 22 cms. is placed m contact with a 

cy indrical lens, and the combination used to form an image of “ r ?“j 
ires, which are supposed vertical and horizontal. One face of the cylmdncal 
lens is plane and the axis of the cylindrical surface is vertical. Find where.the 
images of the separate cross-wires are formed, given that the object distance is 
50 cms., and that the cylindrical lens is (a) convex and of focal length 40 cms., 

(6) concave and of focal length 40 cms. 4 f , 

(7) The formula? given on p. 72 for the radius of curvature of a spherical 

mirror become much simpler if l can be neglected in comparison with L. bhow 
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that this assumption is equivalent to supposing that the small scale is in the 
same plane as the image, and derive the simplified formulae from first principles 
on this supposition. 

(8) Two cylindrical lenses, which have each one plane face, arc placed in con¬ 
tact and used to form a real image of illuminated cross-wires distant 30 cms. 
The axes of the cylindrical surfaces are at right angles to one another and each 
parallel to one of the cross-wires, and images of a cross-wire are formed at 
distances of 40 and 60 cms. from the lens combination. What are tho focal 
lengths of the lenses, and where would the image be formed if the axes of both 
cylindrical surfaces were parallel to the same cross-wire ? 

(9) A convex lens is mounted on an optical bench and used to form an image 
on a screen. The magnification is 2-41. The object and image screen are then 
both kept fixed and the lens displaced a distance 10 cms. towards the image when a 
sharp image again appears, this time of magnification -415. Calculate the focal 
length of tho lens. 

(10) Make n independent determinations (say 8 or 10) of tho focal length 
of a thin convox lens by the first method described in this chapter. Take the 
moan of the result, take the differences of tho individual determinations from 
the mean, square them, then add their squares ; divide the sum by n(n- 1) and 
tako the square root of the quotient. The square root is called the “ mean 
error ” of the final result. Multiplication of the mean error by § (more properly 
0-674) gives the “ probable error ” of tho final result. Multiplication of the mean 
error and probable error of the result by the squaro root of the number of observa¬ 
tions gives tho mean error and probable error of tho individual determinations. 

For example, the first column of tho following tablo gives 10 determinations 
of the focal longth of a lens, made on the same optical bench by the method 
referred to:— 


/ 

8 

8* 

19-91 cms. 

-•244 

•05954 

20-07 „ 

-084 

•00706 

20-11 ., 

-•044 

•00194 

20-16 ., 

+ 006 

•00004 

20-14 .. 

-014 

•00020 

20-27 „ 

+ •110 

•01346 

20-21 ., 

+ 056 

•00314 

20-14 „ 

-014 

•00020 

20-22 „ 

+ -0G6 

•00436 

20-31 „ 

+ •156 

•02434 

Mean 20-154 „ 


Sum -11428 


The mean error of the result is \/-l 1428/90= -0356. 

9 

The probable error of the result is^x -0356= -0237. 

o 

The mean error and probable error of a single reading are respectively -0356\/10 
and *0237V10, i.o. 113 and -0749. 

The method of obtaining the above results depends on the theory of prob¬ 
ability, and they are valid only if the individual readings are distributed 
about tho correct value according to the law of chance. They do not tako 
into account any one-sided errors such as assuming, for example, that the lens 
employed is infinitely thin and that its principal points coincide. 

The probable error of the single determination gives a quantity, above and 
below which theoretically there should lie an equal number of values of 8. In the 
above case we have four above, namely, -244, -084, ‘116, and ‘156, and six below, 
•044. -00G, -014, -056, 014, and -066. 





CHAPTER VI 

OPTICAL INSTRUMENTS 

Magnifying Glass. The normal eye focusses best on an object 
distant 10 or 12 inches from it. This distance is called the distance 
of distinct vision. If we attempt to increase the detail visible by 
bringing the object nearer, an exertion is required to see it distinctly. 
Hence the distance of distinct vision is the most favourable position 
for examining the detail of an object. 

Let AB be a convex lens of a small focal length placed before the 
eye at E, let F be its focus, and let Pp be an object within its focal 
length. Then on applying the usual graphical construction, the image 



Fig. 70. 


is found to be at Q/p All rays proceeding from Pp to the eye, after 
refraction by the lens, appear to come from Q 7 . 

We have 

y*=*=\- v 

y\ u 



where y 2 is the length of the image and y x is the length of the object. 
Let us suppose that the image is at the distance of distinct vision. 
Denote the value of the latter by D. Then since the eye is close to 

the lens, we can write v=D. Consequently ^ 2 =^ 1 ^! or approxi¬ 
mately -yiO/f, since/is small in comparison with D. 

The apparent size of an object depends on the angle it subtends 
at the eye, but if the object Pp were to be examined by the eye direct, 
it would have to be placed at Q. The apparent sizes without and 
with the lens are therefore as the linear dimensions of the object and 
image, if the latter are small. Hence the magnification produced by 
the lens is D/f, if the sign is neglected. 



82 A TREATISE ON LIGHT 

A single convex lens used as above is sometimes called a simple 
microscope. 

Instead of a single lens, a combination of thin lenses may be used, 
for example, two concave meniscus lenses of flint glass separated by a 
double convex lens of crown glass. Such a combination can be cor¬ 
rected for chromatic aberration, astigmatism, and distortion. 

The Astronomical Telescope. The optical system of an astrono¬ 
mical telescope consists of two parts, one called the object glass, which 
produces a real image of a distant object, and another, the eyepiece, 
which produces in turn an enlarged virtual image of this image. 

It is illustrated in Fig. 71. AB is the object glass, of diameter d 
and focal length F, and CN is the eyepiece, which has a focal length/. 
AB forms a real and inverted image EM of the object in its focal plane ; 





this image is just inside the focus of CN, which thus acts as a magnify¬ 
ing glass, producing a virtual magnified image of EM at GH. It is 
this virtual image at GH which is seen by the eye at KJ. 

To find the magnification we can proceed as follows. Let 2a be 
the angle subtended by the distant object at the eye. Then, since 
the distance is great, 2a is also the angle subtended by the object 
at the object glass. Consequently the length of the image EM is 2aF. 
Since EM is just distant/ from CN, the angle it subtends at 0 is 2aF//. 
Since G is at a great distance OE is practically parallel to NG ; this 
may be seen best from the graphical construction for determining G. 
Consequently 2aF// is also the angle subtended at the eye by the final 
image GH. Dividing the angle subtended by the final image by the 
angle subtended by the object we find therefore that the magnification 
is equal to F//. 

The same result may be obtained in a slightly different manner. 
Let the object have length L and be situated at a distance u from the 
object glass. Then, since u is large, the angle subtended at the eye 
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is L/u. Since image is to object in the ratio of their respective distances, 
EM = LF/«. Let D be the distance of GH from 0. Then, applying 
the same rule again, GH = (LFD)/(u/) and the angle subtended by GH 
at the eye is approximately (LF)/(u^). Dividing this by the original 
angle subtended by the object we find again that the magnification is 
F//. 

Let the points J and K be respectively the images of the points A 
and B formed by the eyepiece. Let v be the distance of KJ from 0. 
Then 

v F +/ f 

if we use v, F, and/ merely arithmetically, 

KI vd fd 

and KJ= rr/ = ?* 


The ray AE after refraction passes through J. All the rays which 
pass through both lenses pass through between K and J, and if a 
screen were pjaced there, it would show a bright circular disc. This 
disc, sometimes called the eye-ring, is according to Abbe’s terminology 
the exit-pupil of the instrument. We see from the expression for KJ 
that the diameter of the object glass divided by the diameter of the 
eye-ring is equal to the magnification. 

On leaving the instrument the rays come closest together at the 
eye-ring and that is the place for the eye. The instrument is usually 
designed with its eye-ring smaller than the eye-pupil, so that all the 
light from the object glass enters the eye. But to make Fig. 71 clear 
it has been necessary to draw the eye-ring large. 

Fig. 71 is intended merely to illustrate the theory of the astronomical 
telescope. In practice instead of a single object glass a combination 
corrected for chromatic aberration is used. In the case of small 
instruments, for example such as are used for spectroscopes, this 
combination very often takes the form described on p. 64, an equi- 
convex crown glass lens backed by a plano-concave flint glass lens. 
Also in practice instead of a single magnifying glass a Ramsden or 
Huygens ocular is employed. 

The Ramsden eyepiece consists of two equal plano-convex lenses 
with their curved faces turned towards one another and the distance 
between them equal to two-thirds of the focal length of either. The 
Huygens eyepiece consists also of two convex lenses, but in it the lens 
farther from the eye has a greater focal length than the other, usually 
three times as great, and the distance between the lenses is twice the 
shorter focal length. In both eyepieces the lens next the eye is 
called the eye lens and the other is called the field lens. Denoting 
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the focal length of the field lens by / and the focal length of the eye 
lens by/', the focal length of the combination is (cf. p. 46) given bv 

//' Jf 

f+f+'a 4 J 

in the case of the Ramsdcn eyepiece, and by 

r 

2 


in the case of the Huygens eyepiece. 

Figs. 72 and 73 represent the positions of the lenses, principal 
planes, and focal planes of the object space for these two eyepieces. 
The principal planes are crossed. It will be noticed that the focus of 
the Huygens eyepiece falls between the lenses; for this reason it is 
said to be negative, in contradistinction to the Ramsden eyepiece, 
which is said to be positive. Thus the Huygens eyepiece cannot be 
used to focus on cross-wires the way the Ramsden eyepiece can. 



Fio. 72. *io. 73 - 


Huygens’s eyepiece was designed to diminish the effects of spherical 
aberration as much as possible. 

The reason for using an eyepiece consisting of two lenses instead 
of a single magnifying glass is to diminish the chromatic aberration 
and other defects of the image as much as possible. They tend to be 
less owing to the refraction being distributed over four surfaces 
instead of two. The condition that the equivalent focal length 
should be the same for all colours (cf. p. GO) is fulfilled by the Huygens 
eyepiece and approximately fulfilled by the Ramsden eyepiece. 

The performance of an eyepiece is made much better by the fact 
that it has to deal only with thin pencils of light. The pencil diverg¬ 
ing from the point E of the image in Fig. 71 is a thin one because it 
has had to come through the object glass of the telescope, and the 
ratio AB/EB is usually not more than 1/12. It is the same with rays 

diverging from the other points of EM. # . . 

An astronomical telescope can be made suitable for terrestrial 
objects by fitting it with an erecting eyepiece. Fig. 74 shows the 
form of erecting eyepiece most used. It consists of four lenses and 
at the positions indicated diaphragms arc fitted. 

Magnification and Resolving Power ol a Telescope. The magni- 
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fication of a telescope is given by F If. The diameter of the eye-ring 
(fd)/F must not be greater than, at the outside, one-fifth of an inch, 



otherwise all the light does not enter the eye. If F,/, and d are sub¬ 
ject only to this restriction, there is no limit to the magnification of a 
telescope. We find, however, that beyond a certain point nothing is 
gained by increasing the magnification. The image becomes larger 
but reveals no fresh detail. It is just like pulling out an elastic sheet 
on which a picture is painted. 

If a telescope is focussed on a luminous point, a star for example, 
the image formed by the object glass is not a point, but a small disc 
surrounded by one or two faint concentric rings. The reason for this 
will be given afterwards in the chapter on diffraction ; here it will 
only be stated as a fact. The radius of the dark ring immediately 
surrounding the disc is 

where A is the wave-length of the light used. If F is increased with¬ 
out a corresponding increase in d, the size of the disc increases. Every 
point of the object forms its own disc and thus the grain of the image 
increases. 

The closest distance at which two stars can be recognised as 
separate is when the centre of the disc of the one falls on the inner¬ 
most dark ring of the other, that is, when the distance between the 
images in the focal plane of the object glass is l-22FA/d or when the 
angle between the stars is 1-22A /d. This angle may be defined as 
the resolving power of the telescope. It is equal to 

5*0* 

d 

if the wave-length of light be taken as 2 x 10~ 5 inches and the diameter 
of the object glass be measured in inches. As a result of experience 
the astronomer Dawes gives 4*5 '/d instead of the above value. 

The object glass of the Yerkes telescope, the most powerful one 
employed hitherto for astronomical observation, has a diameter of 40 
inches and a focal length of 65 feet. Its resolving power is conse¬ 
quently about $ second. To grind and polish this object glass required 
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great care and took a long time. It is also extremely difficult to obtain 
pieces of glass this size of the necessary homogeneity, and it is possible 
that if the object glass were larger it might strain under its own 
weight. So that the limit of resolving power in telescopes is probably 
nearly reached.* 

When d, F, and the maximum diameter of the eye-ring are given, 
the maximum value of/is given. Vision begins to be sensibly impaired 
when the diameter of the eye-ring is less than 1/30 inch, so that there 
is also a minimum value of /, about one-sixth of its maximum. 

The resolving power of the eye according to Helmholtz lies between 
1 and 2 minutes, so that in the case of the Yerkes object glass a 
magnification of about 720 would be required to bring out the full 
detail of the object. The maximum and minimum magnifications 
mentioned above are in this case 1200 and 200. 

A telescope with a 1£ inch object glass, such as is fitted to the 
larger spectrometers, has an object glass of focal length about 14 inches, 
and a Kamsden eyepiece, the focal length of each of the components 
of which is about H inches. Its magnifying power is therefore 14/f = 
12$ and its theoretical resolving power 4 seconds. The eyepiece is 
therefore scarcely powerful enough to utilise the full theoretical resolv¬ 
ing power of the object glass, but is probably ample for its actual 
resolving power, as the object glass will be by no means perfect. As 
the apparent angular diameters of Venus, Jupiter, and Saturn vary 
respectively from 11 to 67 seconds, 32 to 50 seconds, and 14 to 20 
seconds, such a telescope should show up their form.f 

Apart from the actual measurement of the focal lengths of the 
lenses themselves, the magnification of a telescope can be determined 
very simply by two methods. The first method consists in illuminat¬ 
ing the object glass by a lamp and receiving the image formed of it by 
the eyepiece, i.e. the eye-ring, on a ground glass screen. Then, if the 
diameter of this image is measured, the magnification is obtained by 
dividing it into the diameter of the object glass. Care should be 
taken, however, that it is really the image of the object glass rim that 
is obtained and not the image of some diaphragm inside the instru¬ 
ment. If there is any doubt in the matter a rectangular aperture 
should be used close up in front of the object glass. Then the image 
is rectangular and there is no possibility of mistake. 

In the second method a white scale is fixed up at a great distance 
and a sliding mark placed on it. The telescope is then focussed on 
the scale and the latter is observed with one eye through the telescope 
and with the other eye direct. The two images superimpose. The 
mark is then moved along the scale until the image of the part cut 


• This refers to refractors ; there is a mirror telescope at Mt. Wilson of 100 inches 
diameter and there is a mirror telescope of 200 inches diameter in course of construction. 

t One used by the Author shows four of Jupiter’s moons and the phases of Venus, 
but makes nothing of Saturn’s rings. 
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off by it, as seen through the telescope, is equal in length to the whole 
scale as seen direct. The magnification is then obtained by dividing 
the length of the whole scale by the length of the part cut off. 

The simplest method af determining the resolving power of a 
telescope is to fix up a piece of wire gauze with some tissue paper 
behind it, the tissue paper being illuminated by a lamp, and then to 
find the greatest distance at which the wires of the gauze are separate 
when seen through the telescope. A simple calculation then gives 
the angle subtended by the distance between them. 

Galileo's Telescope. The astronomical telescope was proposed by 
Kepler in 1611. A year or two previously Galileo * had made and 
used a telescope of the type represented in the following figure. 



After passing through the object glass the rays from the distant object 
are converging towards a real inverted image, EM, when they fall upon 
a concave lens, CN, and form an erect and virtual image, GH, which is 
seen by the eye placed close up to CN. The image EM is just outside 
the focal length of CN. 

If F and / denote respectively the focal lengths of the object glass 
and eyepiece, it may be shown in the same way as for the astronomical 
telescope that the magnification is F//. Also the resolving power 
is given by the same formula as for the astronomical telescope. There 
are, however, some important differences. 

First of all there is the great advantage for terrestrial use that the 
image is erect. Then the instrument is shorter than the astronomical 
telescope of the same magnifying power, its length being given by 
F -/ instead of F +/, where F and / stand for the numerical values 
of the quantities in question. Also it cannot be used with cross-wires. 
They would have to be placed at EM and would consequently get in 
the way of the eye. Again, the image of the object glass, which is a 
virtual one, is situated at KJ. Its size is /d/F and it is at KJ that the 
emergent rays come closest together. The section of the beam is 
much greater where it enters the eye. Consequently the field is much 


Tho Galilean telescope was used first in Holland. 
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narrower than in the astronomical telescope with the same magnifica¬ 
tion, and its illumination falls off towards the edge. 

Since the eyepiece is concave it may be made to correct part of the 
chromatic aberration of the object glass. 

Ordinary opera-glasses consist of two Galilean telescopes mounted 
side by side and focussed by the same screw. The optical system con¬ 
sists usually of an object 
glass formed of a thin 
crown and flint lens and 
an eyepiece formed of a 
single concave lens, or 
the object glass and eye¬ 
piece may each consist of 
three lenses cemented 
together, each combina¬ 
tion being achromatic by 
itself. 


Tio. 70 (from R. and J. Beck’s Catalogue). 


Prism Glasses. Two 
simple astronomical tele¬ 
scopes cannot be mounted 
together as an opera-glass 
on account of their length 
and the inversion of the image. In 1895 Messrs. Zeiss introduced their 
prism glasses, in which by the introduction of two right-angled prisms 
both these defects were remedied at once. The principle of the prism 
glasses had occurred to Porro in 1853, but they were not successful 
then, owing to want of uniformity in the glass available. Fig. 76 
explains their construction. The rays after passing through the object 
glass traverse the body of the instrument c*ncc, are reflected by a right- 
angled prism which reverses the image right and left and then travel 



back to the second prism, which inverts the image and reflects them 
towards the eyepiece. The rays thus traverse the body of the instru¬ 
ment three times. Fig. 77 shows the image-reversing properties of a 
right-angled prism. 
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The advantage of prism glasses over the old form of opera-glasses 
.ies in the wider field of view. 

Mirror Telescopes. As a result of his discovery of the spectrum 
Newton learned the cause of chromatic aberration, and found that it 
was a much more serious error than spherical aberration in the tele¬ 
scopes of his day. As he believed it impossible to make an achromatic 
lens combination, he invented and constructed a telescope in which the 
object glass is replaced by a concave spherical mirror. Fig. 78 repre¬ 
sents the principle of his instrument. The rays from the distant object 
are reflected by the mirror, and would form a real image at S were they 
not reflected by a right-angled prism or mirror so as to form the image 
at Q. This image is then examined by the eyepiece. 

The principles of three other types of reflecting telescope are shown 
in the following figure, namely, Gregory’s, Cassegrain’s, and Hcrschel’s. 



Gregorian Telescope. 



Casscgrainian Tclescopo. 



Herb.r*elian Telescope. 


In Gregory’s telescope the rays after reflection from the large reflector 
fall on the concave mirror and lorm a real image which is examined 
by the eyepiece through a hole in the large mirror. Cassegrain’s 
telescope differs from Gregory’s only in having a convex mirror instead 
of a concave mirror at A. In Herschel’s telescope the large mirror is 
slightly inclined, the secondary mirror is dispensed with, and the 
observer stands with his back to the object. His head, of course, 
partially obstructs the light, so that the arrangement is only practical 
with very large instruments. 

Mirrors for reflecting telescopes were originally made of speculum 
metal, a somewhat brittle alloy of copper and tin, and when the sur¬ 
face tarnished, it had to be repolished, and thus the most difficult and 
critical part of its construction repeated. They are now made of glass 
and silvered, and an old silver film can quite easily be replaced by a 
new one. 
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Large reflecting telesoopes are, of course, considerably less expensive 
than refracting instruments of the same power, but they are inconstant 
and require careful attention, and so to-day the refractor is regarded as 
superior, although for the century and a half after Newton the 
superiority of the reflector was unquestioned. 

The Microscope. If the focal length of a simple magnifying glass 
is diminished in order to obtain increased magnification, the eye has 
to be placed inconveniently close to the object examined ; also lenses 
of such small focus are difficult to grind accurately. The requirements 
as to freedom from aberration are also too great for a single lens to 
satisfy. For large magnifications it is therefore necessary to use a 
compound microscope. The principle of the latter instrument is 
represented in Fig. 80. In the compound microscope the work of 
forming the image is distributed over two lenses or lens systems, the 
object glass and the eyepiece. It is the function of the object glass 
to form an image of the object by as wide angle a pencil as possible, 



Fio. 80. 


and it is the function of the eyepiece to form a large image of this 
image by means of thin pencils. 

In Fig. 80, which is purely illustrative, P is the object, A the object 
glass, S the image formed by the object glass, B the eyepiece, and Q 
the enlarged virtual image of S formed by B. Let F and / be the 
numerical values of the focal lengths of the object glass and eyepiece. 
Let the image Q be situated at the distance of distinct vision, D, from 
the eye, which is the same thing approximately as the distance from 
the lens B. Let v be the distance of S from the lens A and let L be the 
length of the object. 

The object is situated just beyond the focus of A so the length of 
S is approximately (vL)/F. S is just inside the focus of B so that the 
length of Q is approximately (vLD)/(F/). Hence the magnification is 

vD 

F/' 

Microscopy is not a part of physics but a science in itself. Micro¬ 
scopes are used extensively in medicine and the biological sciences, 
also in petrology for examining sections of rocks. The object examined 
is placed on a glass slide and illuminated by transmitted light. The 
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sections of opaque objects taken are so thin as to be translucent. 
Below the stage of the instrument is usually placed an arrangement 
of lenses called a condenser for the purpose of illuminating the object. 
Fig. 81 is a sketch of the optical system of a typical microscope with 
a low-power object glass in. The light comes from the right from 
the source, a flame for example, and passing through the two lenses of 
the condenser is made to converge on P, the object to be examined. It 
diverges from P, passes through the two achromatic lenses of the object 
glass and the field lens of the eyepiece, and forms a real image at S. 
It then passes through the eye-lens and enters the eye at E, appearing 
to come from the large virtual image. For clearness only the rays 
diverging from one point of the object are shown. 

The eyepiece is usually of the Huygenian type, and at S is placed 
a diaphragm limiting the field of view. The eye is placed at the cye- 


E 


ring where the rays come closest together. The object glass must 
be corrected for chromatic aberration and spherical aberration and 
must also obey the sine condition. The importance of this last con¬ 
dition was first realised theoretically by Abbe, but the good objectives 
that had been made previously obeyed it. 

§ To find the resolving power of the object glass let us go back to 
our former result for the telescope object glass. The latter received 
parallel rays and formed an image in its focal plane. In the case of 
the microscope objective the conditions are reversed ; the object is near 
the focal plane and the rays after passing through the objective are 
nearly parallel. 

Two points in the image formed by a telescope objective can just 
be separated when the distance between them is 1-22 F X/d. If 2a is 
the angle subtended at the image by a diameter of the objective, 
tan a=d/ 2F. The distance between th«5 two points in the imago 
can thus be written 

-61A 
tan a 



Fio. 81. 



52 A TREATISE ON LIGHT 


and if they were object instead of image we should expect them to be 
resolved by the objective. The expression above might thus give 
approximately the least distance between two lines that can just be 
separated by a microscope objective. 

The angle a is so much greater in the case of the microscope, though, 
that the one case cannot be derived from the other, and the matter 
is also complicated by the fact that the points resolved by a microscope 
are not independent self-luminous objects. They are both illuminated 
by the condenser from the same part of a flame, and hence the light 
from them is in a condition to interfere. Even at critical illumination, 
i.e. when an image of the flame is formed on the object by the con¬ 
denser, this image is never sharp enough to make the light transmitted 
by two points so close together quite independent. 

The fact that the points to be resolved are not self-luminous was 
first taken into consideration by Abbe and illustrated by some striking 
experiments. He was led to the result that the closest distance that 
could be separated was 

A 


2 fi sin a 

where /x was the index of refraction of the medium between object 
and objective. The light from the object must of course fill the whole 
aperture of the objective. The numerical value of the above result is 
not greatly different from the expression on the last page. To the 
product /x sin a Abbe gave the name numerical aperture (N.A.). 

If P represents the object and APB the cone of light falling on it 
from the condenser, P causes diffraction figures in the diverging cone, 
and the detail shown depends on the number of these figures that enters 
the object glass L, i.e. it depends on the aperture of the wave-front 

used. If the space between P and the object 
glass is filled with oil of index of refraction /x, 
owing to the refraction*of the rays, the cone 
CPD is filled with light that originally filled the 
cone A'PB', an incident wave-front of greater 
aperture is used, and hence the greater resolving 
power. With such an immersion system there 
is also a gain of light, both owing to the wider 
cone and to the elimination of reflection losses. 
The greatest value of the N.A. obtainable is 
is taken as 5-3 10" 5 cms., the limit of microscopic 
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about 1-6, so if 
resolution is 


5-3 10*5 


= 1-7 lO" 5 cms. 


2/i sin a 2 x 1-G 

This of course presupposes a sufficiently perfect optical system, i.e. 
the detail gained by the high aperture must not be lost through 
chromatic or spherical aberration, etc. 


93 


OPTICAL INSTRUMENTS 

The least angle that can be separated by the normal eye is about 
1 or 2 minutes, say 1-5 minutes. At the distance of distinct vision 2o 
cms„ this angle is subtended by 11 10-= cms. Hence the magmfica- 
tion necessary for the above resolving power is 

1*1 1 ^=650 approximately. 

1-7 10-5 

Increasing the magnification beyond this will bring out no more 
detail. Sets of gratings* with the distance between the rulings 
increasing in graded steps are used for testing the resolving power of 

microscopes. . . 

To measure the magnifying power of a microscope a line scale 
with divisions of known length is placed upon the stage, and the eye 
focusses on it and at the same time looks at another scale outside 
the microscope and placed at the distance of distinct vision. The 
simplest way of doing this is by means of a little piece of clear glass 
fixed at 45° immediately above the eyepiece, so that the rays from 
the eyepiece pass through it directly and the rays from the other scale 
are reflected from the side. The two scales are seen superimposed, 
and it is then easy to say how much the divisions on the one have 
been magnified. 

§ There is much accessory apparatus for use with the microscope. 
For example, the camera lucida is an arrangement in principle similar 
to that described above for obtaining the magnification, by which the 
magnified image is seen superimposed on a drawing-board and can 
be sketched. The ordinary eyepiece can be replaced by a spectroscopic 
one in which there is a slit in the plane of the image S (Fig. 81) and 
a prism between the eye and the eye-lens. For crystallographic work 
a polarising prism is fitted below the stage, and an analysing prism 
, either immediately above the objective or above the eyepiece. 

In photomicrography, i.e. photographing the magnified image 
produced by a microscope, the tube of the microscope is placed 
horizontal as the camera requires a long extension. The tube of the 
microscope is also kept horizontal in projection work. 

When a very thin intense beam of parallel light is passed horizontally 
into certain colloidal solutions, the particles in the solution in the 
path of the beam scatter the light, and, if they be focussed on from 
above by a microscope the tube of which is vertical, they can be seen 
by the scattered light. This arrangement is known as the ultra - 
microscopc. By it particles can be seen which are far too small to be 
made visible by the ordinary means of illumination : indeed we can 
see down to those which have diameters of 10m/z or ^th of the wave- 

* Sold under the name of Grayson's rulings. The one giving 1000 lines to the 
cm. is a very convenient test object for students to use with a vernier microscope. The 
aperture can be stopped down until the lines are not separated. 
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length of Nft light. Like the stars their angular dimensions are too 
small to give them any magnitude: they are simply point sources of 
tight. 

Photographic Camera. A photographic camera consists essentially 
of a rectangular box at one end of which is placed the sensitive plate 
or film and at the middle of the opposite end of which is placed the 
lens. The action of the photographic plate will be explained later. 
The distance of the lens from the plate can be altered so as to focus 
the picture sharply, and no light must enter the camera except 
through the lens. By means of a series of stops placed at the lens 
the aperture of the pencils of light forming the image can be regulated. 
The diameter of the aperture is always expressed as a fraction of the 
focal length of the lens ; thus, if a lens is working at//16, we mean 
that the diameter of the stop is -^th of its focal length. A lens work¬ 
ing at //8 thus admits about 8 times as much light as one working 
at //22. 

The ordinary dry plate is sensitive between A = 2-2 and A = 5 0 10" 5 
cms., but the glass of the lens does not permit the light between A = 2-2 
and A = 3-3 10- 5 cms. to pass. The plate is most sensitive to the violet. 
The lenses must be achromatised for this range of wave-lengths and not 
for visual use. 

The photographic lens has as a rule to include a wide angle of 
view in a picture on a flat surface, and consequently astigmatism, 
curvature, and distortion are much more serious defects than in the 
telescope and microscope. All defects except distortion can be 

diminished at the expense of the brightness 
of the image by stopping down the lens. 

Fig. 83 represents two types of lens that 
were formerly well-known, the Petzval por¬ 
trait lens and the rapid rectilinear lens. 
The Petzval portrait lens works at //4, and’ 
besides portrait work was used as projecting 
lens with the optical lantern. It has the 
stop in the middle and consists of a cemented 
achromatic pair as the first element with a 
back pair separated by a small interval. It 
possesses distortion, however, and the illumi¬ 
nation falls away towards the edge of the plate. 

The rapid rectilinear lens is symmetrical, consisting of two achro¬ 
matic components made of a convex crown meniscus and concave 
flint meniscus. The stop is placed midway between the two compon¬ 
ents. The lens is orthoscopic or free from distortion, the one com¬ 
ponent producing barrel-shaped distortion, i.e. making the sides of the 
image of a square convex outwards, and the other component pro¬ 
ducing cushion-shaped distortion, i.e. making the sides of the image 
of a square concave outwards. So together they neutralise one another. 
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In recent years there has been a great development in the design 
of lenses and cinematograph lenses can now be obtained working at 
f! 1*5 and //1-9. 

Telephotography. The size of the picture of a distant object varies 
as the focal length of the lens. But if a long focus convex lens is used 
it requires to be placed at a great distance from the plate and thus 
the camera is inconveniently long. A telephoto lens combination 
obviates this difficulty and enables us to take highly magnified pictures 
with an ordinary camera. It consists of a convex and a concave lens, 
both achromatic, with the concave lens near the position where the 
ordinary lens of the camera is usually placed, and the convex lens 
outside the camera 
in front of the con¬ 
cave lens. Fig. 84 
illustrates the 
arrangement. The 
camera lens is re¬ 
moved ; GH is the 
concave lens and A 
is the convex lens. F«o- 84. 

A beam of parallel 

light is shown incident on A. It would come to a focus at C were 
it not for the concave lens which makes it less convergent and brings 
it to a focus at D. By producing the rays DG and DH backwards 
to cut their original directions at K and L we find that KL is the 
principal plane of the image space and DE is the equivalent focal 
length of the instrument. By decreasing the distance between the 
lenses the principal plane is moved further out and consequently 
the magnification increased. 

Optical Lantern. Fig. 85 depicts the optical system of a lantern 
used for projecting slides. AB represents the slide ; it is placed upside 




down. C is the objective or projecting lens. It forms an erect image 
of the slide on the screen, and by focussing it the image can be made 
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sharp for different positions of the screen. The source of light, 

E, is an electric arc, the positive carbon of which is horizontal and the 
negative vertical. By this arrangement the full light from the crater 
falls upon the condenser, D. The latter consists usually of two plano¬ 
convex lenses with their plane faces outwards, and its function is to 
make as much light as possible pass through the slide in such a 
direction that it also passes through the objective. The electric arc 
is enclosed in a box so as to keep in all light except that which forms 
the image on the screen. Instead of the arc one of the new projector 
type gas-filled lamps may be used ; they have displaced the arc in small 
lanterns. 

Under the name of epidiascopes there are different arrangements 
now sold for projecting opaque objects. They all require very power- 

Fig. 86 shows how an ordinary lantern may be 
adapted for the purpose. M and N arc two mirrors. 
M throws the light from the condenser on to the 
opaque object, AB, which then acts as a new 
source and sends out rays, which, after reflection 
by the mirror N, are focussed by the objective on 
the screen. In the epidiascope the object and 
mirrors must be very carefully covered in, because 
owing to the fainter image stray light is more 
important than in the ordinary use of the lantern 
for projecting slides. 

Visual impressions on the retina persist after the removal of the 
stimulus for about -j^th of a second. Thus, if photographs are taken 
of a moving object at a rate of not less than 16 per second, and if these 
photographs are projected on a screen at the same rate, the discon¬ 
tinuous pictures fuse together and produce an illusion of continuous 
motion. This is the principle of the cinematograph. The pictures 
are smaller than lantern slides, the regulation size being about 1 inch 
by : i inch, and they are projected by a lens of about 2J inches equiva¬ 
lent focal length. They are printed on a film of celluloid or a similar 
preparation, and the film is uncoiled from one spool, is jerked by a 
mechanism through the “ gate ” in the focal plane of the projecting 
lens, and coiled up on another spool. Each jerk moves the film a 
distance equal to the height of a picture. Each pictures rests for 
an instant while in the gate and is then projected, and, while it is 
being jerked out and the next one jerked in, a sector passes up in 
front of the projecting lens and cuts off the light. The films are 
tough enough to stand the strain of being pulled through but the 
celluloid ones are inflammable, and the image of the crater of the arc 
on one for a short time is sufficient to set it on fire. 

The Sextant. It has been shown that when a mirror is rotated 
the angle turned through by the reflected ray is twice the angle turned 


ful light sources. 
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through by the mirror. The sextant, which is founded on th.P n " cl P le ’ 
is an instrument used for measuring the angle subtended at the 
observer by two distant objects. It consists of a telescope J. directed 
towards a mirror, A, only half of which is silvered and the res ^ tr ^ 
parent, a mirror, B, which can be rotated, and a pointer attached to B. 
which reads its position on a graduated circle CD. 
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Consider an object at such a distance that Sj and S 2 , the rays from 
it to the mirrors A and B, are parallel. Let S, be the ray from it to 
the mirror A, and let the mirror B be in such a position that the 
ray S 2 after reflection at B and A enters the telescope in the direction Sj. 
Then" the two images of the object will be seen superimposed. Th« 
reading of the pointer for this position of B is taken as zero. Suppose 
that, starting from this zero and keeping the telescope directed on 
one of the objects, it is necessary to rotate B through an angle a to 
bring the images of two different objects into coincidence. Then the 
angle they subtend at the eye is 2a. The angles on the scale CD are 
numbered at twice their proper value. Hence the reading VjV 2 of the 
pointer gives the angle subtended directly. 

The sextant is used principally for taking the angle of elevation 
of the sun. The arrangement usually adopted on land is represented 
in the diagram. The observer sits in front of a mercury trough, resting 
the elbow of the arm that holds the instrument on the knee. The 
telescope is directed towards the image of the 
sun in the mercury, and the image of the sun 
formed by reflection on the mirror is brought to 
coincide with it by moving the pointer along 
the graduated circle. The scale reading then 
gives 2a (cf. Fig. 88), and since AB and CD are 
parallel, a is the altitude of the sun. A mercury 
surface is used instead of a mirror because it 
sets itself horizontally under the action of gravity. 

At sea the angle between the sun and the horizon is taken. 

4 
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It is easy to see from a figure, since the position of the sun in the 
heavens is known, that the latitude can be determined from its altitude 
at noon. If the time of its highest altitude is noted on the chrono¬ 
meter, which keeps Greenwich time, the time the-earth has been turning 
since the sun was above the meridian at Greenwich is known, and hence 
the longitude can be determined. 

EXAMPLES 

(1) If half the object glass of a telescope which is pointed at the moon is 
covered, how will the appearance of the moon as seen through the telescope be 
affected ? 

(2) What is theoretically the angular distance between the centres of two 
stars which are just separated by a telescope with a 9-inch object glass ? 

(3) Rule two lines close together on a card and look at them through a magnify¬ 
ing glass held close up to one eye. At the same time look with the other eye at a 
scale placed at the distance of distinct vision. By getting the image of tho 
lines to superimpose on tho scale and measuring the distance between the lines 
the magnification can be determined. Compare it with the theoretical value. 

(4) Determine the magnification of a spectroscope telescope (a) by taking 
it to pieces and measuring the focal lengths of the different lonses separately, 
then using the formula F/f; (6) by the method of the illuminated scale with the 
sliding mark described on p. 86 ; and (c) by measuring the diameters of tho 
object glass and eye-ring as described on the same page. 

(6) Determine the resolving power of the same telescope by fixing up a piece 
of wire gauze with illuminated tissue paper behind it and finding tho greatest 
distance at which the wires are seen separate. Compare the result with the 
theoretical value. Stop down the object glass of the telescope and note the 
change in the experimental value. 

(6) Look at Venus, Jupiter, and the moon with the same telescope. 

(7) Measure the magnification of a microscope by the method described on 
p. 93, then compare the result with the value given by the theoretioal formula. 



CHAPTER VII 

THE SPECTROMETER AND THE DETERMINATION OP 

INDICES OF REFRACTION 


The most straightforward way of determining the index of refraction 
of glass is by using it in the form of a prism with the spectrometer 

A prism in geometry is a polyhedron which has two of its faces 
parallel, equal and similar polygons, and the other faces of which are 
parallelograms, but in optics it always means a right prism on a tri¬ 
angular base. Any plane perpendicular to the sides of the prism is 
called a principal plane. Obviously, if a ray of light is incident on 
one of the sides in a principal plane, it remains in that plane during 
its passage through the prism and after leaving it. . . . 

Let Fig. 89 represent the section of a glass prism by a principal 
plane, and let PQ be a ray of light incident on the face AB at Q. After 
refraction at Q it travels in the direction QR, and after refraction at the 




second face at R it emerges in the direction RS. The edge A, i.e. the 
edge in which the faces that the light passes through meet, is termed 
the refracting edge of the prism. Produce PQ to U and produce SR 
to meet it in T; then the angle UTS between the directions of the 
incident and emergent rays is the deviation produced by the prism. 

If the angle of incidence of the ra)' PQ on the face AB alters, the 
deviation alters. If the incident and emergent rays are equally in¬ 
clined to the prism, i.e. if AQ = AR, the deviation is a minimum, and 
the prism is said to be in the position of minimum deviation. This is 
easily seen. For, let the deviation of any other ray PQRS (Fig. 90) be 
a minimum ; then the deviation of the ray P'QR'S' which passes through 
the prism in the symmetrically opposite direction, i.e. so that AQ = AQ' 
and AR = AR', is the same as the deviation of PQRS. Consequently the 
latter cannot be a minimum. 


09 
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Suppose now that Fig. 91 represents the position of minimum 
deviation, that LM and MN are the normab at the points of incidence 
and emergence of a ray PQRS. Write 

ZPQL=Z_SRN=t' and ZRQM= ZQRM = r 
and let the angle of minimum deviation be 8. Then 

8 = Z_UTS= ZJQR + ZJRQ 
= Z.TQM - Z.RQM + Z.TRM - ZQRM 

= 2(i -r). 

Also Z AQR + Z ARQ = 7t — A 

and ZAQR+ZARQ=ZAQM-^RQM+ZARM- ZQRM 

= tt — 2r. 

Hence A = 2r, i.c. r= A/2, and on substitution in the expression above 
for 8 
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But the index of refraction, jz, is defined by 

sin i 
/x= -—. 
sin r 

On substitution for i and r this gives 

A + 5 
sin —— 

2 


sin - 

Hence, if A and 8 are known, /x can be calculated. A useful way of 
remembering this formula is by considering what happens if the prism 
is made of air instead of glass —8 becomes 0 and /x is equal to 1. 

The spectrometer or goniometer is an instrument for determining 
A and 8. Fig. 92 shows a plan of one, arranged for determining 8. It 
consists essentially of a divided circle ABC about the axis of which a 
collimator, D E, and a telescope, FG, can rotate. The collimator is a tube 
at one end of which, E, there is an achromatic convex lens, and at the 
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other of which, D, there is a slit exactly at the focus of this convex 
lens. The rays of light which enter the slit thus form aparajj 
pencil after passing through the lens. After deviation b 7 the pr sm 
they fall on the object glass of the telescope, which is an astronomical 
one, and converge to form a real image, which is observed through the 
Ramsden eyepiece. The prism rests on a table which can be rotated 
about the axis of the divided circle and the rotation of which can be 
read by a vernier at V. The position of the telescope on the divided 
circle can also be read by a vernier. As 8 vanes with the colour of the 
light, it is usual to employ as light source the bright yellow mono¬ 
chromatic light produced by heating a sodium salt in a Bunsen 
burner. The best salt to use is the bicarbonate : a bead of this 
salt formed in a small loop at the end of a thin platinum wire and 
held in the edge of the flame gives an intense yellow colour for a long 

U To measure 8 the prism is first removed and the telescope directed to 
look into the collimator. An image of the slit is then seen in the field 
and the telescope is turned until this image coincides with the cross- 
wires. The reading is then taken. The prism is next put into position 
on the prism table and the telescope turned so as to see the image 
formed by the light which passes through the prism. The prism 
is then rotated so as to bring it into the position of minimum deviation. 
The latter is easily recognised, because at it the image turns in the 
field and begins to move in the other direction. When it is found 
the reading on the circle is again taken. The difference of the two 


readings gives 8. 

To measure A, the angle of the prism, we 
may proceed in either of two ways. In the 
firstof these (Fig. 93) the prism is placed with 
its edge A near the centre of the prism table 
so that the rays from the collimator are 
incident on it in the direction PA, some 
on the face AB, and some on the face AC. 
The rays are reflected in the directions AQ 
and AR. If the prism is kept fixed and 
the telescope pointed in the directions QA 
and RA, images of the slit will be seen, 
flence Z.QAR can be measured. The angle 
of the prism, A, is half /.QAR. For, draw 
AM and AN the normals to the two faces. 



ZQAR = 2tt - Z.QAP - Z.RAP=2tt - 2/.PAM - 2^PAN 
= 2(7r-./MAN) = 2A. 

In the second method the prism is adjusted so that the rays reflected 
from one of the faces produce an image of the slit coinciding with the 
cross-wires in the field of view. The telescope is then kept fixed and 



102 


A TREATISE ON LIGHT 


the prism tabic rotated until an image of the slit formed by reflection 
from one of the other faces is coincident with the cross-wires. The 

difference of the angle of rotation and 
two right angles is equal to the angle 
between the faces from which the light 
was reflected. 

For it is clear (Fig. 94) that in the 
second position the normal to the one 
face has the same direction as the normal 
to the other in the first position. The 
angle turned through by the prism is 
hence equal to MAN = 7r - A. 

Fxo. 94. Figs. 95 and 96 represent two types 

of spectrometer which are in much use. 
In the second, which is the more elaborate of the two, the telescope 
is counterpoised so as to avoid strain during its rotation, there is 
a clamp and slow motion for both the prism table and the tele- 
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scope, and the prism table can be raised and lowered and is provided 
with levelling screws. 

Adjustments of the Spectrometer. It is necessary in working with 
the spectrometer that 

(а) The telescope should be focussed for parallel light. 

(б) The collimator should be focussed for parallel light. 

(c) The optical axes of the telescope and collimator should be per¬ 
pendicular to the axis of rotation of the instrument. 

(d) The refracting edge of the prism should be parallel to the axis 
of rotation of the instrument. 

The simplest way to make the adjustment (a) is to remove the 
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telescope from the instrument, and pointing it at a white surface to 
adjust the eyepiece, until the cross-wires are as sharp as possible 



Pro. 96. 


Collimator 


when seen through it. This fixes the relative distance of the eyepiece 
and cross-wires. Then the telescope is taken to an open window, 
directed towards some distant object, such as a church spire or chimney 
stalk, and focussed by means of the rack and pinion until the image 
of this object is as sharp as possible. This fixes the relative distance 
of the object glass and cross-wires and completes the adjustment. 

The telescope is next replaced in the 
spectrometer and turned to look into the 
collimator. The slit of the latter is then 
illuminated with sodium light and its dis¬ 
tance from the object glass adjusted, until 
its image seen through the telescope is as 
sharp as possible. This focusses the colli¬ 
mator for parallel light. 

If the telescope cannot be removed from 
the instrument as in the case of the spectro¬ 
meter represented in Fig. 96, after focussing 
the eyepiece on the cross-wires the best way 
of proceeding is by the following method 
due to Schuster. The slit is illuminated 
with sodium light and the prism placed on 
the prism table so that the deviation of the 
refracted image is greater than minimum 
deviation. Then, for a given deviation there 
are two possible positions of the prism, one represented (Fig. 97) by 



Telescope 

Fig. 97. 
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the full lines and giving a broad image of the slit, and the other 
represented by the dotted lines and giving a narrow image of the slit. 
Let us suppose that the prism is in the position represented by 
the dotted lines, i.e. the rays from the collimator fall on it more 
obliquely than for minimum deviation. Also let the telescope and 
collimator be out of adjustment and the image be blurred. Focus 
the telescope till it appears sharp. Then rotate the prism into the 
other position. The image becomes blurred again. This time 
focus the collimator until it is sharp. Next rotate the prism into its 
first position, and if the image is not quite sharp, make it so by focussing 
the telescope again. And so on. When the image is sharp in both 
positions, the telescope and collimator are focussed for parallel light. 
In practice it is usually not necessary to focus more than three times ; 
also if a mistake is made and the telescope and collimator focussed 
in the wrong order, this is at once indicated by the adjustment 
becoming rapidly worse. 

The principle of this method will be grasped readily from Fig. 98. 



Pj IP 3 is a pencil of light which would converge to a point I if it were 
not for the prism ABC. The prism is placed so that the ray P 2 Q 2 suffers 
minimum deviation. Let us suppose that a very thin pencil, of which 
P 2 Q 2 is the principal ray, converges to l 2 . Then the ray PjQ, after 
refraction must cut S 2 I 2 at a point lj between S 2 and l 2 , and the ray 
P 3 Q 3 after refraction must cut S 2 I 2 at a point l 3 beyond l 2 . If we 
regard PilP 2 as a separate pencil therefore, it converges more after 
refraction, and if we regard P 2 IP 3 as a separate pencil, it converges less 
after refraction. That is, if the pencil is incident less obliquely than 
for minimum deviation it becomes less parallel, and if it is incident 
more obliquely than for minimum deviation it becomes more parallel 
after refraction by the prism. Similarly it may be shown by drawing 
another figure that the same holds true in the case of a pencil diverging 
from a point. 

Now consider the practical case. Suppose that the telescope was 
in focus when the incidence of the light was less oblique than for 
minimum deviation, and that the prism is turned into the other posi¬ 
tion. The rays entering the telescope become more parallel, and 
refocussing the telescope obviously improves it for parallel light. 
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Now turn the prism back into the first position. The pencil entering 
the telescope becomes too convergent or divergent as the case may be, 
and if we correct this with the collimator, we obviously bring the 
latter nearer its adjustment for parallel light. 

The adjustment (c) requires to be made very seldom. In the 
simpler instruments it is done roughly once for all by the makers. 
In the case of the more accurate instruments the universal way ot 
doing it is by means of a Gauss eyepiece. 

The Gauss eyepiece is represented in Fig. 99. It is merely a positive 
eyepiece with an opening in the side 
of the tube and a plate of clear glass, 

B, between the lenses inclined at 45° 
to the axis of the tube. 

To set the optical axis of the tele¬ 
scope at right angles to the axis of 
rotation of the instrument, fix up a 
plane parallel plate of clear glass on 
the prism table as parallel to the axis of rotation of the instrument 
as can be done by the eye. Direct a beam of light through the opening, 
as shown in Fig. 99, so as to be reflected by the glass and pass down 
the telescope and through the object glass. Turn the prism table so 
that the plate of glass mounted on it reflects this beam back into the 
telescope, through the eyepiece, and into the eye of the observer. The 
latter should then see an image of the cross-wires alongside the cross¬ 
wires themselves. If he does not see this at first, he will probably 
see an image of part of the circular edge of the aperture on which the 
cross-wires are mounted. This image can be made sharp with the 
rack and pinion—this is equivalent to focussing the telescope for 
parallel light—and then the image of the cross-wires will become 
visible. Next rotate the prism table through 180° without disturbing 
the glass plate on it. An image of the cross-wires will again appear 
but in a different part of the field. This is owing to the glass plate 
not being exactly parallel to the axis of rotation and should be remedied 
by the levelling screws of the prism table. Then, when the image 
appears at the same place in the field both times, the inclination of the 
axis of the telescope should be altered by whatever arrangement is 
provided for the purpose until the image coincides with the cross-wires 
themselves. The axis of the telescope is then at right angles to the 
axis of rotation of the instrument. Of course, if the faces of the plate 
of glass employed are not exactly parallel, two images of the cross¬ 
wires are formed, one by each face, but these images are not far enough 
apart to cause trouble. 

When the axis of the telescope has been adjusted, the inclination 
of the collimator should be altered until the cross-wires appear half¬ 
way up the image of the slit. The axis of the collimator is then at 
right angles to the axis of rotation of the instrument. 

4* 
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There are two methods of making the adjustment (d). Let us 
suppose that the edge A is to be made parallel to the axis of rotation. 
The first thing to do is to set the prism so that one of the faces meet¬ 
ing in A, AC, say, is at right angles to the line joining two of the 
levelling screws, R and Q. Then there are two ways of proceeding. 
We may either use the Gauss eyepiece, first of all setting the telescope 
perpendicular to the face AC and using all three levelling screws to 
get coincidence of the cross-wires and their image, then setting the 
telescope perpendicular to the face AB and obtaining coincidence of the 
cross-wires and their image by the use of the screw P alone. It does 
not disturb the adjustment of the other face. Or we may direct the 
collimator towards the edge A and illuminate the slit. Then images 
of the slit are formed by reflection from both the faces AC and AB. 
These are examined with the telescope and the levelling screws of the 
prism tabic adjusted so that both these images appear at the proper 




height in the field, i.e. are bisected by the cross-wires. The image 
formed by the face AC is adjusted first by means of all three screws 
and then the image formed by AB by means of P alone. 

Both these methods assume that the telescope is at right angles to 
the axis of rotation of the instrument, and the second assumes that the 
collimator is also at right angles to the axis of rotation. The second 
is the easier of the two. 

In accurate spectrometers there are two verniers for reading the 
rotation of the telescope, one exactly 180° round from the other, and 
similarly there are two verniers for reading the rotation of the prism 
table. It is usual to take the degrees from the one vernier and to take 
the mean of the minutes and seconds from both. This eliminates 
error due to eccentricity of the divided circle, that is, owing to the 
axis of rotation not passing through the geometrical centre of the 
divided circle. For, let C be the geometrical centre, R the centre of 
rotation, and P the position of, for example, the telescope arm. Let 
RC = e, produce RC to meet the circumference in A and let CP=r. 
Then 6= Z.PCA gives the apparent position of the telescope and 
x=- Z.PRC its true position. Then in A R CP 
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e RC sin RPC _ si n (6-x ) 
r” CP'"’sin CRP sin x 

or. since 0~z is small, 

- sin x=d -x. 

r 


Hence 



sin x. 
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If RP rotates through 180° and x is increased by 180°, sin x has the 
same numerical value but changes sign ; hence the difference between 
the apparent and true value of the angle changes sign and cuts out if 
the mean of the two readings is taken. 

The Abbe or Auto-collimating Spectrometer. The essential 
feature of this instrument is, that the telescope performs the functions 
of both telescope and collimator. There is a slit in the plane on which 
the eyepiece focusses, the width of which can be regulated from the 
outside. Close to the slit, between it and the eyepiece, there is a total 
reflecting prism and the slit is illuminated by means of it and an 
opening at the side. 

To adjust the instrument the eyepiece is first focussed on the 
slit and then a plane parallel plate of glass is fixed upon the prism 
table and arranged to reflect the rays from the telescope back into it. 
Thus an image is formed in the field of view above the slit itself, and 
by using the rack and pinion motion to make this image as sharp as 
possible the telescope is focussed for parallel light. To adjust it at 
right angles to the axis of rotation of the instrument the glass plate 
on the prism table is rotated through 180°, and the inclination of the 
telescope and levelling screws of the prism table altered in exactly the 
same way as in adjustment (c) of the last section, in order to bring 
the images of the slit both times into the same special position in the 
field. The adjustment of the refracting edge of the prism examined 
is made according to the first of the two methods (d) described in the 
last section. 

To measure the angle A of the prism (Fig. 102) the image of the 
slit is first obtained by allowing the light to fall perpendicularly on 
face AB. The prism table is then rotated so that the light falls per¬ 
pendicularly on face AC. The angle rotated through is obviously 
equal to /.MAN, and by subtracting this from n the value of A can lx 
obtained. 

To measure the index of refraction of the glass the slit is illuminated 
with sodium light and the rays allowed to fall on the face AC in the 
direction FP, so that after refraction they fall on the face AB per¬ 
pendicularly. They thus retrace their path after reflection and form 
an image of the slit in the correct position in the field. The prism 
table is then rotated, so that an image is formed by direct reflection 
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on the face AC. The angle rotated through is obviously equal to 
Z.FPE. Since /_DPN=ZA which has previously been measured, 
and /* = sin FPE/sin DPN, the index of refraction is therefore deter¬ 
mined. 

The advantage of the Abbe spectrometer is that the moving parts 
are reduced to a minimum and there is less chance of the accuracy of 
the readings suffering from strain of the instrument. Also, as designed 
by Abbe, it had a micrometer screw for rotating the prism table, 
which enabled small differences of angle, e.g. dispersion in various 
parts of the spectrum, to be read with very great accuracy. 



Total Reflection Methods for Determining Index of Refraction. 

To determine the index of refraction of solids and liquids by the 
methods already given it is necessary for the solids to be ground 
in the form of prisms and for the liquids to be contained in hollow 
glass prisms with plane parallel sides. It is also necessary for the solids 
and liquids to be transparent. In determining the index of refraction 
from the limiting angle of total reflection, however, a single drop of the 
liquid is sufficient; it is only necessary for the solid to have one polished 
face and the liquid or solid may be imperfectly transparent. The 
method can thus be applied to determining the index of refraction of 
milk or butter. 

Let ABC be a glass prism, not necessarily equiangular, let the face 
BC be ground and the other faces be polished. Let us suppose that 
the image of a sodium flame is focussed on the ground face by a lens 
and that S is a point on this image. Then rays of sodium light 
diverge from S in all directions. Let be the index of refraction of 
the prism with reference to air, and let the face AB be covered with a 
liquid, the index of refraction of which with reference to air is ^ 
Then, if a ray SP from S fall on AB at an angle of incidence <f> given 
by sin <£=/z 1 //z, the sine of the angle of refraction is unity and the 
refracted ray emerges in the direction PA, grazing the face of the 
prism. If the angle of incidence is greater than this, e.g. SK, there is 
no refracted ray ; the ray is totally reflected and the intensity of the 
reflected ray is equal to the intensity of the incident ray. If the angle 
of incidence is less than this, e.g. SH, there is a refracted ray and 
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consequently the intensity of the reflected ray is less than the in ten«ty 
of the incident ray. It is the same with the rays from the other 
luminous points on the surface BC. Consequently, if a telescope is 
focussed for parallel light and pointed in the direction RQ so as to 
receive the rays on their emergence from the prism, the field is divided 
into two parts by a line corresponding to the direction QR. One side 
of this line is illuminated by light which has been totally reflected and 
is consequently brighter than the other side. In applying the total 
reflection method the cross-wires are set on the line of separation where 

the intensity changes. . . , 

Let us suppose that instead of being luminous CB is covered with 
black paper to prevent the entrance of light, and that the rays from a 
sodium flame fall on the face BA in the direc- Q 

tion BA at grazing incidence and at angles 
near grazing incidence. The ray at grazing 
incidence travels through the prism after 
refraction in the direction PQ. The other 
rays make smaller angles of refraction with 
the normal PM. Consequently, if the tele¬ 
scope be placed in the same position as before, 
the field on one side of the same line of 
separation is bright and on the other side is 
perfectly dark. It is here considerably easier 
to set the cross-wires on the line than in the 
other case where there was only a difference 
of intensity. 

In Fig. *104 Z.A+ZQMP = 7 t, also Z.QMP+ ^MQP-f <£ = 7r, therefore 
/_b= ^MQP + <£ or (f>= Z.A-Z.MQP- Hence 

/x,=/x sin <f> 

=/z sin (Z.A- Z.MQP) 

=fi sin A cos MQP -/x cos A sin MQP. 

But, on applying the law of refraction at Q, 

sin 6=fi sin MQP, 
and this gives on substituting, 

/x! = sin A V/x 2 -sin 2 0-cos A sin 0 . . (40) 

If there is no liquid on the face AB, the critical angle of incidence is 
given by sin <£ = l//x, and this case is derived from the preceding one 
by putting /xj = l. Corresponding to (40) we obtain the equation 


/ 

"M 


a 

c 

/ 

R 

/ 

Q 
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which gives 


1 + cos A sin 0 = sin A ^/j.' 2 - sin 2 
sin 0 + cos AV- 


r = l + ( ! 


sin A 




(41) 


For putting the method into practice there are different types of 
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apparatus, in which the scale reading gives the index of refraction 
direct, when the limiting angle is focussed on. The Abbe refracto- 
meter is an instrument of this type. Such instruments are usually 
calibrated with liquids of known refractive index. They cannot 
themselves be used to determine the A or /x of equation (40). They 
are, of course, very rapid in use. An ordinary spectrometer can, 
however, be adapted for use with the method, can be calibrated in the 
same way as any piece of special apparatus and will give quite as 
accurate results. It has the advantage that it can be used to deter¬ 
mine A and /z, and then /xj can be calculated by equation (40) direct 
from first principles. 

If an ordinary spectrometer is to be employed, the prism should 
have as high an index of refraction as possible, for its index of refrac¬ 
tion must be higher than the indices of refraction to be measured. 
An extra dense flint equilateral prism such as is commonly used 
for producing spectra, with qne face ground and an index of refractioc 
for sodium light of about 1-6786, does very well. The first step 
is to determine /z and A, the angle between the two polished faces. 
This can be done by means of the methods described on p. 101. Then 
the prism table should be clamped and the prism fixed in position 
upon it, and if the index of refraction of a liquid is to be measured, 
a drop or two of it should be placed on AB (Fig. 104) and a thin 
plate of glass pressed against that face of the prism. Capillary 
attraction keeps the plate in position and at the same time ensures 
that the drops arc spread in a thin layer between the plate and the 
face of the prism. The limiting direction QR is then sought for with 
the telescope. The collimator is not used at all. If the light is to be 
incident internally, an image of a sodium flame should be formed with 
a lens on the ground face, and the beam forming the image should fall 
on that face so that its direction after refraction would be approxi¬ 
mately SP. If the light is to be incident externally the beam of 
light should be directed on to the end of the plate, LM, as indicated 
in Fig. 105. As a calculation will show, it cannot enter by the 
back of the plate, MN, and at the same time traverse the liquid in the 
required direction. If the end of the plate, LM, is polished, it must 
oe plane and parallel to the refracting edge, A, of the prism. 

If the light is to be incident externally, it is much better to use 
instead of the plate another prism as similar to the first one as possible. 
Then the direction of the incident beam is always approximately 
parallel to the direction of emergence of the critical ray, so that to find 
the latter we have only to rotate the prism table in place of moving 
the light source and telescope independently. 

When the direction QR has been obtained, in order to find 6 it is 
necessary to get the direction of the normal, QN. If the observations 
are made with a telescope fitted with a Gauss eyepiece, or if the spectro¬ 
meter is an auto-collimating one, this can be done by means of the 
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reflected image of the cross-wires or slit as the case may be. If the 
instrument does not permit of this method, the position of the colli¬ 
mator on the divided circle should be read, before the experiment is 
started, by illuminating the slit, obtaining coincidence ot the direct 




image of the latter with the cross-wires of the telescope, and sub¬ 
tracting 180° from the telescope reading. The collimator should then 
be kept fixed throughout the experiment. Then after QR is deter¬ 
mined, the slit of the collimator should be illuminated again and the 
rays from the collimator allowed to fall on the face AC. If the position 
of the reflected image is then read by the telescope, the mean of it and 
the position of the collimator gives the direction of the normal. This 
follows since the angle of incidence is equal to the angle of reflection. 

Some trouble may be experienced at first in getting the prism 
placed properly, but after the index of refraction has been obtained 
for one liquid, it can be done for others very rapidly. 

If the index of refraction of a solid is to be obtained by this method, 
a polished face of it is placed against AB (Fig. 104) with a drop of 
liquid between, of higher index of refraction than the index of refrac¬ 
tion of the solid. The purpose of the liquid is to fill up the interstices, 
due to the two surfaces not being absolutely plane; the liquid 
commonly used is monobrom naphthalene, the index of refraction of 
which for sodium light is 1-660. 

Graphical Method of Determining the Index of Refraction of 
a Prism. There is a graphical method of determining the index of 
refraction of a prism, which does not require a spectrometer and is of 
great accuracy, one determination giving the second figure of the 
decimal and the mean of several determinations giving the third 
figure of the decimal. It does not require the prism to be at minim um 
deviation. 

Let ABC (Fig. 107) be the trace of a glass prism and PS any line drawn 
on the paper. Look into the face AC of the prism, and draw TQ so 
that it appears to be the continuation of PQ. Remove the prism, and 
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produce TQ to cut PS in Q. Cut off QS= QT, and draw TR perpendicular 
to AC and SR perpendicular to AB. Join QR. Then 



To prove the formula let ABC (Fig. 108) be the trace of the prism, 
let PMQ be the incident ray, and let QNT be the emergent ray ; join 
MN, draw QR parallel to MN, and through any point S in PQ produced 
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draw SR perpendicular to AB to meet QR in R. Then angles i and r 
are equal respectively to the angles of incidence and refraction at M. 
Consequently 

sin t_s in QSR QR 
^ sin r sin QRS QS 

If QT be cut off = QS, and TR' be drawn perpendicular to AC to cut QR 
in R', it can similarly be proved that 


and hence that R' coincides with R. 
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at B is r, consequently the angle of 
emergent ray CD makes the angle i 
nroduced is n— SFD and ,/SFD 


QR' 

QS’ 


The Rainbow. Let SA be a ray 
incident on the surface of a trans¬ 
parent sphere in a plane through its 
centre. Then 0A, the radius, is the 
normal at A. Let t and r be respec¬ 
tively the angles of incidence and 
refraction at A. After refraction 
the ray is reflected at the other side 
of the sphere at B, then passes to C 
and emerges into the air at C. 
Since 0A = OB, the angle of incidence 
reflection OBC is r, 0CB^=r, and the 
with the normal at C. The deviation 


=2 < /SF0=2(Z ABO-^/FAB) 
=2(r-t+r=4r—2 i. 
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For the deviation to be a minimum the differential coefficient of tins 
with respect to i must be 0, i.e. 

4 - 2 - 0 . 

d\ 


dr 

But sin i=fi sin r, hence cos t-/i cos r £ 

Eliminating we obtain 

COS i = J/A C09 r, 

or cos 2 >' = fa 2 cos 2 r - J/* 2 (l - sin 2 r) -10** - sin 2 0 

= J(/x 2 - 1+cos 2 i). 

This can be rewritten 

cos 2 % - J cos 2 i =* i(/x 2 -1), 


or 


cos l 




If we substitute for /x its value for water for red light, namely, 1-329, we 
find that i = 59-6°, r = 40-5°, and the deviation is about 42-8°. If we sub¬ 
stitute the value for violet light, namely, 1-343, i —58-8°, r-39-6°, and the 
deviation is 40-8°. The same result might have been obtained without 
the aid of the calculus by simply calculating r for different values of i and 
plotting the deviation as a function of t. 

Now suppose that a second ray is incident on the sphere parallel to 
the first. Its angle of incidence is slightly different from t, consequently in 
general its deviation is different from the deviation of SA, and after emerging 
from the sphere it is not parallel to CD. If, however, the deviation is 
plotted as a function of », in the neighbourhood of the minimum it varies 
very slowly with i. Hence if SA is incident at the proper angle for minimum 
deviation, although the angle of incidence of SjAj is slightly different, its 
deviation is almost the same as for SA, and after emerging from the sphere 
its path CjDj is practically parallel to CD. We can have a great number of 
rays parallel to SA incident on the sphere between A and Aj and after 
reflection they are still parallel and lie between CD and CjDj. We arrive 
therefore at the result, that if a parallel beam of light suffers minimum 
deviation in passing through the sphere, it emerges as a parallel beam. I* 
all other cases it emerges as a convergent or divergent beam. 

Now consider Fig. 110. Let us suppose that the rays from the sun are 
incident in the direction SE, that an observer is situated at E, and that P lt 
P 2 , and P 3 are spherical rain-drops. If the rays from the sun are deviated 
by the rain-drops so as to arrive at the observer, he sees these directions 
bright, in which the rays suffer minimum deviation, i.e. which make an 
angle of about 40° with SE, 42-8° for red light and 40-8° for violet, with 
the other spectral colours coming in their order in between. Thus the 
rainbow is formed, and it is obvious that the red must be on the outside 
and the observer have his back to the sun. A rainbow formed in the 
above manner is called a primary rainbow. 

If the rays are reflected twice inside the drop, as shown in Fig. Ill, for 
minimum deviation the red rays make an angle of about 51° and the violet 
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rays an angle of about 54° with the incident light. Consequently a rain¬ 
bow will be formed with the violet outside. This rainbow is called the 
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secondary rainbow, and to sec it the observer must also have his back to 
the sun. The primary and secondary rainbows are sometimes seen 
together, the secondary one being outside the primary one and fainter 
and broader than the latter. 

Rainbows are also formed by rays which suffer three or lour internal 
reflections, but such rainbows are very rarely seen. They are visible on the 
same side as the sun, but are faint in companson with the scattered light 

from the latter, and are visible only 
when it is screened off by a bank of 
cloud. 

The foregoing geometrical theory is 
principally due to Descartes. It does 
not completely explain the phenomenon. 
In addition to the bows already men¬ 
tioned, there are alternations of bright¬ 
ness seen sometimes near the inner edge 
of the primary bow and more rarely at 
the outer edge of the secondary bow. 
These are called the supernumerary or 
spurious bows. Their explanation was 
first fully given by Sir George Airy, and depends on the difference of 
phase * of the different rays leaving the drop in directions near that of 
minimum deviation. The supernumerary bows are thus really a diffrac¬ 
tion * effect due to the passage of the original plane wave through the 

drop. . , 

The spray from a waterfall forms rainbows in exactly the san^ way as 

rain does. 

• These terms are explained in Chapters IX and X. 
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EXAMPLES 

(1) Instead of taking the spectrometer telescope to a window and focussing 
it on an infinitely distant object, a student turns it towards a lamp in the room 
at a distance of 10 metres and gets the image of the latter sharp. The cross-wires 
are then approximately at a distance of 30 cms. from the object glass. How 
many millimetres must the object glass be racked in to make the focus exactly 
right ? 

(2) Show that when light passes through a thin prism the deviation does not 
vary with the angle of incidence, provided that the incidence is nearly per¬ 
pendicular. 

Show that in the same circumstances the deviation of the portion of tho 
light that is reflected back from the second face of tho prism differs from that 
of the light reflected back from the first face by a constant amount. 

(3) A ray of light is refracted through a prism in a plane perpendicular to its 
edge. Provo that if the angle of incidence is constant, the deviation increases 
with tho anglo of the prism. Show that 

8 in - , (v) + 8 in ' ! C) 

is the limiting angle of the prism such that tho ray does not emerge when it 
meets tho second face, i being the angle of incidence on the first face. 

(4) Prove that for a prism of angle A 

sin I(A +8) _ cos \(r-r' ) 
sin ^A ^cos $(*-»')’ 

where S is the deviation, i and *' the angles of incidence and emergence, and 
r and r' the corresponding angles of refraction. 

(5) A prism with a refracting angle of 60° is made of a glass, the refractive 
indices of which for Na and Li are respectively 1-5170 and 1-5140. A student 
measures the angle of minimum deviation for Na, and then, instead of setting the 
prism at minimum deviation for Li, measures the deviation of the Li line when 
the Na line is at minimum deviation. How much will his determination of the 
refractive index for Li light be out ? 

(6) A 60° flint-glass prism has an index of refraction for sodium light of the 
value 1-6499. The change per 1° C. rise of temperature is +0-000003. Given 
that the divided circle of a spectrometer reads to 10 ' of arc, and that the tempera¬ 
ture of the laboratory in which it stands varies in the course of the year from 50° 
to 70° F., should the values of the index of refraction as determined by the 
spectrometer show any appreciable variation ? 

(7) Make a graphical determination of the index of refraction of a glass prism 
by the method given on p. 111. The individual results should be accurate to the 
second decimal place. 

(8) Work out the theory of the secondary rainbow in the same way as the 
primary is done on p. 113. 




PART II 

PHYSICAL OPTICS 


This section describes the wave-theory of light which has 
now held the field in some form or another for more than a 
century, and is still supreme in all matters affecting the 
propagation of light. It represents the facts more accurately 
"han geometrical optics does, and includes the latter as part 
of itself, since rays can be explained in terms of waves. 




CHAPTER Vin 

THE VELOCITY OF LIGHT 

Galileo made an attempt to determine the velocity of light by 
means of two observers furnished with lamps and situated a distance 
apart. The first observer uncovered his lamp and the second observer 
uncovered his as soon as possible after seeing the light from the first 
observer’s lamp. The idea was, that the time which elapsed between 
the first observer’s uncovering his own lamp and his seeing the second 
lamp would be equal to the time taken by the light to go from him 
to the second observer and back. The method failed owing to the 
enormous velocity of light, the time taken by it to travel the distance 
in question being very much less than the time necessary to uncover 
one lamp or to see another. 

The velocity of light can be determined experimentally by six 
separate methods. These, taken in order of their discovery, are 
Romer’s method, the aberration method, Fizeau’s method, Foucault’s 
method, Michelson’s rotating octagon method, and the Kerr effect 
methods. 

Romer’s method. Four of the moons of the planet Jupiter are 
large enough to be observed easily with a small telescope. Their 
periods of rotation about Jupiter vary from 42 hours to 16§ days. 
Their orbits are in approximately the same plane as the orbit of 
Jupiter about the sun. They are, of course, dark bodies and are 
illuminated solely by the reflected light of the sun ; consequently 
when they enter the shadow cast by Jupiter they are eclipsed or dis¬ 
appear. Now it is natural to assume that they rotate about Jupiter 
with uniform angular velocity. Consequently the interval of time 
that elapses between two successive eclipses of any one moon should 
always be the same. 

In 1675, however, the Danish astronomer Romer observed a 
peculiar variation in the times of occurrence of the eclipses. When 
the earth was approaching Jupiter they occurred too close together, 
and, when the distance between the earth and Jupiter was increasing, 
they occurred too far apart. He explained the difference by means 
of the time taken by light to pass through space. 

In Fig. 112 let S represent the sun, and let the two circles be 
the orbits of the earth and Jupiter. E and J are the positions 
of the earth and Jupiter when they are nearest one another, and E' 
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and J' their positions when they are farthest from one another. 
Jupiter takes 11-86 years to make a revolution round the sun, so 
that it moves only from J to J' while the earth moves from 
E to E'. 

We can regard the eclipses of any moon as a uniform series of 

Owing to its distance from Jupiter 
the earth does not receive them 
until an appreciable time after they 
are sent out. As the earth moves 
from E to E', its distance from 
Jupiter increases and the signals 
are received later and later ; as the 
earth continues on its path the 
distance decreases, the signals are 
received earlier, and when the 
earth and Jupiter are again nearest 
one another the lost time is made 
up. According to Romer, when 
the earth is at E', the signals have 
fallen 996 seconds behind the 
uniform rate and this is the time 
taken by the light to travel the 
distance AE', i.e. the diameter of the earth’s orbit. 

The diameter of the earth’s orbit was known only approximately 
in Romer’s time. It is obtained from the solar parallax, the angle 
subtended by the earth’s radius at the sun, and the determination of 
the latter is one of the most difficult problems in astronomy. Accord¬ 
ing to the latest determinations it is 8-80". Hence, using the more 
recent value of 1002 seconds instead of Romer’s 996, we find for the 
velocity of light 


time signals sent out by Jupiter. 


J' J 



360 x 60 x 60 3963 
8-8tt 1002 


= 1-855 10 6 mls./sec. 


= 2-98 10 10 cms./sec. 


Since the velocity of light has been determined more accurately by 
other methods, the above equation is of importance as a means of 
calculating the solar parallax. 


The Aberration Method. The apparent direction of the light from 
a star depends on the motion of the telescope. For example, in Fig. 
113 let OS be the true direction of a star, let the telescope be pointed 
in the direction OS, and let the telescope and observer be moving with 
velocity v in the direction OP. Then, when the light is passing down the 
telescope, the latter is moving sideways ; consequently the path of the 
central ray relative to the telescope is shown by the dotted line Q0|, and, 
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if the image of the star is to appear in the middle of the field on the 
cross-wires, the telescope must be pointed in the direction 0,Q. Let U 
be the true direction of the star, let V be the velocity of light, and let t 
be the time taken by the light to travel down the telescope. Then 
OjQ = V£ approximately, since 0,0 is small, and 0,0 = vt. Also in 
triangle Q00, 

sin 0,Q0 _sin Q00, 

0,0 Q0, 

. . sin 0,Q0 sin 6 

This gives '' vt -~ yjt • 

or, since sin 0,Q0 is very small, 

Z0,Q0=? sin 0. 

Thus, owing to the motion of the telescope, the star is displaced in the 
direction of that motion in front of its 
true position by an angle equal to 
(v sin 0)/V. 

The earth moves in its orbit about 
the sun with a velocity of about 18J 
mls./sec. If this value be substituted 
for v and sin 0 be put equal to unity, 

(v sin 0)/V takes the value 20'. Thus 
if the telescope is moving with the 
velocity of the earth, the stars receive 
an apparent angular displacement vary¬ 
ing from 20' to 0 # according to their 
position in the heavens. 

This apparent displacement is known 
as aberration. It was discovered and 
measured in 1726 by Bradley, the 
Astronomer Royal, while looking for another effect. He gave the 
correct explanation, and calculated the velocity of light from his 
observations. The method suffers from the same disadvantage as 
Romer’s, as the value for the velocity of the earth depends on the 
solar parallax. Bradley’s discovery proved the correctness of Romer’s 
views ; until then they had been neglected. 

The effect of aberration is to make the apparent position of each 
star execute an annual motion about its true position. If the star is 
in the ecliptic this motion is in a straight line ; if it is at the pole of 
the ecliptic, this motion is circular, and for all other positions it is in 
an ellipse. 

The value for the aberration constant adopted at present as a 
result of observations is 20-47'. 

It should be stated that while the simple theory stated here gives 
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the correct value for the velocity of light there are difficulties in the 
way of its adoption. Cf. Chap. XXVI. 

FizeaiTs Method. The first terrestrial method of determining the 
velocity of light was carried out by Fizeau in 1849. His arrangement 
is shown diagrammatically in Fig. 114. A beam of light from a source 
S passes through a converging lens system, is reflected by a glass 
plate P, and comes to a focus at F. It is then made parallel by the 

lens 0, traverses a 
verv great distance 
0L, falls on the lens 
L and is brought to 
a focus on the sur¬ 
face of the concave 
mirror M. The radius 
of curvature o i this 
mirror is equal to 
ML, its distance from 
the lens ; the central 

ray of any pencil through the lens thus falls on the mirror normally 
and is reflected back the way it comes, even though inclined to the 
axis of the mirror. The lens and mirror L and M thus direct the 
beam back through the lens 0 to form a real image once more at F, 
and the observer looks at this real image through the eyepiece E and 
the glass plate P.* 

W is a toothed wheel, and, as it rotates, its teeth pass one after 
another through the point F alternately stopping and letting through 
the light. If the wheel is moving slowly the eye sees a flickering 
image of S. If the images succeed each other faster than 15 or 20 a 
second the flickering ceases owing to the persistence of vision, and the 
image, becomes steady. It is, of course, not as bright as it would 
be if the wheel were away; the teeth in passing stop some of the 
light. 

If the speed of the wheel is still increased, so that the time taken 
by the light to go from F to M and back is exactly equal to the time 
required for a tooth to move into the position formerly occupied by 
an open space, the light is intercepted by a tooth on its return and 
the image vanishes. If the speed of the wheel is now doubled, the 
light passes through the next space and the image is again visible; 
if the speed of the wheel i3 trebled, the light is intercepted by the 
next tooth and again vanishes. And so on ; as the speed increases, 
the image alternately appears and vanishes. 

In Fizeau’s experiments the wheel had 720 teeth and the widths 

* Some reflex lights sold for attaching to the back of bicycles consist of a lens and 
mirror arranged exactly as L and M. The lens is usually of red glass ; the rays from 
the head lights of the overtaking motor car are reflected back in exactly the same 
way as in Fixeau’s experiment, and the lens looks as if there were a faint independent 
light behind it. Reflex lights are, however, only of use in exceptional circumstances. 
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of the teeth and open spaces were equal. The distance between Mland 
F was 8-6 km. A determination was made of the angular velocity o 
the wheel for which the image disappeared. Let it be co ^dians sec. 
for the nth disappearance, and let V be the velocity of light in kms./sec. 

Then 

2x8*6_(2n — 1) 2 tt 1 
““V 2 720 to* 


720 x 2 x 8*6 

i V= “ (2» - l)ir "" 

whence V can be calculated. , , 

Determinations of the velocity of light by Fizeau s method have 
been made by Cornu in 1874, Young and Forbes in 1881, and Fer- 
rorin in 1900. Cornu used a distance of 23 kilometres. Also, 
instead of observing the velocity for the disappearance of the image, 
he determined the velocities for which its brightness attained a cer¬ 
tain value in diminishing to its minimum and afterwards m rising 
from its minimum. He determined the velocity by means of a 
chronograph which recorded seconds and tenths of a second, also 
every hundred revolutions of the wheel, and which was provided with 
a key under the control of the observer for recording any instant at 
which he desired to know the velocity. Cornu’s result for the velocity 
of light in vacuo is 2*999 10 10 cms./sec. 

Young and Forbes bevelled the teeth of the wheel in their apparatus 
so that the light stopped by the wheel was reflected to the side and 
lost. In Fizeau’s apparatus it caused a general illumination of the 
field. • They also silvered the plate P, leaving a small aperture for 
viewing the image, aod altered the method of observing, employing 
two distances simultaneously. 

Perrotin used Fizeau’s apparatus as modified by Cornu and obtained 
for the velocity in vacuo the result 2*9990 10 10 cms./sec. His work 
was done at the Nice Observatory, and the distance FM (Fig. 114) was 
40 kilometres. 


Foucault’s Method. Fig. 115 shows the details of the method by 
which Foucault made a determination in 1862. It requires a much 
shorter distance than Fizeau’s method. S is a rectangular aperture 
illuminated with sunlight, Q a plane parallel plate of glass, L a lens, 
R a plane mirror, which can be rotated about an axis perpendicular to 
the plane of the figure, and M a concave mirror. The lens L forms an 
image of S on M. The centre of curvature of M is at the centre of R, 
hence, no matter what the position of R is, if the light from it falls on M 
at all it falls on it normally and is thus reflected back along its path. 
If R is in the same position when the light reaches it again, the rays 
travel back to Q and are reflected to form an image at the side at P. 
If R is rotating rapidly, it has moved through an appreciable angle by 
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the time the beam returns from M, and consequently the light is reflected 
in the direction of the dotted rays to form an image at P'. 

In Foucault’s experi¬ 
ment the distance RM was 
20 metres and the dis¬ 
placement PP' 0*7 mm. 
From the displacement 
the angle turned through 
by R was calculated and 
then, the angular velocity 
Fio. 115. of R having been deter¬ 

mined, the time taken by 
the light to go from R to M and back was known. 

By placing a tube with water between R and M Foucault was able 
to show that the velocity of light is less in water than in air. 

Foucault’s method has been used and considerably improved by 
Michelson and by Newcomb. Michelson placed the lens between R 
and M and was able to increase the distance RM to GOO metres. His 
result (1882) was 2-9985 10 10 cms./scc. and Newcomb’s result 2-9986 
10 10 cms./sec., almost the same as Perrotin has since obtained by the 
other method. The two terrestrial methods are, of course, much more 
accurate than the astronomical methods. 

Michelson’s Rotating Octagon Method. In 1920 Michelson com¬ 
menced an attack on the problem in what was virtually a new way. 
A rotating mirror consisting of a glass octagon with eight equal faces 
was used, and the angular velocity and distance were chosen, so that 
light made the double journey in one-eighth of the period of a revolu¬ 
tion. Consequently the light reflected by one surface was reflected 
by the next on its return at exactly the same angle of incidence, 
and the image of the slit occupied the same position as when the 
surface was at rest. Thus the measurement of the displacement of 
the image, the chief source of error in Foucault’s method, was avoided. 
The angles of the octagon were determined by an interference method 
to 1 in 10°. A very intense arc lamp was used as source, and the light 
was made parallel on its journey to and from the distant mirror. 

The experiments were carried out between Mt. Wilson and Mt. San 
Antonio in California on the invitation of G. E. Hale, the director of 
the Mt. Wilson observatory, during the summers of 1924 and 1925. The 
distance between the two stations was 22 mis. The octagon had to 
be rotated 530 times in the second and, when weather conditions were 
good, coincidence could be established to yJo mm. Altogether five 
different rotating systems were used. The final result, reduced to 
vacuum, was 299,798 km. per sec., the probable error being about 3 km. 
per sec. It is interesting to note that the beam swept over the surface 
of the distant mirror with a velocity almost equal to one-third that of 
light. 
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In 1935 Pease and Pearson increased the accuracy of this method by 
using a range inside an evacuated pipe one mile long- 

Kerr Effect Methods. It will be learned p. 241 of this.book 
that when certain liquids are placed in a glass cell and subjected to an 
intermittent field between crossed mcols, the arrangement transmits 
light when the field is on and stops it when the field s off. It is 
known as the Kerr cell and thus acts like a shutter or like Knui 
toothed wheel. Owing to the development of the valve osciHator 
periodic electric fields of. very high frequency can now be pmjw 
with comparative ease, and when the Kerr cell is substituted for the 
toothed wheel, Fizeau’s method can be used with a short base. More¬ 
over the frequency of the oscillations can be determined very accurately 
with a piezo-electric oscillator. Thus the method is a tempting one, 
and four determinations of the velocity of light have already been 
made by it by Karolus and Mittelstaedt, by Wilmer C. Anderson, 
by Hiittel and by Eric Bergstrand. 

Bergstrand passed the beam through a Kerr cell working at 8 mega¬ 
cycles per second, reflected it by a mirror distant 7-6 km. apd received 
it on a multiplying photocell, the anode potentials of which varied with 
the same frequency as the Kerr cell did. His result is, for vacuum, 

299,793-1 ±0*25 km. per sec. . . 

A rectangular piezo quartz placed in an alternating electric nelcl 
behaves like an intermittent diffraction grating. If the light of the 
first order spectrum travels to a distant mirror and is reflected, so as to 
return to the quartz, it will be deviated back to its original path if the 
grating is in action, but not otherwise. The piezo quartz thus acts like 
Fizeau’s toothed wheel. I have made (1949) a determination of the 
velocity of light by this method using a distance of 39 metres and a 
frequency of 106 megacycles per second. The result, reduced to 
vacuum, is 299,782±9 km. per sec., but the accuracy of this method 
can be greatly improved. 

The details of these two methods belong to electricity rather than to 
optics and so are omitted here. The optical methods are now all out¬ 
classed ; they are too sensitive to the friction of the bearing and 
require great distances. 

The statement is sometimes made that the velocity of light has 
changed in the course of the last century. There is no evidence for 
this statement, if the probable errors of the earlier determinations are 
taken into consideration. 


EXAMPLES 

(1) In astonomy stellar distances are measured in “ light years,” i.e. the 
distance which light travels in a year, no star being as near the earth as three 
light years. How many miles are there in a light year ? 
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(2) Given that the mean distances of the earth and Jupiter from the mm 
are respectively 93 and 483 million miles, find the maximum rate of increase 
of the distance of the earth from Jupiter. Hence find the greatest percentage 
diminution or increase in the periods of occultation of Jupiter’s satellites. Note 
the distinction between the rate of increase of the distance of the earth r com 
Jupiter and the relative velocity of the earth and Jupiter. 

(3) In estimating the magnitude of the aberration on p. 121 we considered only 
the velocity of the telescope due to motion of the earth in its orbit round the 
sun. The aberration can be determined experimentally with the most accurate 
instruments to about 2 * 0 second of arc. What appreciable effect, if any, will the 
diurnal rotation of the earth have upon it ? 

(4) Show that owing to astronomical aberration the apparent position of a 
star at the pole of the ecliptic traces out tho hodograph of tho earth’s orbital 
motion. The polo of the ecliptic is the direction at right angles to the plane of the 
earth’s orbital motion. 

(5) If 0 is the latitude of a star, i.o. its angular distance abovo or below tho 
ecliptic, find in seconds of arc the semi-axes of tho ellipse which its apparent 
position in the sky traces about its true position. 

(6) In determining tho velocity of light by Fizeau's method the distance is 
10 km., the wheel has 720 teeth, and the angular velocities in radians per second 
for four successive disappearances of the image aro 326, 457, 588, and 719. 
Find what disappearances these aro and calculate the velocity of light from tho 
data supplied. 

(7) Make a roflex light and test it and consider whether they aro worth using. 
A watch glass silvered on the back will do for the mirror. In the roflex lights 
sold the mirror is nickel-platediiron. 

(8) Derive a formula for the velocity of light os obtained by the arrangement 
shown in Fig. 115, in terms of the distances RM, LS, and PP\ and the angular 
velocity of the mirror, a*. 


CHAPTER IX 

INTERFERENCE 

The Nature of Light. Hitherto we have made no assumption as to 
the nature of light. In the section dealing with Geometrical Optics 
we assumed only the rectilinear propagation and the laws of reflection 
and refraction. This was sufficient to explain everything with 
the exception of difiraction, which came in only on pp. 3, 80 and 114, 
and could, in general, be ignored. In order to explain the phenomena 
of interference it is necessary to make a further assumption. 

We have seen that light travels with a finite velocity. Light 
rays carry energy with them. Now energy is propagated with a 
finite velocity in two different ways 

( 1 ) by the motion of the matter carrying the energy. 

( 2 ) by the transference of'the energy alone, as in wave motion, 
the matter remaining stationary. 

An example of the first way is the stream of bullets from a Maxim 
gun. There each bullet has an amount of kinetic energy given by 
£ viv 2 , where m is its mass and v its velocity, and if the bullet is 
stopped by a wall this energy reappears as heat in the wall. An 
example of the second way is the propagation of waves on the sur¬ 
face of water. When a wave passes, the water particles oscillate 
about their equilibrium positions, and after the wave is past they 
return to these positions. But the energy of the wave motion has 
moved on. 

We explain things by means of analogy with other things, and 
consequently the attempt has been made to explain the propagation 
of light energy in both the above ways, by the emission theory and by 
the wave theory. 

The wave theory of light was founded by Huygens, who published 
a treatise on light in 1690 afteu having stated the theory twelve years 
earlier. According to it, light is a. wave motion propagated in the 
ether, the ether being a continuous medium in which matter exists 
and which fills all space. It is necessary to postulate the existence 
of the ether, for we cannot have wave motion without a medium, and 
there is no matter in the interstellar space through which the light 
comes from the sun. 

In his book Huygens gave the following construction by which, 
if the position of the wave-front was known, its position could be 
found for any subsequent time: Consider all the points on the wave- 
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front as centres of disturbance ; then the envelope of all the secondary 
waves diverging from these centres gives the wave-front at subsequent 
times. For example, let CD (Fig. 116) be a section of a wave-front 
which has diverged from the source and passed through the aperture 
AB. Then if it is desired to find the position of the wave-front after 
a time t, take in succession every point on the wave-front as centre 
and construct a sphere with radius equal to vt, where v is the velocity 
of light in the medium in question. All these spheres touch a surface 
of which EF is a section and this surface, the envelope of ill the 
secondary waves diverging from the wave-front CD, is the wave-surface 
after time t. 

To apply Huygens’s principle to the reflection of a plane wave let 
AB be the trace of a plane wave-front which is perpendicular to the 
plane of the paper, and let CD be the trace of a reflecting surface, also 
perpendicular to the plane of the paper. Draw BF perpendicular to AB 
to meet CD in F ; draw AE parallel and equal to BF and join EF. Then 



Fio. 116. Fio. 117. 


Er gives a position which the wave-front would have occupied if there 
had been no mirror. Take P any point on the wave-front and draw 
PQR perpendicular to AB. 

Let A and Q act as centres of secondary disturbances. With A as 
centre draw a circle of radius AE, and with Q as centre draw a circle 
of radius QR. Then, when the point B has reached F, the light from 
A and P has reached the circumferences of the two circles. Since FRE 
is tangent to both circles it is possible to draw a straight line FSG 
tangent to both circles. As P was any point on AB, FG touches the 
secondary waves derived from all points on AF, is hence the envelope 
of these waves and consequently the trace of the reflected wave-front. 
It is obvious from the figure that AB and GF are inclined equally to 
CD, and hence the angles of incidence anc^ reflection are equal. 

To apply Huygens’s principle to the refraction of the same wave 
let v be the velocity in the upper medium and v' the velocity in the 
lower medium, let AB be the trace of the incident wave, let ED be the 
position it would have reached in time t , had there been no refraction, 
and let CD be the trace of the refracting surface. Then AE=trt. From 
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p any point on AB, draw PQR perpendicular to AB. With A as centre 
draw 7 a P circle of radius AG=t <t, and with Q as centre draw a circle of 

Then 


B 


radius QS = QR v'/v. 
when the' point B has 
reached D, the light from 
A and P has reached the 
circumferences of these two 
circles. Through D draw 
DG tangent to the larger 
circle; it may then be 
shown to touch the smaller 
circle and consequently to 
be the trace of the refracted 
wave-front. 

AG gives the direction of 

the refracted ray and AE of the incident ray. Hence ZADG is equal 
to the angle of refraction and ZADE equal to the angle of incidence, 
and 

sin Z.ADE AE/AD_ AE_ v 
M "sin ZADG”AG/AD AG v r 



This result is of fundamental importance. Put in words, it states 
that according to the wave theory the velocity of light in any trans¬ 
parent medium varies inversely as the index of refraction of the 
medium. Consequently the velocity in water and in glass is less 
than the velocity in air. 

The wave theory of light as proposed by Huygens did not explain 
the rectilinear propagation of light, and hence was not accepted by 
Newton, who adopted the emission theory. According to it luminous 
bodies emit small material particles or corpuscles in all directions. 
These corpuscles fly in straight lines. Their mechanical impact on 
the retina causes the sensation of vision. When a corpuscle ap¬ 
proaches within a very small distance of the surface of a refracting 
medium, according to its state at the time it is either repelled or 
attracted. Its velocity may be resolved into two components, one 
parallel to the surface and one normal to the surface. The parallel 
component in each case remains unaltered. If the corpuscle is 
repelled, the normal component of its velocity decreases to zero and 
then increases to its former value but in the opposite direction. The 
resultant velocity has thus the same value as before, its direction 
makes the same angle with the normal as the direction of the incident 
velocity does, and the reflection of light is explained in exactly the same 
way as the reflection of a perfectly elastic sphere by a wall. 

If the corpuscle is attracted on approaching the refracting medium, 
it is bent towards the normal since the normal component of its velocity 
is increased. Also if v is the velocity in the first medium, v' the 
5 
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velocity in the second, i the angle of incidence, and r the angle of re¬ 
fraction, since the component velocity parallel to the surface remains 
unaltered v sin i=v' sin r or 

sin i_v‘ 
sin r v 

i.e. is constant, for v and v' are both constants. Thus the correct law 
of refraction follow's from the emission theory. 

But if the parallel component of velocity is unaltered and the 
normal component increased on refraction, the resultant velocity is 
increased. The velocity of light should thus be greater in water and 
in glass than in air, exactly the opposite result to that obtained from 
the wave theory. Foucault’s experiment on the velocity of light in 
water is thus an experimentum crucis between the two theories and 
it decides in favour of the wave theory. Owing to Newton’s great 
authority the emission theory reigned supreme until the beginning 
of the nineteenth century, and it was the ability of the wave theory 
to give a satisfactory explanation of interference that then turned the 
scale against the emission theory. 

We shall assume, then, that light is propagated by wave motion 
in the luminiferous ether. For the purposes of this chapter it will 
not be necessary to make any special assumption about the nature of 
this wave motion. 


) 
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§ The rays are perpendicular to the wave-fronts. When an image 
of a point P is formed by a lens, spherical waves diverge from P, and 

after passing through 
the lens become 
Q spherical waves con¬ 
verging towards the 
image Q. It thus 
follows from the wave 
theory that the optical 

length of the paths traversed by the different rays from P to Q is the 
same. This result might have been derived from the law of the 
extreme path, for since in the case under consideration the optical 
lengths of all the paths must be a minimum, it follows that they must 
be the same. 

The formulae for the position of the image formed by a lens or 
spherical mirror are sometimes derived from the property that all the 
paths have the same length, or from the property that one spherical 
wave-front is changed by the lens or mirror into another spherical 
wave-front with a constant difference of curvature. The latter 
method has become popular under the name of the “ curvature ” 
method. The method used in Chap. II of this book is, however, more 
fundamental, inasmuch as it uses only the laws of reflection and 
refraction. 
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§ To prove the formula for the focal length of a lens from the assumption 

that all paths from object 
to image have the same 
optical length let AB (Fig. 

120) be a lens, P an object, 
and Q the corresponding 
image. The lens is taken 
convex meniscus in form in 
order to have the diagram 
as clear as possible. AB cuts 

point*o” g With! as centre and radius PA draw a circle to cut QP in C, and 
with Q as centre and radius QA draw a circle to cut PQ in E. 

Then Q A + AP - QM + /xMN + NP 

= QE + EM +/xMN + CP - CN 
or M MN + EM-CN*=0. 

This may be rewritten 

DE + CD = (/*- 1)(DN - DM) .•••(!) 

When two chords of a circle cut one another the rectangles contained by the 
segments are equal. Apply this theorem to the circle of which AEB forms 
part and let AB and QE be the two chords. The rectangle contained by 
the segments of AB is equal to AD 2 . Since Q is the centre of the circle, 
the rectangle contained by the segments of the other chord is equal to 
(2QE- DE)DE, or approximately 2QE.DE since DE is small. Hence 

2QE.DE = AD 2 


or 


nr AD 2 AD 2 
DE 2QE = " 2t>’ 


if v be written for QE, the image distance. Similarly writing u, r lt and r 2 for 
the radii of the circles on which C, N, and M are situated, and using the same 
convention as to signs that is employed in Chap. II, we obtain 


AD 2 AD 2 


AD 2 

and DN = -■=- • 
lr x 


AD 2 AD 2 \ 

+ '-> 


On substituting these values in (1) we arrive at 

AD 2 AD 2 , 

"2» + 2u =(,t H 2r, ' 2r 2 

which simplifies to 

Expression for a Light Wave. Consider the expression 

,=6cos^-?)=6co3 2 w g-?). 


By plotting it as a function of x for successive values of t it may be 
shown to represent an infinite train of progressive harmonic waves. 
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The waves are said to be harmonic because they have the cosine form, 
the train is infinite as the expression gives real values throughout the 
whole range — co <x< + co, and the waves are said to be progres¬ 
sive, because, as t increases, the whole wave profile moves bodily 
forward in the direction of positive x. The wave-length, the distance 
between two successive crests at any instant, is given by A ; the 
period, that is the time taken by a complete wave to pass a fixed 
point, is given by r; the velocity of the wave, v, is equal to A/r, and 
the amplitude of the wave is given by 6 . As mentioned above, in 
order to explain interference it is not necessary to make any special 
assumption as to what 77 represents, but for the sake of definiteness 
we may suppose that it denotes a displacement of an ether particle. 
Then the displacement is the same for all the ether particles on one 
wave-front, i.e. with the same value of x. As the wave passes the 
ether particles all describe simple harmonic motions at right angles 
to the direction of propagation. 

As long as the wave remains in the same medium the square of 
the amplitude, 6 2 , is taken as a measure of its intensity. This may 
be taken as an assumption to be justified by experience, or it may be 
made plausible by analogy from other forms of wave-motion ; the 
intensity of a light wave is proportional to the energy it brings with it, 
the kinetic energy of the vibrating ether particles is proportional to 
the square of their velocity, and their velocity is given by 



Interference. If we have two systems of waves passing over the 
surface of water, each produces its own displacement of the surface 
independently of the other. This is known as the principle of the 
superposition of wave-motion. The resultant displacement of the 
surface is obtained by summing the two separate displacements. 
In the same way two light waves or beams cross without in any way 
interfering with one another. This was pointed out by Huygens. 
Different people can see different objects through the same aperture 
at the same time without any blurring due to the different trains of 
waves crossing one another. 

Let us suppose wc have two waves represented by 


rj = b cos 



and Tj=b cos 2 77 



going the same way. They have equal amplitude, wave-length, and 
period but a constant phase difference 27 t 5/A, that is, the crests of 
the one wave are always a constant distance 8 ahead of the crests of the 
other. According to the principle of superposition the resultant effect 
is given bv 



INTERFERENCE 


,=6cos27r^-^ + 6cos27r^ A ) 

nS 0 (t x + 8/2 \ 

= 26 cos — cos 27 tI - - — J, 


a wave of the same wave-length and period as the component waves 
but with an amplitude 26 cos ttS/A, which varies all the way from 26 
through 0 to - 26 according to the magnitude of 8. Although the 
intensity of each component wave remains equal to 6 2 , the intensity 
of the resultant varies from 46 2 to 0. We thus have two light waves 
combining together to produce darkness. This phenomenon is called 
interference. 

It is when 7r5/A=n7r, when 5 = nA or the crests of the one wave 
are an integral number of wave-lengths ahead of the crests of the 
other that the intensity of the resultant wave is a maximum, and it 
is when 7r$/A = (n + i)7r, i.e. when S = (n + i)A or when the crests of 
the one wave coincide with the troughs of the other, that the resultant 
intensity is zero. 

Let us suppose that we have two sources M and N (Fig. 121) sending 
out waves of equal amplitude, equal velocity, and equal wave¬ 
length, and let the waves be 
represented by circles in the 
figure, the crests by full circles, 
and the troughs by dotted circles. 

The sources have the same phase, 
i.e. the two series of crests and #M 
troughs have the same distances 
from their respective centres. 

Then at the points marked by #N 
o’s in the figure we have crest 
superimposed on crest and trough 
superimposed on trough, so that 
the amplitude is twice that of 
each component wave. At the 
points marked by x’s we have 
crest and trough superimposed 
on one another, the difference of phase is half a wave-length, the two 
waves neutralise one another, and the amplitude is zero. It must be 
noted that no energy is destroyed by the interference of the two 
waves ; although the intensity is zero along the lines joining the x’s, 
along the lines joining the o’s it is four times as great as the intensity 
of a component wave. 

It will be found by drawing the circles for any other time, i.e. by 
increasing the radii of all of them by the same amount, that GH and 
CD are always lines of zero intensity, and AB, EF, and JK always lines 
along which the intensity is increased four times. 
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§ Let two particles at M and N vibrate parallel to one another in the 

same phase and send out 
M waves with the same ampli¬ 

tude and same period. 

In order to consider the 
effect at a point P, join MN, 
and through A, the mid point 
of MN, draw AO perpendicular 
to MN. Draw PO perpendicular 
to AO. Let MN = 2d, A0 = D, 

and 0P=x. Then 

MP 2 =D 2 +(d + x) 2 , and NP 2 = D 2 + (cZ-t) 2 , 

MP 2 - NP 2 = (d + x) 2 - (d - a:) 2 = 4 dx 

4dx 



Fio. 122. 


therefore 

and 


MP - NP = 


MP+NP 


Let d and x be small in comparison with D. Then we have approxi¬ 
mately MP=NP=D, and 

MP-NP=?^. 

If MP - NP is equal to an integral number of wave-lengths, that 
is, if 2dx/D = nX or 

?i DA 
* 2d 9 

the two waves reinforce one another and we have a maximum of 
intensity at P, while if MP - NP equals an odd number of half wave 
lengths, that is, if 

(n + J)DA 
2d ’ 


the two waves interfere and we have darkness at P. 

So far we have considered only points in one plane. Let us 
suppose that there is a screen through OP perpendicular to the plane 
MPN and that it is required to find the distribution of the intensity on 
this screen. Draw a straight line PQ on the screen perpendicular to 
OP and let PQ = y. Then 

MQ 2 = D 2 + (<Z + x) 2 + y 2 , 

NQ 2 = D 2 + (d - x) 2 + y 2 , 

and MQ 2 - NQ 2 = (d + x) 2 - (d - z) 2 = MP 2 - NP 2 . 

Thus, if PQ is short, MQ - NQ is approximately equal to MP - NP, and 
if there is a maximum of intensity at P there is also a maximum 

at Q. 


INTERFERENCE 135 

DA 

2d' 

plane MON, it au tne pa of tic]es vibrates in the same 

brl |uch r bands are called interference bands. 


Young’s Experiment. Interference bands were first produced and 

explained in the above way 
by Young. He described his 

experimental arrangement in 
his lectures which were pub¬ 
lished in 1807. A pencil of 
light was admitted through a 
slit S in a shutter. It then 
fell upon a screen in which 
there were two small pinholes, # 

A and B, very close together. After passing through A and B the rays 
spread out and interference bands were formed on a screen at C where 
the two pencils overlapped. 



Fresnel’s Mirrors. In Young’s experiment the two pencils which 
interfere pass through pinholes. Critics were thus not convinced that 
the bands were caused by interference of the two pencils ; they were 
inclined to attribute them to a modification of the light produced by 
going through the holes,* that is, to diffraction at the edge of the holes. 

To remove this objection Fresnel devised two well-known arrange¬ 
ments for producing sources of light close together, namely, his mirrors 
and his biprism. These do not use any apertures or edges. Diffracted 
light was thus eliminated and the bands could be due to nothing else 
but interference. 

In the first of these arrangements there are two plane mirrors 
inclined to each other at an angle of almost 180°, and light falls on 
them from a slit which is parallel to the line of intersection of their 
surfaces. Fig. 124 represents a plan of the arrangement; S is the 
slit and M and M' are the mirrors. To find the positions of the virtual 
images of S formed by the mirrors produce M’O to F and 0M to G ; 


• This is the reason usually given ; I am convinced that the real obstacle was the 
difficulty of repeating Young’s experiment. 
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draw SF perpendicular to M'F and SG perpendicular to MG and lay off 
FU=FS and GA = GS. Then the images of S are situated at A and 
B ; after reflection at the mirrors the light from S proceeds as if it came 
from A and B and interference bands are formed on a screen at C. 



Let 0S--=a, let 0C = 6, and let the angle FOG be denoted by c o. 
It is obvious from the construction that A and B are on the circle with 
centre 0 and radius OS. Since FS and GS are respectively perpendi¬ 
cular to OF and OG, /.FSG =/_F0G = o>. /.AOB stands on the same 
arc as /_ FSG and has its vertex at the centre, consequently it equals 
2co. The arc AB thus equals 2aoj, and, since w is small, 2aa> may also 
be taken as the distance between A and B measured along the chord. 
The straight line OC is drawn so as to bisect the angle AOB. In the 
notation of p. 134 the distance between the bands is given by DA/(2d); 
on substituting D = a + 6 and 2d=2aaj we obtain in the present case 

(a + 6)A 

2 aw 

Fresnel’s Biprism. In the second arrangement Fresnel performed 
by refraction what he had done in the first by reflection. The light 
from the slit S falls on the biprism CEG, which is simply a prism 
with a very obtuse angle at E. It may be regarded as made up of 
prisms CEF and GFE placed base to base; hence the name. The edge 
E of the biprism divides the incident light into two portions, one 



which passes through the face EC and appears after refraction to come 
from B and another which passes through the face EG and appears 
after refraction to come from A. As the angles GCE and CGE are 
small and equal, A and B are situated close to S at equal distances 
from it. The effect of the biprism is thus to produce two virtual 
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images of the slit which produce interference bands m the space to 
the right of CG, for example on a screen at P. . 

The measurement of the interference bands produced by a bipr.sm 
is widely used as an exercise for students. A sodium flame is taken 
as the source of light, and the object of the experiment, as it is usually 
done, is to determine the wave-length of sodium light. The apparatus 
is an optical bench, usually of metal, with supports for the sbt and 
biprism and for the vernier microscope used for measuring the distance 
between the bands. The bands are not produced on a screen at P but 
in the focal plane of this microscope. The slit and edge of the biprism 
are vertical, the tube of the microscope is paraUel to the axis of 
the bench and has a horizontal motion at right angles to the latter, so 
that, when it moves, the cross-wires pass in succession across the 

different interference bands. . ... 

In setting up the apparatus the first requirement is to get the slit, 
biprism, and microscope in the same straight line. The slit is next 
made narrow, and then on looking into the microscope a vertical strip 
of light will be seen. This resolves into a number of equidistant 
parallel lines when the biprism is adjusted so that its edge is parallel 
to the slit, and when the width of the slit is further regulated. It is 
very important that the slit and edge of the biprism should be 
accurately parallel to one another. 

On looking at the bands it will be noticed that some are much 
brighter than others, that there is a rhythmic variation in their bright¬ 
ness. This is due to diffraction at the refracting edge of the 
biprism. It is ignored by the theory of p. 134. 

The formula for the wave-length is 

A JW 

A “¥’ 


where/ is the distance between two successive bands, D is the distance 
from the virtual images to the focal plane of the microscope, and 2 d 
is the distance between the two virtual images. Since the opposite 
faces of the biprism are almost parallel, the divergence of a thin pencil 
of rays passing through it is not appreciably altered. Consequently 
A and B are in the same plane as S and the distance D can be measured 
with a metre-stick. The best way to measure / is to read the position 
of ten or twelve, say ten, consecutive bands, subtract the reading for 
the first from the reading for the sixth, the reading for the second from 
the reading for the seventh, and so on, and divide the mean of the 
results so obtained by five. 

There are two distinct methods of determining 2d. In the first 
a convex lens is inserted between the biprism and the microscope and 
adjusted so as to form images of A and B in the focal plane of the 
latter. In order to do this it is usually necessary to move the micro¬ 
scope farther away from the biprism, but the positions of the biprism 
5 * 
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and slit themselves must be kept unaltered. When the images 
are obtained, the distance between them is measured with the micro¬ 
scope. Let the result be C\. The slit, biprism, and microscope are 
then kept fixed and the lens moved into the other position, in which 
it forms images of A and B in the focal plane of the microscope. Let 
the distance between the images in this case be c 2 . Then 2d = \/c l c^. 
The result follows since the magnification in the one position is the 
reciprocal of the magnification in the other. 

In the second method the angles of the biprism FCE and FGE are 
measured with the spectrometer. Let the result be a. Then, since 
a is small and the light goes through the biprism almost normally, it 
may be shown that the deviation produced by each half of the biprism 
is (/x - l)a. The angle between BE and AE in Fig. 125 is thus 2(/x - l)a, 
and the distance between A and B consequently 2(/x-l)axr, where 
a is the distance of the biprism from the slit. 

9 

Fundamental Condition for Interference. In the three methods 
for producing interference just described—Young’s experiment, 
Fresnel’s mirrors, and Fresnel’s biprism—it will be noticed that the two 
interfering sources are derived from the same source. Thus A and B are 
both illuminated by light from S in Fig. 123, while A and B are merely 
images of S in Figs. 124 and 125. This condition has been found indis¬ 
pensable for the successful production of interference bands. As an 
experimental fact it is impossible to get light from two independent 
sources to interfere. 

Two different explanations have been given of this fact. According 
to the older explanation every source of light is subject to abrupt 
changes of phase very many times in a second, possibly owing to the 
molecule which is sending out the light vibration coming into collision 
with other molecules. Now in Fig. 122 if the phase of M falls behind 
the phase of N, the central band of the system moves above 0 and the 
whole system of fringes is displaced. If the relative phase difference 
of M and N changes very many times in the second, the system of 
fringes is displaced many times in the second, too frequently for the 
eye to follow them ; the eye sees them superimposed and all trace of 
the individual bands is lost. But if M and N are derived from the 
same source, their phases change simultaneously, the system of bands 
remains stationary and is consequently always visible. 

Schuster (“ Optics,” Chap. IV) has, however, pointed out that the 
harmonic waves, into which any actual wave can be analysed mathe¬ 
matically, never change phase. Another explanation is therefore 
necessary, and this he finds in the fact that we are never able to obtain 
perfectly monochromatic light. We have always to deal with a finite 
range of wave-lengths. If the two sources are independent the rela¬ 
tive difference of phase of adjacent wave-lengths is never the same. 
Thus, for example, if the light used is that produced by the green line 
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of thallium, the mean 

S 7 fringes produced by each component 
-I length may lie at a different place on the screen. Consequently 
The difierfnt systems of fringes are blurred by superposition, give rise 

„ e „ n eral illumination and no bands can be distinguished. 

There is no contradiction between the two explanations since the 

vp f(lrm contemplated by the older theory was the actual resultant 
wave Ld not one of its Fourier components. The two expknat.ions 
^ different ways of stating the same thing. It is, however, difficult 
to say what real existence the Fourier components have, unless the 
conditions of the problem in question are accurately specified. 1o 
appreciate Schuster’s explanation one requires to be versed in Courier 
analysis. The older explanation is less liable to give rise to miscon¬ 
ception and is therefore to be preferred. 

Lloyd’s Mirror. Lloyd’s mirror, first described in 1834, affords a 
method for producing interference bands which is both simpler and 
easier to work than Fresnel’s mirrors or bipnsm. A mirror, MM (Fig. 
126) is placed so that the rays from a slit A fall on it at nearly grazing 
incidence, and the reflected rays appear to diverge from a virtual image 
B The interference takes place between the rays from the slit and the 
rays from the virtual imago, and the bands are examined with an eye- 
piece at P. The mirror may consist either of a piece of plate glass 
silvered on the front or a piece of unsilvered glass with the back 

blackened, 30 as to destroy --- --— p 

the image formed by re- ---■— - - 0 

flection in the second sur- 0 

face. The reflected rays Fio. 120 . 


cannot come below the 

plane of the surface of the mirror, so in general only one-half of the 
complete system of bands is visible. If, however, a thin plate of 
transparent material is placed in the path of the direct beam AP, 
the centre is displaced upwards and the complete system can be seen. 

According to Lloyd the centre of the system does not lie in the 
plane of the mirror in the ordinary case but is displaced away from it 
by half the distance between two consecutive bands. The phase of 
the reflected light has thus been increased by n by the reflection. 

There is one important difference between the two sources produced 
by Lloyd’s mirror and those produced by Fresnel’s mirrors or biprism. 
In the case of the latter the two images are similar, the right-hand 
side of the one corresponding to the right-hand side of the other and 
the left-hand side corresponding to the left-hand side. In Lloyd’s 
mirror the right-hand side of the one source corresponds to the left- 
hand side of the other and vice versa. This property enables Lloyd’s 
mirror to be used for the production of achromatic fringes. 
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The expression for the distance between two consecutive interfer¬ 
ence bands is DA/(2 d), where D is the distance from the source to the 
screen and 2d is the distance between the two sources. It thus varies 
with the wave-length of the light employed. If white light is used, 
each wave-length forms its own system of bands. The central band 
of each system occupies the same position and hence the central band 
is white, but the other bands fall on different positions and blur one 
another. We thus have one white band surrounded by a few coloured 
bands and then general illumination. 

If, however, by some means 2d could be made different and pro¬ 
portional to A for the different colours, then the systems due to tho 
different colours would superimpose exactly and the bands would be 
white, or in other words achromatic. This can be done by forming at 
A a spectrum of a narrow slit by means of a diffraction grating and 
using this spectrum instead of the slit at A. In a diffraction grating 
the deviation of the different colours is roughly proportional to the 
wave-length ; hence if the spectrum be arranged at right angles to 
MM' with the violet nearest the plane of the mirror, the violet in 

the image will also be nearest the 
/ mirror and by carefully adjusting 

/ / the distance between the spectrum 

/ / and its image d can be made 

* -- 1 proportional to A. 

B- 




U § Instead of using Fresnel’s 
biprism two images of a slit can 
be produced for purposes of inter¬ 
ference by a bi-plate or by Billet’s 
F,o. 227 . half lenses. The figures illustrate 

how these act. In the first method 
two pencils of rays 

_(Fig- 127) from the 

"n 3 — B s lit S fall upon the 

" " - — _y ~ bi-plate, one on each 

Fio. 128. half, and after pass¬ 

ing through the latter 

they appear to come from the virtual images A and B. In the second 
method (Fig. 128) two real images A and B arc formed of a slit S by 
means of a lens cut into two halves, the positions of which can be very 
accurately regulated relatively to one another. 


Stokes’s Treatment of Reflection. Let a ray AP of amplitude a be 
incident on the plane surface MK of a refracting medium. Then the 
amplitudes of the reflected and refracted rays PR and PC may be 
denoted by ar and ac y where r and c are each less than one. 

Let us suppose that the directions of the reflected and refracted rays 
»re reversed. Then the reflected ray RP gives rise to a reflected ray 
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while tne reiracrea ray ur —-- , 

tude aer' and a refracted ray along PA ot 
amplitude occ'. But, when the reflected and 
refracted rays are reversed, they should com¬ 
bine to form the incident ray. Hence 
a=ar 2 + acc' and arc+acr'=0, 

which give r'= - r and l=r 2 + cc'. 

Hence if we have two rays incident on tne 
surface of a medium, one externally at a given 

unale of incidence and the other internally at the corresponding angle 
of refraction, the amplitude of the reflected ray has in the one case 
the same ratio to the amplitude of the incident ray as in the other but 
with a difference of sign. 




draw p 2 h at ngnt angles w 

When the first and second reflected waves cross the plane HP 2 they 
are in different phases, for they were in the same phase at Pj and they 
have traversed different optical distances in coming from P l . Let 
their relative phase difference be denoted by d ; then d denotes also 
the relative phase difference of any two successive reflected waves 
We have P l Ci=e/cos 0, 
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also P 1 H = P,P 2 cos HP 1 P 2 = 2NC 1 sin < f > = 2e tan 6 sin $ = 2/xe sin 2 0/cos 0, 

hence i=3fO*iC, + mC,P 2 - l\H)=> 

277 n 

= — 2 /xe cos 0 . 

A 

Let the incident wave be sin — and let the resultant 

r \ vj 

reflected wave be denoted by R sin j—- $j, where the ampli¬ 
tude and phase, R and 8 , are yet to bo determined. Then the first 
reflected wave is r sin — ^ the second is r'cc' sin ” v) "" 

the third is r' 3 cc' sin - 2 d j, and 

r sin {?HM =r sin ?H) +r,oc ' sin {t 1 ('-?)- 4 

+ r / 3cc'sin|^^-?J-2dJ . . . ( 2 ) 

This holds for all values of ^ ; hence, if it is expanded in terms 

of sin — and ccs — the coefficients of each of these 

quantities is equal to zero, i.e. 

R cos 8 = r + r'cc '(cos d + r' 2 cos 2 d + r' 4 cos 3d + . . .) 
and R sin 8 = r'cc'( sin d + r' 2 sin 2 d + r' 4 sin 3d + . . .). 

The above two equations may be combined into 

R e i *=r+r'cc’(e id +r' 2 e iid +r'*e i > d . . .) 
e w 


= r + r'cc 


1 -r'W 


since the terms inside the bracket converge towards zero. On sepa¬ 
rating the real and imaginary parts the right-hand side of this 
equation becomes 

r'cc'e^l - r' 2 e~“) r'cc'(cos d + ismd- r' 2 ) 

f + (1 -r' 2 c*)(l -r'V w ) 1 - 2r' 2 cos d + r' 4 ' 

r'cc'( cos d - / 2 ) . r'cc' sin d 

= T~t z - ~~rz -=—-- -f * 


Hence R 2 


1 - 2r' 2 cos d+ r' 4 1 - 2 r' 2 cos d + r' 4 

_ f r'cc'(cos d - r' 2 ) V 2 ( r'cc' sin d 

” V 1^2r' 2 cwd+ V 4 J \l - 2r' 2 cos d + r' 4 ] 9 
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and this simplifies to 

4r 2 sin 2 - 


or 


4r 2 sin 2 | 


1 -2r 2 cos d + r 4 


(1 -r 2 ) 2 + 4r 2 sin 2 - 
If T be the amplitude of the resultant transmitted wave, we have by 


the principle of energy 
Hence ^ 

A —U AH cm- _ 

2 


R 2 + T 2 = l. 
(1 — r 2 ) 2 


1 -2r 2 cos d + r 4 

j . d 2 ttuc cos 0 __ 

R 2 is 0 when sin 2 - is 0, l.e. when -- ^ 

lengths, there is no reflected light. Again, R 2 can be written 

4r 2 


sin 2 - 


and is hence a maximum when sin 2 £-1. or when the path difference 

is an odd number of half wave-lengths. The minimum value of R 2 
is 0 and the maximum value is 

4r 2 

(1 +r 2 ) 2 

When R 2 is a minimum, T 2 has a maximum value equal to 1, and when 
R2 ig a maximum, T has a minimum and is equal to 



Approximate Theory. In the case of an unsilvered glass plate the 
second reflected wave is almost as bright as the first one, and the 
others are much fainter. Hence an approximation to the result 
can be obtained by considering these two alone and neglecting the 
others. The optical length of the path difference of the two waves is 
2ue cos 6 ; hence on first thoughts one would imagine that the two 
waves would reinforce one another and that there would be a maximum 
when 2/ie cos 9=nX , where n is any integer. It was found on p. 141, 
however, that r= -r', that external and internal reflection at the plate 
diminish the amplitude in the same ratio, but that in the one case this 
diminution is accompanied with a change of sign. This change of 
sign is equivalent to a relative phase difference of n or an alteration in 
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the difference of the optical lengths of the paths by A/2. Thus there 
is a maximum when 2 fie cos 6 = (n+ J)A, the same result as was obtained 
by consideration of all the reflected waves. 

This result has important applications to the case of the colours of 
thin films, Newton’s rings, and Haidinger’s fringes. 

Colours of Thin Films. If a thin film of oil is spread over the surface 
of water and viewed in reflected light, brilliant colours are often seen. 
They are due to the interference of light reflected at the upper and 
lower surfaces of the oil film, the latter acting as a plane parallel plate. 
The colours are especially brilliant if the film is on the surface of a 
muddy puddle on the road, for the transmitted light is then wholly 
absorbed and no light comes from the bottom of the puddle to dilute 
the purity of the interference effect. The same effect can also be 
obtained from the skin of a soap-bubble or from the thin paper-like 
pieces of glass that are sometimes the result of an amateur’s glass 
blowing. 

When we look at a small area on the surface of such a thin film* 
the rays diverging from it to the eye are almost parallel. The rays 
diverging from the front and back surfaces come originally from the 
same source, probably a white sky, and hence are in a condition to 
interfere. If 2 y.e cos 6 = nX , the colour corresponding to that wave¬ 
length does not appear in the reflected light, and the film appears 
coloured. Owing to the rays received by the eye being not quite 
parallel, cos 6 is not the same for all of them. For one definite part 
of the spectrum to be blocked out, it is therefore necessary for n to 
be a small whole number and consequently for the film to be very thin. 

Newton’s Rings. If a lens, the surfaces of which have large radii 
of curvature, is placed on a glass plate and the point of contact 
viewed in white fight, it is seen to be surrounded by coloured rings. 
These were first observed by Hooke in 1665, they were studied and 

their radii measured very carefully by 
Newton, and they were first explained 
satisfactorily by Young. They arc due 
to interference between the fight waves 
reflected as the upper and lower surfaces 
of the air film contained between the 
lens and plate. 

In studying the formation of the rings 
Newton used telescope object glasses, 
the radii of curvature of which were 
many feet, and measured the radii of 
the rings formed by white fight directly 
with the eye. In the experimental arrangement employed in laboratory 
courses nowadays spectacle lenses are used with a radius of curvature 
of perhaps 1 metre, the source of fight is a sodium flame, and the 
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diameters of the rings are measured with a vernier microscope. 
Either of two methods is employed. The air film is formed by the 
lower surface of the lens L and the upper surface of the plate P {tigs. 
131 and 132). In the first method the light from the flame passes 
through the lens F, is reflected by 
the transparent glass plate G, and 
is brought to a focus on the film. 

It traverses the film vertically and 
is reflected by the surface of P, 
passes through G, and is then re¬ 
ceived by the microscope. The 
microscope is focussed on the air 
film. With this arrangement the 
rings are seen as a system of con¬ 
centric circles. In the second 
method the microscope is inclined Fio. 132. 

to the vertical at an angle 0 and the 

light from the flame makes approximately the same angle with the 
normal to the upper surface of L. In this case, as they are seen 
obliquely, the rings appear as a system of ellipses. 

The air film can be regarded as a plane parallel plate of slowly 
varying thickness. If R is the radius of curvature of the under surface 
of the lens, e the thickness of the air film at P, and CP=p (Fig. 133), 
then 

p 2 = c(2R - e) 



by considering the products of the segments of the horizontal chord 
through N and of the vertical chord through C. Since e is small this 


equation may be written 



Now consider the ray incident on the lens in the manner indicated by 

the dotted line. Let us suppose 
\ that the point P is so near C that 

\ the sides of the film may be con¬ 

sidered parallel. Then, if 2 fie cos 0 
\ J \ . / / =nA, the ray shown in the figure 

interferes with the ray reflected from 

^—- the upper surface of the film, and 

c p to an eye situated above the film 

F|n * 133 * appears black at P. On substituting 

for e, the condition for interference 


becomes 2 pp* cos 0/(2R) = nA or 


/x cos 0 


• (3) 
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Hence on the ring with this radius we have blackness and this ring 
is one of a series, the radii of the others being obtained by giving n the 
other integral values. The squares of the first n radii arc as the first 
n natural numbers. Similarly the radii of the bright rings, the loci of 
the points of greatest brightness, are given by 


(n+j)AR 
/X cos 9 



Since the film is air, p. may be put equal to 1. Then, if p n denote the 
radius of the 71 th bright ring and p n + t the radius of the (71 + 5 )“* bright 
ring, 

, .0 _(ti + s- 4)AR (n-J)AR sAR 

P n + * P n -TITd _ a 


COS 9 


COS 9 COS 9' 


whence 


COS0 

sR 


(5) 


When the diameters of the rings have been measured by the method 
shown in Fig. 131 or 132, the wave-length of sodium light can be 
calculated by the above formula. The case of Fig. 131 is obtained 
from the general case by making cos 9 equal to 1. The advantage 
of using formula (5) instead of (4) lies in the fact, that if the lens 
or plate is deformed at the point of contact or if the contact is not 
perfect, a constant quantity is added to or subtracted from the theo¬ 
retical value of the thickness, the whole system of rings is displaced, 
and for any one of them the square of the radius has not the value 
given by (4). Formula (5) is, however, unaltered, for it involves only 
the difference of the thicknesses at two points and this is still correctly 
given by the theoretical value. 

The usual way of making the calculation is to measure the diameters 
of, say, the first 16 bands, take 8 for s and take 1, 2, 3, ... 8 in 
succession for 71 , find the mean of the eight values of P 2 n+«“Pn 2 
thus formed and substitute in the formula. R is found by the sphero- 
meter and 9 is read from the microscope circle. The distinctness is 
usually improved by screening off part of the flame. This makes the 
area of the latter smaller and the light rays incident on the film more 
parallel. The rings can, of course, be observed by transmitted light 
but are then much fainter. 

The central spot of the system is black. This is due to the half 
wave retardation introduced by the one reflection being an “ external ” 
one and the other an “ internal ” one. If, however, the lens is made 
of crown glass, the plate is made of flint glass, and the space between 
filled with oil of sassafras, which has an index of refraction inter¬ 
mediate in value between the indices of refraction of crown and flint 
glass, then in each case the light is reflected at the surface of an 
optically denser medium, the half wave retardation disappears, and 
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the central spot of the system becomes bright. This experiment was 

first performed by Young. . ... 

If the light is white, the ring systems of the various constituent 

colours are superimposed. The result is a system of coloured rings, 
the colour at any point being not a pure spectral colour but including 
a considerable region of the spectrum. The order of succession of the 
colours from the centre outwards, seen by reflected light of course, 
was given by Newton as follows : (1) black, blue, white, yellow, red ; 
(2) violet, blue, green, yellow, red ; (3) purple, blue, green, yellow, 
red ; (4) green, red ; (5) greenish-blue, red ; (6) greenish-blue, pale 
red ; (7) greenish-blue, reddish-white. From the colours the thickness 
of the film can be obtained ; thus if the incidence is perpendicular, the 
ihicknesses corresponding to the reds at the ends of (1), (2), (3), (4), and 
( 5 ) i.e. the reds of the first, second, third, fourth, and fifth orders, 
are 2-5 10" 6 cms., 5-0 10-* cms., 8-0 10-* cms., 10 10" 5 cms., and 
13 10“ 5 cms. 

A good way of studying the colours of the rings in white light is 
by means of C. V. Boys’ Rainbow Cup. This consists of a horizontal 
brass ring of about four inches diameter, which can be rotated rapidly 
about a vertical axis. A soap film is stretched across the ring, and 
when the latter rotates, owing to the centrifugal force called into 
play, the thickness of the film becomes very small at the centre and 
increases outwards from the centre to the edge. When the speed is 
properly adjusted a black spot can be seen at the centre surrounded 
by coloured rings, and the diameters of the surrounding rings can be 
altered by varying the speed of rotation. 

Haidinger’s Fringes. If instead of a thin film a plate of glass 3 or 
4 mm. thick is taken, interference fringes formed by rays reflected from 
the front and back surfaces of the plate can 
be observed. Only it is necessary that the 
surfaces of the plate should be accurately plane 
and parallel, since the distance between the 
points where the interfering beams cut tho 
surfaces is so much greater. Also the light 
must be monochromatic because for any given I 

value of 6, owing to the large value of e, values 
ol n can be found to satisfy every colour in 
the spectrum; thus if white light is used, the 
different coloured fringes combine to produce 
a general white illumination. 

Such fringes were first observed by Haidinger 
(1849) and afterwards studied independently 
by Mascart«and Lummer. They are best fig. I34> 

observed with a telescope focussed for infinity 

and pointing at right angles to the plate, the iucident light being 
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reflected by means of a mirror, as shown in Fig. 1.54, so as to fall on 
the plate normally. If the plate is perfectly plane parallel the inter¬ 
ference figures are then a system of concentric rings, the centre of which 
lies on the axis of the telescope. The shape of these figures can be 
used as a very accurate test of the parallelism of plates. 

The accuracy of a plane surface can be tested more easily by placing 
it against a surface that is known to be optically plane, illuminating 
the air film thus formed with sodium light and examining the contour 
of the interference figures. 

Applications of the Interference of Light. Besides their use in 
testing the parallelism of surfaces interference figures have also been 
employed in determining small changes in the index of refraction, in 
evaluating the wave-length of certain standard radiations in terms 
of the unit of length, and in studying the constitution of spectral lines. 
The application to the study of spectral lines will be left over to another 
chapter, but the other two applications will be described here. 

The determination of the index of refraction of a substance by the 
method of minimum deviation or the method of total reflection reduces 
itself to the measurement of an angle. With a good spectrometer an 
angle can be read to 10 seconds and the index of refraction obtained to 
the fourth decimal place. The spectrometer is the most suitable in¬ 
strument to use if the absolute value of the index of refraction of a 
solid or liquid is required. If, however, it is desired to measure a 
small change in the index of refraction of a solid or liquid, or if the 
substance under investigation is a gas, then other methods are more 
accurate. For suppose that a pencil of rays passes through the 
substance and that the actual length of the path in the substance is 
10 cms., then if the optical length of this path changes by one wave¬ 
length, the index of refraction of the substance changes by 5 10-&/10, 
i.e. by 0*000005. Now it is easily possible to measure a change in 
the optical length of a path to one-fifth wave-length and hence by 
this method with a thickness of 10 cms. to obtain a change in the 
refractive index 100 times as accurately as with a spectrometer. 
Instruments embodying this principle are called interference refracto- 
meters or interferometers. 

Fig. 135 explains the construction of Jamin’s refractometer. A 
and B arc two rectangular glass blocks of exactly equal thickness, 
made usually by cutting one block in halves. The rays diverging 
from a source S are made parallel by a convex lens and then fall on 
the surface of the block A, giving rise to a reflected beam C and a 
refracted beam. The latter, after reflection at the back of the block 
and refraction at the front, gives rise to the beam D. Both the beams C 
and D fall on the block B. If we consider only the portion of C that 
enters the block and is reflected at the back, and the portion of D 
that is reflected at the front, both beams superimpose after leaving 
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B. They come from the same source and therefore are in a condition 
to interfere. The optical lengths of the two paths are not equal unless 
the blocks are parallel; 
hence if the block B is \ s 

rotated in the manner 
indicated in the figure, 
the relative phase 
difference constantly 
alters and interference 
bands cross the field 
of a telescope placed 
to receive the emer- F,0 ‘ 136 * 


H 





m 


gent rays at T. When t 

the blocks approach the stage of absolute parallelism, the effect of 
inhomogeneity in the glass and inaccuracy in the surfaces begins to 
show and we obtain thick irregular figures. The back surfaces of 
the blocks A and B are silvered. The more nearly parallel the blocks 
are, the broader are the interference bands. Bands of this nature 
were first observed by Brewster. 

If, for example, it is desired to measure the index of refraction of 
a gas, equal and similar tubes, closed at the ends with similar pieces 
of optically worked glass, are inserted one in the path of each beam, 
as shown in the figure. Initially the tubes are evacuated ; then, by 
means of an arrangement not shown, the gas is allowed to slowly 
enter one of them. As it does so, the optical length of the path 
through that tube increases and interference bands move past the 
cross-wires of the telescope. The number that passes gives the 
increase in the optical length, and consequently, since the length of 
the tube is known, the index of refraction. The pressure at any 


stage can be read off from a manometer in connection with the tube. 

Instead of counting the number of bands that pass, the same band 
may be kept on the cross-wires all the time by means of Jamin’s 
compensator. This consists of two equally thick glass plates, the 
angle between which is kept fixed, and which can be rotated together 
about a horizontal axis indicated by a dotted line in Fig. 135. The 
compensator is placed with one of its plates in the path of each beam. 
When the two beams make equal angles with the plates, the optical 
lengths of their paths through the plates are the same, but, when the 
plates are rotated, a relative phase-difference is introduced and this 
latter can be used to compensate the phase difference produced by the 
entering gas. It can be estimated from the angle through which the 
plates have been turned. The sensitiveness of the compensator ?an 
be varied by altering the initial angle between the plates. 

In Rayleigh’s refractometer (Fig. 136) light from a slit S is made 
parallel by a lens, passes through the two tubes which are soldered 
together side by side, then through two slits and is finally brought to 
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a focus by the lens L.. The interference figures are formed in the 

focal plane of this lens and are 
examined b y an eyepiece. 

Fio. 136. * Michelson’s Interfero¬ 

meter. Michelson’s interfero¬ 
meter is capable of the same uses as Jamin’s or Rayleigh’s refracto- 
meters but has been used for other and more important purposes. 
Its principle is shown in Fig. 137. The light from a source S separates 
at the back of the plate A into two beams, one of which goes to the 
plane mirror C and is then returned exactly on its path to 0. The 
other passes through the glass plate B to the plane mirror D and is 
reflected back on its path to the 
back surface of A, where it is re¬ 
flected to 0. The two beams may 
be examined at 0 by a telescope. 

The back surface of A has a thin 
layer of silver deposited on it, so 
as to reflect about as much light as 
it transmits. The glass plate B is 
introduced to make the paths of 
the two beams symmetrical, as 
otherwise the beam to C would 
twice pass through a glass plate 
while the path of the other beam 
would lie wholly in air. The two 

plates A and B are placed parallel to one another and are worked 
originally in a single piece, which is afterwards cut in two. Both C 
and D are silvered on their front faces. 

Fig. 138 shows one construction of the instrument. The mirror 
D is on the right of the diagram, and the mirror C is mounted on a 
metal slide. The direction of the motion is shown by the arrow in 
Fig. 137. It is very essential that parallelism of this mirror should 
be maintained when it is moved from one position to another. 

To adjust the instrument a small object, for example a pin, is held 
up between the source and the plate A. The observer at 0 sees two 
images of this pin, one formed by each beam. The fringes appear 
when these images are made to coincide. When white light is used, 
the fringes appear only when the paths AC and AD are equal. 

The standard of length at the base of all scientific measurement 
is the standard metre, which is defined as the distance between two 
lines ruled on a metal bar made of an alloy of platinum and iridium. 
This bar is kept at the International Bureau of Weights and Measures 
at Sevres. This standard is, of course, an arbitrary one; it is con¬ 
ceivably possible that in the course of time it and the copies made 
of it, which are in the same metal, might change by an extremely small 
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fraction of a millimetre. The wave-lengths of spectral lines are 
invariable natural units. So if the standard metre were evaluated in 
terms of a certain definite wave-length, it could be checked at future 
times This was done by Michelson in 1892. The wave-lengths 
chosen were those of the red, green, and blue lines of cadmium, which 
are extremely homogeneous ; broad fines or fines accompanied by 
satellites will, of course, not produce satisfactory interference fringes. 
The details of the method would take too long to describe, but it in¬ 
volved measuring the distance between fixed plane mirrors on certain 
etalons.” The etalon was placed on the interferometer in place of 



Fio. 138. 

tbe mirror D and the movable mirror C gradually moved from coinci¬ 
dence with the one mirror of the etalon to coincidence with its other 
mirror. The number of fringes that passed during the operation 
was counted, and the result gave the distance between the two mirrors 
of the etalon in wave-lengths. 

The final result of the investigation was, that the number of light¬ 
waves in a standard metre was found to be for the red radiation 
of cadmium, 1,553,163-5, for the green 1,966,249-7, for the blue 
2,083,372-1—all in air at 15° C. and at normal atmospheric pressure. 

Lippmann’s Colour Photography. If on the light wave 
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progressing in the + x direction we superimpose an equal wave 

, 277/ x\ 

progressing in the -x direction, the resultant disturbance is given by 

, 2ir/ x\ 2 tt( x \ 

6C03 7^-J + 6C0S r(' + i) 


which reduces to 


0 , 2nt 2ttx 
26 cos — cos -r-, 
T A 


where A is written for vr. If this expression is plotted as a function of i 
for different values of l, it is found that it oscillates from the form 


Ok 27TX 

26 cos 


through a straight line to the form 


• 26 cos 


2rrx 


and then back again through a straight line to the first form. The dis¬ 
placement is always zero at the points given by cos 2 ttx/A = 0, i.e. by 
x=*(2n + l)A/4, where n is any integer, and it has its maximum value at 
the points given by cos 2 ttx/A - ± 1, i.e. by x - nA/2. The former points are 
called nodes and the latter are called loops or antinodcs. The expression as 
a whole is said to represent stationary waves because the wave does not 
progress ; the crests keep on appearing and disappearing at the same 
points. 

If light is reflected perpendicularly by a perfectly reflecting surface, 
stationary waves are formed, and if a phase change of half a wave-length 
occurs at the surface, there is a node at the surface and also at distances of 
A/2, A, 3A/2, etc., from it. Between the nodes there are loops. In 1891 
Lippmann introduced a system of colour photography depending on this 
fact. A photographic plate was placed in a camera with the glass side 
facing the lens and the other side of the sensitive film was backed with a 
reflecting layer of mercury. The light entered the film from the glass, was 
reflected by th6 mercury and passed back through the film to the glass 
again. Inside the film it formed stationary waves. At the nodes there 
was no displacement and consequently no photographic action; at the 
loops there was a maximum of photographic action. When the film was 
developed and fixed, the silver in it was reduced in laminm in the anti- 
nodal planes and not uniformly through the whole thickness of the film. 
Thus after development the film consisted of a great number of equidistant 
reflecting planes all parallel to the mercury surface and distant A/2 from 
one another. The thickness of silver in each reflecting plane was so 
small that they were transparent. 

Suppose now that white light is incident on this system of planes, then 
each plane gives rise to its own reflected wave. If we consider the different 
constituent colours of the white light separately, the reflected waves rein¬ 
force one another in the case of that colour for which half the wave-length 



INTERFERENCE 153 

equals the distance between the planes. For all other colours the reflected 
waves interfere and destroy one another. Thus when the plate is viewed 
normally in white light, each part of it appears in the colour of the radiation 
to which it has been previously exposed, and the whole plate gives an 
image of the original object in its natural colours. 

Microscopic sections of the films have been prepared and the reflecting 
laminaj rendered visible to the eye. A photograph of such a section is 
shown on Plate I. Lippmann’s process is a very difficult one to carry out 
and has consequently been little used. It requires special plates with a 
grain finer than that of the commercial plates. 

Determination of Angular Diameter of Stars. It is stated on p. 85 
that the resolving power of the Yerkes telescope, the most powerful 
one hitherto employed in astronomical observation, is £ second. 
That is, it can separate two stars J second of angle apart. 

The planets, of course, appear as discs when viewed in a large 
telescope, but the stars are still points, and owing to their very great 
distance from the earth it was formerly thought that they would 
always remain points, that the telescope would never inform us as 
to the angle which their diameters subtended at the earth As 
a result of recent work in astronomy, however, our knowledge of 
the stars has very greatly increased and apparently the angular 
diameters of some of them could not be much below the limit of 
resolution of the Yerkes telescope. Still, owing to the difficulty of 
making an object glass with a larger diameter than 40 inches, it did 
not seem feasible to measure these angular diameters directly. They 
have been measured at the Mount Wilson observatory in America 
by an interference method due principally to Michelson. 

In order to understand this method consider Fig. 139, which 
represents Young’s interference experiment. The interference bands 
are formed in the region 
ED on the screen. Let 


breadth of the slit S 
subtends an angle a at 
the midpoint of AB and 
that the light is monochromatic and of wave-length A. The distance 
of S from the midpoint of AB, which we shall call L, is much greater 
than l. We can resolve S into a number of thin slits and consider 
the effect of each of these separately. The upper edge of S is nearer 
A than B : consequently the centre of the system of fringes it wouid 
produce alone is below the middle of ED. Similarly the centre of the 
system of fringes produced by the 'ower edge of S is above the middle 
of ED. 


us suppose that the 
slits A, B are infinitely 
thin, that they are dis¬ 
tant l apart, that the 
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The difference of the squares of the distances of the upper edge of 
S from B and A respectively is 

«M + $Z)2 + L 2 } - {(ial - JZ)* ■+ L 2 }= all. 

Hence the difference of the distances is approximately \al. Let us 
suppose that this is equal to JA, that al= A. Then the wave at A is 
half a wave-length ahead of the wave at B ; consequently the centre 
of the system of fringes will be formed at what would normally 
be the middle of the first dark band below the geometrical centre of 
ED. By symmetry it follows at the same time that the centre of 
the system of fringes formed by light from the lower edge of S is 
situated at what would normally be the middle of the first dark band 
above the geometrical centre of ED. Thus the two systems of bands 
superimpose. But the bands formed by the other elementary slits 
into which S can be divided occur equally spaced over the interval 
between the end systems. Hence the minima are filled up, the bands 
disappear, and we obtain uniform illumination. 

If the separation of A and B is variable, but all the other quantities 
remain fixed, when l is very small the bands are sharp. As l is increased, 
they become indistinct. Finally when l becomes equal to A/a, they 
disappear altogether. When l increases beyond this value, they re¬ 
appear. Hence from a knowledge of the critical value of l , a can be 
calculated. 

If instead of a slit at S we have a circular aperture of uniform 
brightness, the principle remains the same, but the calculation becomes 
more involved and the critical value of l is given by aJ=l*22A. This 
factor 1*22 is the same as occurs in the expression for the resolving 
power of a telescope on p. 187. 

Fig. MO shows how the method was put into execution. A 20-foot 
girder LL which carried two movable mirrors AA and two fixed mirrors 

BB, 4 fc-3t apart, was attached 
to the top of the 100-inch 
Hooker telescope in the Mount 
Wilson Observatory. The two 
beams of light from the star 
formed interference bands in 
the focal plane of the telescope. 
The distance l corresponds to 
the distance between the mir¬ 
rors AA. Observations were 
first made on the star Betel- 
geuse, which from theoretical 
considerations should have the greatest angular diameter of all stars, 
namely -051*. It was found that the bands disappeared when the 
mirrors AA were 10 feet apart. If the mean value of A is assumed to 
be 5500 A.U. this gives 


A 

B B 
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A 
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Fio. 140. 


Plate 1 



Section through a Lippmann film showing 
two systems of stationary waves. 



Diffraction at different “straight edges.” I is a razor blade, II a tube of radius 
38 mm., Ilia glass plate bent into a curve of radius 40 m., and IV the same covered 
with soot. Distance of edge from source 24‘17m, and from plate 15 47m., \ = 0*46u. 
The curve gives the theoretical value of the intensity, x=o being the geomctricai 

shadow. By W. Arkadicw. 
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1-22 x 5-5 x 10-5 x 180x602 
a ” 10 x 30-48 xtt 
= •046". * 

If however, we assume that the star is not a uniform disc, but that 
its brightness falls off towards the edge according to the same law as 
for the sun, a comes out at -049" in close agreement with the theoretical 

prediction. t 

The result for Betelgeuse was obtained in 1920. Since then the 
method has been applied successfully to many other stars. 


Hilger Interferometer. The Hilger interferometer is a development 
of the Michelson Interferometer made by F. Twyman for testing optical 
Burfaces. It has been of great use in working out some of the modern 
wide aperture lenses. Fig. 141 shows a form of it used for testing 
the surfaces of a prism arranged for 
the correction of a 60° prism. 

The light from the source S is colli¬ 
mated by a lens and falls as a parallel 
beam on a plane parallel plate A, the 
second surface of which is lightly sil¬ 
vered. Part of the light passes through 
this surface and is refracted by the 
prism to the mirror D and then back 
through the prism to the plate A, 
where it superimposes on the other 
part which has been reflected by the 
mirror C. The recombined beams are 
then focussed by a lens on the eye of 

the observer. The observer sees the inequalities on the surface of 
the prism contoured by interference bands, and the surface is worked 
until these bands disappear. 



1 

m 




^SjE 

m 
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Fio. 141. 


EXAMPLES 

(1) Supply the missing part of the proof on p. 129. Show rigorously that 
if DG (Fig. 118) touches the large circle at G it also touches the small circle 
at S. 

(2) Show that according to the corpuscular theory of light, when a corpuscle 
is incident upon an optically dense medium, the increase in the normal com¬ 
ponent of its velocity is v sin (t'-r)/sin r, where v is the resultant velocity in the 
initial medium and i and r are the angles of incidence and refraction. 

(3) Show that when a light corpuscle is refracted, its gain in kinetic energy 
is independent of the angle of incidence. Hence the refraction of a corpuscle 
from air to glass can be regarded as due to a force of attraction, which acts in 
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the direction of the normal, has a constant value F within a thin layer immediately 
above the surface of the glass, and is zero outside this layer. 

SI ow that by analogy with a projectile under gravity the corpuscle passes in a 
parabolic arc from its straight flight in air to its straight flight in glass. Also 
show that in the case of total reflection at a glass-air surface the totally reflected 
corpuscle enters the air, describes a portion of a parabola in it and returns again 
to the glass. 

(4) Derive the formula for the spherical mirror in the same way as tho formula 
for the lens is derived on p. 131. 

(5) Derive the formula for refraction at a spherical surface in the same way 
as tho formula for the lens is derived on p. 131. 

(6) Lord Rayleigh has given the following simple method of seeing Young’s 
interference bands. Two small pieces of silvered glass are taken and a fine lino 
ruled on ono of them and two fine linos ruled as close together as possible on the 
other. The ruling removes the silver and tho lines act as slits. The pieces 
of glass are then mounted in a short tube, which is held with the double slit closo 
up to the eye. When the slits are parallel the bands are seen. 

Show how to calculate their angular separation. (Instead of silvered glass 
surfaces the lines may be ruled on photographic plates which have been exposed 
and developed until they are black all over, or for tho slits dense negatives may 
bo made from black lines drawn on a white card.) 

(7) Interference bands are produced by a Fresnel's biprism in the focal piano 
of a reading microscope. The focal plane is 100 cms. distant from the slit. A 
Ions is inserted between the biprism and microscopo and gives two images of the 
slit in two positions. In tho one case the two images of the slit are 4 05 mm. 
and in tho other case 2-90 mm. apart. If sodium light is used, find tho distance 
between the interference bands. 

(8) A plane wave of light is incident on the upper surface of a plane Darallcl 
glass plate at such an angle that tho amplitude of tho reflected wavo is -2 of the 
amplitude of the incident wave. Find tho amplitude of tho wave transmitted 
through tho plate. Disregard all the internal reflections except tho first. * 

(9) A plane wave of amplitude unity is incident on a plane parallel plate 
at such an angle that r, the amplitude of the first reflected wave, is 0-30. Derive 
an expression for the amplitude of the resultant transmitted wave and calculate 
the numerical values betweon which it varies, neglecting the variation of r with 
the angle of incidence. 

What would these values be if we took only the first two transmitted waves 
into consideration ? 

(10) If tho fraction of light reflected at the first surface of a parallel plate bo 
r (there being no regular interference), that transmitted by the first surface, 
reflected by the second and again transmitted by tho first is r(l-r) 1 . That 
reflected three times and transmitted twice is r 3 (l —r) 2 , etc. Hence the 
whole reflected light is R = r-f(l-r)*(r + r* + r § . . .)=2r/(l + r). 

(11) Newton s rings are formed between a plane surface of glass and a lens. 
The diameter of the fifth black ring is 9 mm. when sodium light is used, and the 
light passes through the air film at an angle of 30° to the normal. Find tho 
radius of the glass lens. 

(12) A convex spherical lens, the radius of curvature of tho under surface 
of which is 20 cms., rests on a concave cylindrical lens, the radius of curvature of 
the upper surface of which is 40 cms., contact taking place at the lowest point. 
Tho combination is used to produce Newton’s rings in the arrangement shown in 
Fig. 131. What is the shape of the rings in this case ? 

(13) A soap film illuminated by white light gradually becomos thinner as 
tho liquid drains away. It is placed in front of the slit of a direct vision spectro¬ 
scope, which is held in a stand so that the slit is horizontal. Describe and 
explain the phenomena which are observed. 
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(14) Show that the phase difference between the two rays in a Jamin’s inter¬ 
ferometer is given by (cos 0,-cos 0 2 ), where 0, and 0, are the angles of 

refraotion in the two blocks of glass and e is their thickness. 

Two plates of glass of 10 cms. thickness, n„= 1*526 and coefficient of linear 
expansion 0-000008, are placed one in the path of each ray. The temperature of 
one of the plates of glass being raised 40° C., 14 interference bands cross tlie field 
of view. What has become 1 



CHAPTER X 

DIFFRACTION 

Huygens’s construction (p. 128) explained satisfactorily the re 
flection and refraction of a plane wave. In the form in which he gave 
it, it was unable to explain the rectilinear propagation of light. It was 
also unable to explain why the wave was not propagated backwards. 
For example, in Fig. 142, if AB is a wave front diverging through a 
hole in a screen from a source S, and if with different points on AB 
as centres circles are drawn to represent secondary waves diverging 
from these points, these secondary waves travel round behind the 
screen at G and H. But there is darkness behind the screen at G and H. 
We have thus an apparent contradiction between theory and experi¬ 
ment. Also, the secondary waves touch in the surface EF as well 




as in the surface CD. If every point in the wave front is to be regarded 
as a secondary source, why is a wave not propagated backwards as well 
as forwards ? 

This difficulty about the light waves not bending round corners was 
one that the wave theory took a long time to get over. It was all the 
more pressing because in the analogous case of sound, which was 
known to be propagated by waves, the shadows were never sharp and 
the waves did bend round corners. The difficulty was explained away 
by Fresnel. 

Fresnel’s Explanation of the Rectilinear Propagation of Light. 

Let AB be a plane through which a plane wave is passing from left to 
right, and let P be a point at which it is desired to ascertain the effect 
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of the wave. It is assumed that the light is monochromatic and that 
the wave consists of an infinite train of sine waves. 

Draw PO perpendicular to AB and let PO =p. 0 is said to be the pole 

of P. Then with centre P and radii p, p + |A, p + A, p + f A, etc., describe 
spheres. These spheres cut AB in circles, of which two are drawn— 
those cut by the spheres of radii p + (n -1 )A/2 and p + nA/2. A straight 
line is drawn through 0 to cut the circles in K n _i and K n . Then the 
area of the zone comprised between the two circles is 


w(0K 2 „- 0K 2 n _i) 

= 7r({PK 2 n - p 2 } - {PK 2 n _ i - p 2 }) 
= 7T(PK 2 n -PK 2 n _ 1 ) 

(n-l)A 


= 7TpX, 


P + 


D 


if we neglect the A 2 terms in comparison with the others. The area 
of the zone intercepted between any two successive spheres is thus 
always the same. 

Let us regard every point on the plane as being in a state of vibra¬ 
tion and sending out waves. Then the light vibration at P is due to 
the superposition of these waves. Since the incident wave is a piano 
one, all the points on AB are in the same phase. Their distances from P 
are different, however, and consequently the secondary waves which 
they send out arrive at P in different phase. The distance of P from 

points in the first zone lies between p and p + ~> ^ rom points in the 

second zone between p + ^ and p + A, and so on ; consequently if the 

resultant amplitude due to points in the first zone is positive, that duo 
to points in the second zone is negative, that due to the third zone is 
positive, and so on, and S, the resultant effect at P, can be written in 
the form of a series 


S =m l -m 2 + m 3 -m 4 . . . +(-l)" + 1 w f|f 

where the successive terms represent the effects of successive zones and 
wij, m 2 , m 3t etc., are all of the same sign. 

It has been shown above that the zones have equal areas, at least 
for small values of n ; for large values the area increases very slowly 
with n. The amplitude of a light wave varies inversely as the distance 
from the source, and the distance of the zones increases with n. This 
increase in distance more than compensates for the slight increase in 
area. Hence each term of the series is slightly smaller than the one 
before it. 

To sum the series we use the following method which is due to 
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Schuster. „ Assume that the last term of the series is odd. The term? 
can be grouped in two different ways, 

+?)+ ■ ■ • 

Then, if each term is greater than the arithmetical mean of the pre - 
ceding and following ones, the brackets are all negative, and the above 
two equations can be written 

2 2 ’ 

and + 

But since the terms of the series diminish very slowly in size, m, caD 
be written for m 2 and m n for m n ^ x . The limits between which S is 
enclosed become equal and consequently 

m, 

T + ~2- 

The cases when n is even and when each term is less than the arith¬ 
metical mean of the preceding and following terms can be treated 
in the same way. We thus arrive at the general result, that the 
effect of the whole wave at P is equal to half the effect of the first and 
last zones. 

It is necessary for the validity of this result that the terms in the 
series should diminish regularly and very slowly. 

In Fig. 144 let the square 
drawn with the full lines be an 
aperture in a screen and let a 
plane wave fall on the aperture 
in a direction at right angles to 
the plane of the screen. Let A 
be the pole of a point at which 
it is desired to find the effect 
of the light wave. A is a con¬ 
siderable distance from the edge 
of the aperture, so that, if zones 
are drawn round A, by the time 
they intersect the edge they have 
Hence the diminution in effective 
area takes place slowly, the terms in the series diminish slowly and 
the above result can be applied. The last zone may be drawn entirely 
off the aperture. Thus the effect of the whole wave reduces to half 



a large diameter and are very thin. 
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the effect of the first zone at A. Similarly, if the pole is at D, the 
effect reduces to half the effect of the first zone round D, which of 

course is zero, and we get no light at all. , ,, 

But if the pole is at B inside the aperture and near its edge the 
effective area of the zones diminishes rapidly and the above theory 
does not apply. Similarly, if the pole is at C outside the aperture 
near the edge, the effective area of the first zones that intersect the 
edge increases too rapidly for the theory to apply. 

As a result, therefore, we can state that there is uniform illumination 
at all points whose poles lie inside the inner dotted square, and 
that there is perfect darkness at all points whose poles lie outside the 
outer dotted square. As to the points whose poles lie between the 
two dotted squares, our theory as yet gives no information. Owing 
to the smallness of the wave-length of light the sides of the two 
dotted squares lie close to the edge of the aperture. 

We have thus proved the rectilinear propagation of light on the 
basis of the wave theory, but at the same time have shown, as was 
mentioned on p. 3, that it is only approximate. The rays pass 
through the aperture unaffected only if they do not come too near 
the edge. Thus to the original statement of Huygens’s principle 
Fresnel added the idea of the destructive interference of the different 
zones and explained why generally light waves do not bend round 
corners to any large extent. If an aperture in a screen were so small 
that the whole area lay in a single zone for all points on one side, 
the light rays though incident normally on the other side would diffuse 
in all directions on passing through. But for this to happen in the 
case of light the aperture would have to be very small indeed. In 
sound, however, it is the usual case. If p is 100 cms. and the wave¬ 
length that of Na light, the radius of the first zone is VpA = -076 
cm. In the corresponding problem in sound, if the wave-length 
under consideration is that of middle C on the piano, which is about 
120 cms., the radius of the first zone is 109-4 cms. We can appreciate, 
therefore, what a difference the larger wave-length makes. 

In this section only the case of a plane wave-front has been treated, 
but a spherical wave-front can be divided into zones and dealt with in 
the same way. 


Mathematical Statement of Huygens’s Principle. As mentioned 
on p. 159 the distance from P of points in the first zone varies between p 
and p + A/2. By dividing the first zone into rings it can be shown 
that the phase of the resultant wave due to it at P is that of a wave 
that has travelled a distance p + A/4 from 0. But the actual wave 
travels only a distance p between 0 and P Hence Huygens’s principle, 
as extended by Fresnel, gives the phase of the wave wrong. It also 
does not explain why a wave is not propagated backwards. 

This has been done by Kirchhoff, who has derived a more rigorous 
6 
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statement of the principle from the differential equation for wave- 
motion. This more rigorous statement also gives the phase right. 
It will be proved in Chapter XXIII. Here the result will merely bo 
stated. It runs 




) js - 


&n 8n 


t/ P gives the light vibration at the point to be investigated. This 
point is taken as origin and round it a closed surface is drawn ; d S is 
an element of area on this surface, n is the direction of the normal 
to dS drawn outwards, and r is the distance of dS from the origin, u 
is the light vibration on dS. The real part of the integral is taken. 


Diffraction. As has been shown, then, if a plane light-wave 
comes through an opening, it forms an image of that opening on a 
screen behind it, but the edges of the image are not sharp. Similarly, 
if a shadow is cast by an obstacle, the edges of the shadow are never 
perfectly sharp, no matter how parallel the incident light is. The 
preceding calculation does not inform us how the intensity varies at 
the edge, but we may anticipate the results of the following sections 
by stating, that the light always encroaches to some extent on the 
geometrical shadow, and that in the light near the edge of the beam 
there is a rhythmic variation in the brightness. If, for example, a 
very narrow slit is parallel to the straight edge of an obstacle and a 
screen is placed on the opposite side of the obstacle to receive its shadow, 
then the geometrical shadow is bounded by the plane through the slit 
touching the straight edge, and it is found that some light from the 
slit bends round behind the obstacle and meets the screen in the geo¬ 
metrical shadow, also immediately outside the geometrical shadow 
and parallel to its edge there are several dark bands. 

Such phenomena are said to be due to diffraction. They were 
first studied by Grimaldi about the middle of the seventeenth century 
and afterwards by Hooke and Newton. The first attempt to explain 
them on the wave-theory was made by Young, who attributed them 
to the interference of the direct light that passed close to the edge 
with the light reflected at grazing incidence. If this explanation 
were true, the bands should be affected by the sharpness of the edge, 
its degree of polish and its material. Fresnel showed experimentally 
that they were not, and that hence Young’s explanation is untenable. 
Diffraction phenomena are due to the interference of the direct light 
with itself. They are more difficult to produce and measure than 
interference bands. 

In geometrical optics diffraction is ignored. Thus the laws of 
geometrical optics are not absolutely true. Even if the lens were 
perfect, a point image would never be formed of a point object but 
the image would always have a finite size. 
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Circular Aperture. If a plane wave is passing through a small 
circular aperture in a screen in a direction at right angles to the 
plane of the screen, the intensity can be determined for a point on 
the axis by dividing the aperture into zones. If there is an even 
number of zones in the aperture, the intensity is zero ; if there is an 
odd number, all the zones cut out except the first one. In the ordinary 
propagation of a plane wave the amplitude at a point is half what 
would be caused by the first zone ; hence in this case the amplitude 
and intensity have respectively twice and four times their values for 
an unlimited wave. If r is the radius of the aperture and b the 
distance of the point from the cen tre of the aperture, i ts distan ce 
from the circumference is -v/6 2 + r 2 , which is equal to b\Zl+r 2 /b 2 or 
b + r 2 /(2b) t since r is small in comparison with b. Hence for an even 


number of zones 
r 2 


r 2 


^=nA and for an odd number ^=(n +J)A, 


where n is an integer. Consequently as the point moves in along the 
axis towards the aperture and r 2 /(26) increases, the number of zones 
becomes odd and even in succession, and the intensity alternates 
between four times the normal and zero. 

If the point is not on the axis, the edge of the aperture is no longer 
concentric with the zones and there is no elementary way of calculating 
the intensity. But in this case, if the aperture is small, by drawing 
it and the zones on a very large scale the intensity may be obtained 
graphically. For the sums of the areas of the odd and even zones 
included in the aperture can be measured either with a planimcter or 
by drawing them on squared paper and counting the squares, and 
the effect of the whole aperture may be regarded as proportional to 
their difference. By proceeding in this way we find that, if the 
aperture comprises only a few zones, the axis is surrounded by rings. 

If the aperture is so small that it comprises only a fraction of the 
first zone, the point under investigation can be moved a considerable 
distance from the axis before the differ¬ 
ence of its distances from the nearest and 
farthest points on the aperture amounts 
to half a wave-length. Consequently in 
this case the light diffuses far outside the s 
geometrical shadow of the aperture. 

It is obvious that in the case of the 
pinhole camera there is nothing to be 
gained in sharpness by making the hole 
smaller than the first half zone with 
reference to a point on the axis. 

If instead of coming from infinity the 
incident wave diverges from a point on the axis distant a from the plane 



Fig. 145. 
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of the aperture, the wave-front is spherical and the condition for an 
even number of zones in the aperture is no longer EP-CP = nA but 
EP — OP —nA. Since C0= EC 2 /2S0 = r 2 /2a approximately, this condition 
reduces to 

Circular Obstacle. If a plane wave is incident on a circular disc 
in a direction at right angles to its plane and it is desired to find the 
intensity at points on its axis, we lay off zones in the plane of the 
disc taking the edge of the disc as the inner boundary of the first 
zone. Then, if the effects of the different zones are summed in the 
manner of p. 160, it is found that the effect of the whole wave is equal 
to half the effect of the first zone. If the disc is small, the latter has 
almost the same value as if there were no disc and it were laid off at 
the foot of the perpendicular. Hence the intensity on the axis is the 
tame as if the disc were away. Round this bright spot on the axis 
there are alternately dark and bright rings. 

The occurrence of the bright spot on the axis was deduced by 
Poisson as a result of Fresnel’s reasoning and urged as an argument 
against the correctness of the latter. It was tested experimentally by 
Arago and he found the theory right. It had been discovered experi¬ 
mentally by Delisle about 1715, but his observations had been for¬ 
gotten. 

The experiment can be performed with a threepenny piece sus¬ 
pended vertically by threads and illuminated by sunlight through a 
pinhole at a distance of 15 or 20 feet. The bright spot should be 
viewed with an eyepiece at an equally great distance on the other 
side. 

Photographs of diffraction figures formed by a circular aperture 
and by a circular obstacle are shown on Plate II. 


Zone Plates. 

given by 


On p. 159 the radii of the edges of the zones were 



-p 2 =pnX. 


Draw on a plane screen a senes of concentric circles with radii given 
by the above formula and suppose that these zones are alternately 
opaque and transparent. If a plane wave falls normally on the screen, 
the phases of the secondary waves emitted from each transparent zone 
agree at a point on the axis at a distance of p from the screen. If m 
denotes the effect of the first zone and N the total number of zones, 
then the amplitude at this point is roughly proportional to ^Nm. 
The illumination at the point is thus roughly N times what it would 
be if the screen were removed. The screen thus acts as a convex 
lens of focal length p. 



Plate II 



Circular Aperture ami Circular Obstacle .—The source and photographic plate were distant 27 77 and 1170 
metres from the aperture or obstacle. Diameter of source was less than l 'Sirnn. X=0’46/i. n is size of 
aperture or obstacle measured in zones. Photo by W. Arkadiew. 
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Such screens are called zone plates. They may be made by 
drawing concentric circles on a sheet of paper with their radii accurately 
proportional to the square roots of the first n natural numbers, blacking 
out the alternate zones and making a very reduced copy by photo¬ 
graphy. The glass negative will then act as a zone plate provided 
that the thickness of the glass is sufficiently uniform. If is, of course, 
extremely important that the lens used for the reproduction should 
have no appreciable distortion, i.e. it should not alter the relative 
lengths of the different radii. Fig. 146 is a copy of a drawing made 
for the purpose of constructing zone plates. They would have to be 


Rio. 146. 


very much reduced; with the circles the same size as in the figure p 
would be about fifty metres. 

There are formula for a zone plate analogous to those for a lens. 
Let CD be a zone plate, AB be its axis, and let C and E be corresponding 
points on two successive clear zones. Since CD is small in comparison 
with AD we may write 

AC=\/ AD 2 + CD 2 =ADVl +CD 2 /AD 2 =AD + CD 2 /(2AD). 

A corresponding expression may be obtained for CB ; hence 

AC+CB = AD+DB-r— (- + —). 

2 \AD DB/ 

Similarly 

AE+EB = AD + DB + — ( L + i-V 

2 \AD DB/ 
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The difference of the two paths from A to B is 

l(ra + m)i CD, - ED! >-5(ra + M) 2 ^ 
1 1 - 
If 


AD 


the difference is nA. Consequently the rays through 

any two successive transparent zones reinforce. Hence, if a luminous 
point is situated on the axis at a distance AD from the plate, images are 
formed of it on the axis at points B given by 

_L _±_“ 

AD + DB~p 

provided n is odd. If n is even, the half-period elements in one clear 
zone cancel out. A zone plate thus differs from a lens in having several 
foci. 

Let us suppose that instead of a point object at A there is a finite 
object of length AF (Fig. 148). Let AF=x. Draw B6 perpendicular 
to AB, and let BG=y. Then 

FC + CG = AD + DB + M + M 

2AD 2DB 


and 


FE +E s=AD +D B + ( i5 J i>’ + l!!iJ!> ! . 



B 



The difference of the right hand sides is 

-L(CD2 - ED 2 - 2xCE) + § i(CD 2 - ED 2 + 2yCE) 

=?Co<K- ED! )(^ + i)-c E (£ 0 -£). 

If we assume that the first term equals nA and the second term equals 
zero, B is the image of A, and G is also the image of F. Thus the zone 
plate forms images of small extended objects and the magnification y/x 
follows the same law as in the case of a lens. 

Cylindrical Wave-Front. Suppose AB is a cylindrical wave-front 
diverging from an infinitely long narrow slit at F and that it is required 
to investigate the effect of the wave-front at P. Let FP meet the 
cylinder in 0. Let a be the radius of the cylinder and let OP = 6. 

With centre P and radii 6 + jA, ft-f-A, 6 + fA, etc., draw arcs to 
cut the arc AB in K 4 , H lt K 2 , H 2 , K 3 , H 3 , etc. Let PK n =6 +JnA. 
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Then 


or 


(G) 
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PK n 2 = FK n 2 + FP 2 - 2FK n FP cos K„FP, 

^6 + ^ 2 =a 2 + (a + 6) 2 -2a(a + 6) cos K n FP . 

Let /_K„FP=0. Then, if 0 is small, cos K„FP = 1-|0 2 and n 2 A? can 
be neglected in comparison with the other quantities. It we make 
these substitutions in (6) it becomes 

b 2 + bnX =2a 2 + 2ab + 6 2 - 2a(a + b) (1 - id 2 ), 
bn\=a{a + b)9 2 . 


i.e. 


or 


e= J^b) 


The lengths of the arcs, 0K lf K 2 K 3 , etc., decrease in tLe ratio, 
1, V2-1, V3-V2, etc., or 1, -414, *318, very rapidly at first but 
more slowly afterwards. 

If fines are drawn through K|, K 2 . . . K n parallel to the axis of 
the cylinder, they divide the surface into a series of strips. The 

.P 




MjM^M.O 


Fio. 160. 


different points on the surface of each strip are at different distances 
from P. For example, let Fig. 150 represent a section of the cylinder 
by a plane through its axis and the point P. Then we can draw fines 
PM 1= 6 + £A, PM 2 = 6 + A, PM 3 =6 + |A to meet 0M 3 in M t , M 2 , and 
M 3 , i.e. we can divide the first strip into half-period elements. The 
other strips can be treated in the same way. It can be shown that 
the areas of these half-period elements decrease rapidly at first but 
more slowly afterwards. The effect of each strip reduces to that of 
the first few half-period elements, because the higher terms of the 
series representing its effect annul one another. Of course, the effect 
of the whole strip has the same sigu as the effect of its first half-period 
element. 

If we consider all the strips, now, we see that their effect at P can 
be represented by a series in which the odd and even terms have 
different signs and in which the size of the terms diminishes rapidly 
at first but slowly afterwards. The higher terms annul one another, 
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and the effect of the whole series is equal to the effect of the first few 
terms. The effects of the first few terms are not equal as on p. 159 
where the zones had equal areas. 

Elementary Theory of Diffraction at a Straight Edge. Let F be a 

long narrow slit from which a cylindrical wave diverges. Let TV b€ 
a thin metal plate with a straight edge at T parallel to the slit and let 
PM be a screen. Then, if the straight line FT be produced to meet 

the screen in M, M is the edge of 
the geometrical shadow. Accord¬ 
ing to the laws of geometrical 
optics the portion ML of the screen 
should be wholly dark and the 
portion MP should be illuminated 
and of uniform intensity. The 
illumination should start discon- 
tinuously at M. As has been 
mentioned on p. 162, the laws of 
geometrical optics are not abso¬ 
lutely true. 

Let FT=a, let TM = 6, and let MP = x. Let P be any point on the 
screen in the plane of the diagram. Draw a cylinder with the slit as 
axis to touch the straight edge at T ; join FP and let it meet this 
cylinder at 0. 

With P as centre and radii P0 + JA, PO + A, PO + fA, etc., mark 
off points on the wave-front, draw lines through these points.parallel 
to the axis of the cylinder and so divide the surface of the cylinder 
into a series of strips. The series on the side OS is complete ; hence 
that part of the wave-front always gives at P half the amplitude that 
would be given by a complete wave. 

The series on the side 0T is incomplete, the higher members being 
obscured by the plate TV. If there is only one strip clear, the amplitude 
due to this side is large ; if there are two strips clear, they almost 
annul one another and the amplitude due to this side is small. 
If there are three strips clear we have a maximum again. If there is 
an odd number of strips in 0T, the amplitude at P is a maximum, 
and if there is an even number of strips in 0T, it is a minimum. 

If x is small compared with 6, 



Similarly 


and henc* 


pi=v^-&(i + g)U(i + ji)=i + g. 


PF = \/(a + 6) 2 + a: 2 = a-F6 + 


2(a + 6) 


P0 = 6 + 


2(a + 6)’ 
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For a minimum at P we have PT-P0=»A where n is any integer. 
This gives 


and finally 


( 6+ S)-( S+ 2T^6))“ , ‘ i ' 


X 2 /l 

2 


A, 


26(a + b) 
x _ J b(a + b) 2wA 


Similarly for a maximum at P we have 

b(a + b)(2n-Tj\ 

a 

Thus, as the point P moves upwards from M, it passes through maxima 
and minima of illumination. Consequently there are bright and dark 
bands on the screen parallel to the edge of the geometrical shadow. 
As the effects of the first few strips are by no means equal the above 
formulas are not very accurate and cannot be relied on at all unless 
n is small. If P is on the edge of the geometrical shadow, the amplitude 
is half what would be produced by a complete wave, i.e. half what 
would be produced on the screen at a point far Out from M, and the 
intensity is one-quarter of its value there. 

If P is in the geometrical shadow, all the strips are obscured on 
one side of 0 and the first strip on the other side starts at some distance 
from 0. It is found then on 
considering the numerical value, 
that the intensity diminishes 
steadily from M into the geo¬ 
metrical shadow and becomes 
zero at a short distance from M. 

Diffraction at a Straight Edge. 

Fresnel’s Theory. The figure is 
the same as Fig. 151 except that 
a straight line has been drawn 
through P to meet OS in Q. Let 
0Q be $, measured along the arc, let 0P=c, and let PQ = c + 8. Then, 
if s is small, 

PQ 2 = PF 2 + FQ 2 - 2PF.FQ cos PFQ - 
= {* + c ) 2 *2 _ 2a(a + c)(l - s°-/2a 2 ) 

which gives (c + = c 2 + (a + c)s 2 /a 

0 * 





170 


A TREATISE ON LIGHT 


Since 5 is small the S 2 term can be neglected in this equation and we 
obtain 




Let sin 27 tJ/t represent the vibration on the cylindrical surfaoc. 
Every point on the surface may be regarded as a secondary source 
sending out waves to P. If we consider a strip of width ds at Q, the 
vibration due to it at P is proportional to 


sin 




(7) 


If we write 0T=-$ o and 0S = 5i, the resultant vibration at P duo 
to the whole wave front may be written 


J%in 2„(f- C -±- 8 )* 


( 8 ) 


The amplitude at P should depend also on the distance of the secondary 
source, and to be perfectly accurate the expression (7) should be 
divided by PQ. Fresnel makes the assumption that it is only the 
strips in the neighbourhood of 0 that matter, that for these PQ can 
be considered constant, and that the other strips can be neglected. 
This assumption is justified by his results. 

Since 8 is the only quantity in (8) depending on s, the integral may 
be written 

. 11 c\ C'i 2n8 , 0 /t c\ f'» . 2t t8 . 

8m 2 \t” A/J _*° 8 — d, - C0S 2 \t _ A/J_ 8m ~X 

and reduces to 

•e .. n Q f* 1 2v8 , a o • a f* 1 • 27 t8 . 

if we write R cos 0= cos —-ds , and R sm 0= I sin — —ds. 

J-9 0 J-» 0 

The intensity of the resultant vibration at P is therefore proportional 
to R 2 , i.e. to 

U 2tt 8 , \ 2 , / f't . 2 t t8, \2 

^cosx*) + (J_“"r*)- 

We have already found that 8 = $ 2 (1 + c/o)/(2c). Introduce a new 
variable v such that 


s 


[ cA 
V 2(1 + c/a) V * 


-p, 2 tt8 7TV 2 , 

Then —and 
A * 


ds= 

V 2(1+c/a) 


dv. When s=s 0i let v=v+ 
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When s 


=*i. ® =s ' /Ji 


cA 


_ • sx is finite, A is very small, conse- 

, . 2(1 + c/a) 1 r - . 

quently the value of v corresponding to the upper hmit of integration 
is very great, and it is found that without influencing the results it 

may be put= + a>. . , , 

We find finally therefore that the intensity at P is proportional to 




(9) 


The integrals inside the brackets are known as Fresnel’s integrals. 
They have been evaluated in the form of series, and tables have been 
drawn up giving their numerical values for different values of v. 
From these tables the values of (9) can be obtained for different 
positions of P. There is, however, an elegant geometrical way, due 
to Cornu, of studying the variation of (9). 

Cornu’s Spiral. Cornu’s spiral is defined by 

x=j cos^dv, y = j sin . . (10) 

When v=0, x=y= 0; consequently it passes through the origin, and 

since sin —=0 for v=0, it touches the x axis there. From (10) 

2 


, TTV' , , . 7TU- . 

dx = cos—dv, dy = s\n — dv, 

hence ^=tan and ip, the angle which the tangent makes with 
dx 2 

the x axis, is given by 

. ( 11 ) 


7TV 


, 7 TV 2 

+=T * 


We have 


+ j*dx=^l + tan 2 ^0* cos^dv=dv\ 

hence s=v, and combining this with (11) we find for the intrinsic, 
equation of the curve 

. 7 TS 2 

We have d*p=7rsds ; hence the curvature is given by 

1 # 

-=~=7TS. 

p ds 

At the origin it is zero and changes sign ; consequently there is a 
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point of inflection there. The curvature also increases continuously 
as wc move along the curve from the origin both ways. 

It can be shown that 


f® 77V 2 , f® . 7 TV 2 , . 

cos —~av= sin — dv = h, 

Jo 2 Jo 2 

hence the curve has asymptotic points at (J, $) and (- - J). 



In Fig. 153 the curve has been drawn accurately from the values of 
the integrals given in the tables. 


Application of Cornu’s Spiral. If in Fig. 153 we mark off OR = - v 0 . 
and if through R and J. the asymptotic point, we draw straight lines 
parallel respectively to OX and OY, then 



and HJ 


= sin -r-dv. 
J-V 0 2 


The expression proportional to the intensity on p. 171, namely (9), 
is therefore equal to 


RH 2 + HJ 2 = RJ 2 . 
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Let us suppose that we start with the point P in Fig. 152 well into 
the shadow and gradually move it up the screen. When it is well 
into the shadow, - v 0 is + co, consequently the point R is at J and the 
intensity is zero as represented by the point A in Fig. 154. As P 
moves to M in Fig. 152. R moves from J to 0 on the spiral. During this 
change RJ 2 steadily increases, and when P reaches M the intensity can 
be represented by some such point as B in Fig. 154. When P passes 
above M in Fig. 152 the point crosses over on to the other part of the 
spiral and RJ 2 increases until R reaches the point K ; this corresponds to 
the maximum C on the intensity curve. 

As the point R moves from K to L on 
the spiral, RJ 2 diminishes; the point 
L on the spiral corresponds to the 
minimum D on the intensity curve. 

And so on : as R runs round the con¬ 
volutions of the spiral, it gives rise to 
a series of gradually decreasing undula¬ 
tions on the intensity curve until finally, 
when R reaches the asymptotic point J', the intensity curve has 
become a straight line. As JJ' 2 = 4J0 2 , the ordinate of this region 
of the intensity curve is four times as high as the ordinate at B, 
which corresponds to the edge of the geometrical shadow. A photo¬ 
graph of the bands is shown on Plate I. 

Other diffraction problems can be treated in a similar way by the 
application of the spiral. For example, in the case of diffraction at a 
narrow slit the intensity varies as the square of the chord joining two 
points on the spiral, which are at a constant distance apart measured 
along the arc. This constant distance is proportional to the width 
of the slit. 

The Composition of Simple Harmonic Motions. Let us suppose 
that at the same time a particle is executing two different simple har¬ 
monic motions in the same straight line, and that these simple harmonic 
motions have the same period but different amplitudes and different 
phases. Then its resultant displacement may be represented by 

y=a j cos (o^-a^ + aj cos (cut-a 2 ) 

=a x cos cut cos ai + a x sin cut sin a x + a 2 cos cut cos a 2 + a 2 sin cut sin a 2 
= ( 0 ] cosc^+ao cosa 2 ) cos cut+(a x sinaj + a 2 sina 2 ) sin cut. 

Write a, cosai + a., cosa 2 =R cos 8, and a x sinaj + a 2 sina 2 =R sin 8. 
Then y=R cos 8 cos cut + R sin 8 sin cut 

= R cos (cut - 8). 

The two S.H.Ms. thus combine into one S.H.M. of the same period, 
the amplitude and phase of the resultant S.H.M. being given by 
R2=( fll cos a x -f a 2 cos a 2 ) 2 + (aj sin a x + a 2 sin a 2 ) 2 
= a x 2 + a 2 2 + 2a x a 2 cos ( a x - a 2 ) 
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and 


Uq g_ o I sin 4- a 2 sin a 2 
di cosai + 02 cos a 2 * 


Let ^A0P=a! and 0P = a lt let /.A0Q=a 2 and 0Q = a 2 , and complete 
the parallelogram POQS. Then cos (aj-as) is obviously equal to 
cos Q0P=-cos OPS, and 

R 2 =a 1 2 + a 2 2 + 2a 1 a 2 cos (a 1 -a 2 ) = 0P 2 + PS 2 -20P.PS cos 0PS = 0S 2 . 
Draw PN and SM perpendicular to OA. Then 

0N=a 1 cos a!, NM=a 2 cos and OfA=a x cos ai+a 2 cos a 2 . 
Similarly MS=aj sin a x +a 2 sin a 2 . Thus 


tan S0A = — =° l flin + a » aina »=tan 8 
OM ai COflaj + c^ cosa 2 


and /.S0A = 8. That this is the only solution may be seen by con¬ 
sidering the limiting case when a 2 =0. 





Hence, if OP and OQ represent the amplitudes and phases of the 
component S.H.Ms., OS represents the amplitude and phase of the 
resultant. We thus arrive at the result that S.H.Ms. of the same period 
can be compounded by the parallelogram construction, or, if there are 
more than two of them, by the polygon construction, exactly in the 
same way as forces or velocities. 

This throws a new light on the summation of the series on p. 160. If 
the first zone is divided into nine smaller zones of equal area, the 
amplitudes of the vibrations caused by each of these are equal and 
the phases may be represented by angles of 10°, 30°, 50°, 70°, 90°, 110°, 
130°, 150°, and 170° ; consequently the effect of the whole zone is 
represented by the unclosed polygon in Fig. 156. In the limit when the 
, first zone is divided into an infinite number of smaller zones, the un¬ 
closed polygon becomes the semicircle 0A in Fig. 157. In the same 
way the effect of the second zone may be represented by a second 
semicircle AB of slightly smaller radius, because the second zone is at 
a slightly greater distance ; the third zone may be represented by the 
still smaller semicircle BC and the whole wave-front represented by 
a spiral converging to the asymptotic point J. By the construction 
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just proved, the effect of the first zone may be represented by the 
diameter OA and the effect of the whole spiral by the straight line joining 
0 J. Hence the effect of the whole spiral is equal to half the effect of the 

first zone. 

n S.H.Ms. with Equal Amplitude, Same Period and Phases 
increasing in an Arithmetical Progression. Let a be the common 
amplitude and d the common phase difference. Let R and 8 be the 
amplitude and phase of the resultant; then, by the polygon construc¬ 
tion, if we resolve parallel and perpendicular to the first side, 

R cos 5=a(l + cos d + cos 2d . . . + cos{n-l}d), 

R sin 8= a(sin sin 2d . . . + sin {n- l}d). 

If we multiply both of these series by 2 sin the first gives 

2R cos 8 sin f=a(2 sin f+ 2 cos d sin ^ + 2 cos 2d sin £ . . . 
2 2 2 2 

+ 2 cos {n- \}d sin 

U • d .3 d . d .5 d .3 d 

=<7(2 sin - hsin - - sin - + sin — - sin — . . . 

\ 2 2 2 2 2 

+ sin {n - \}d - sin {w - -J-}<^ 

= a (sin § + si n 

j.e. R cos 8 sin ^=o sin ~ cos . • (12) 

2 2 2 

Similarly the second gives 

. nd . (n-l)d /tov 

R sin 8 sin - =a sm sin i. . (13) 

2 2 2 

On squaring (12) and (13) and adding we obtain 

. nd 
asm — 

R2 sin 2 l =a 2 sin 2 ^ or R =- L 

2 2 . d 

sin - 
2 

and on dividing (13) by (12) we obtain 

2 (n-l)d s (n-l)d 

2 2 

If we take the other solution, 8 = ^—i^ + 77, consideration of the 

2 

limiting case when n=1 shows that we must then choose the other 
sign in taking the root of R 2 and consequently get the same result 
over again 
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Suppose, now, that n becomes infinitely great but that na is kept 
finite and =A and nd finite and =2a. Then 

a sin a 

ri = - - r 

sin a/n 


a sin a 
a/n 


since a/n is small, 


A sin a 


a 

and 8=a, 

since in the limit n-1 is equal to n. This latter result may be 
obtained very easily graphically. The unclosed polygon becomes in 
the limiting case an arc of a circle of length A, which subtends an 
angle 2a at the centre. The chord is, of course, parallel to the tangent 
at the mid point of the arc, i.e. 8=a, and the length of the chord is 
twice the radius multiplied by sin a, i.e. 



A sin a 

a 


Passage of a Plane Wave through a Slit. Let AB be the slit, let 
e be its breadth, and let us suppose first that the wave is incident in a 

direction at right angles to its plane. 
We shall suppose the slit to be infinitely 
long ; then as conditions do not vary 
in a direction perpendicular to the 
plane of the figure we can restrict our¬ 
selves to the plane of the figure. Each 
point in AB may be regarded as a 
secondary source sending out waves in 
all directions. In the diagram are 
Fia. 153. drawn the rays emitted from A and B 

in a direction making an angle 6 with 
the normal. Let us find the resultant of all the rays emitted in this 
direction. Draw AK perpendicular to BK. 

The rays may be supposed either collected by a lens, in which case 
they meet in a point in the focal plane and the lengths of the paths 
of the different rays from AK to this point are the same, or they may 
be supposed falling on a screen at infinity, in which case all lines 
from AK to a point in the direction 0 are equal, because they are 
inclined at an infinitely small angle to BK. 

The path differences of the different rays therefore vary uniformly 
from 0 to BK, i.e. from 0 to e sin 0 % and the phase differences from 0 
to (27 re sin 0)1 A. Applying the result of the preceding section we find 
that the amplitude is 

A sin a , ire sin 0 

-where a=---• 

a A 




Ill axvia 



Examples of Diffraction .—The slit and photographic plate were distant 24*17 and 15*47 metres 
from the obstacle. Slit width 0'7mm. X=0*46/i. Photo by W. Arkadicw 
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To find the turning values of this expression differentiate with respect 
to a and equate to zero. Then 

d sin a _ cos a sin a 
da a a a 2 

or a — tan a = 0. 

This equation can be solved graphically ; if we draw the graphs of 
tan a and of a straight line making an angle of 45° with the axes, the 
abscissas of the points of intersection are the roots of the equation. 
By inspection of Fig. 159 we find that the first root is 0, then we have 
a series of roots less than and gradually getting closer to jw, f I 77, 
etc., respectively. The exact values of the first seven are 1-430 t 7, 
2-45977, 3-47177, 4-47777, 5-48277, 6-48477, and 7-48677. These roots 
though giving both the maxima and minima of the amplitude give the 
maxima alone of the intensity, for the latter is equal to 

A 2 sin 2 a 
~ ^2“ 

and cannot be negative. The minima of intensity are obviously given 



F io. 169. Fjo. 160. 

bya=7i77, where n has any integral value except 0 ; the latter, of course, 
gives a maximum. For a=0 the intensity is equal to A 2 . Fig. 160 
represents the intensity as a function of a. The maxima are not*equi¬ 
distant from adjacent minima but lie nearer the centre. The heights 
of the second, third, and fourth maxima are respectively ^j-, ^, and r Jo 

if A is put=l. The area of the curve=2 f°^-^da=ir. The 

J a 2 

positions of the first minima are given in terms of 6 by e sin 0=-j-A • 
hence except in extreme cases sin 6 is small and 6 can be taken pro¬ 
portional to a. If e is made comparable with A, the system of bands 
widens out and light spreads out in all directions from the slit. 

The diffraction pattern discussed in this section can easily be 
observed with an ordinary spectrometer. The instrument is first 
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focussed for parallel light in the usual way, illuminated with sodium 
light, and then a narrow slit mounted on the prism table. When 
the collimator slit has been set as parallel to this slit as possible, three 
or four maxima can be seen on each side of the central maximum. 

If instead of being incident normally the incident rays make 
an angle <f> with the normal to the plane of the slit (Fig. 161), the path 
difference of the extreme rays is e (sin 0-sin <f>) and the preceding 
discussion holds if we put 

77e(sin 9 - sin 6) 
a =-:-- 



Fio. 161. 


As the central maximum is given by 
a = 0, i.e. by sin 0 = sin <f> t if in the 
arrangement described above the 
prism table with the slit is rotated, 
the central maximum remains un- 
deviated. At the same time the 
bands widen out, for the positions of 
th% first minima are given 

«?(sin 0-sin «/»)=±^I 



hence if we write 8 for the deviation 
and regard <f> as fixed, 0=<£ + 8 and this equation gives 

e(sin (<f> + S) -sin <£) = ±A or e cos <f> sin 8 = ±A, 
since 8 is small; consequently sin 8 is increased by the rotation in the 
ratio cos <f> to 1. 

The Diffraction Grating. The diffraction grating is an instrument 
used for producing spectra. It consists usually of a number of fine, 
equidistant and parallel lines ruled with a diamond on a mirror of 
speculum metal or on a glass plate, or of a celluloid cast made from 
such a grating. Some of the earliest gratings consisted of fine wires 
stretched parallel and equidistant from one another between two screws 
of equal pitch. Gratings ruled with a diamond on a dividing machine 
are very expensive, hence celluloid casts or replicas are used instead, 
except for the most important work. Such replicas were made by 
T. Thorp, Manchester, and are consequently known as Thorp gratings. 
They are supplied mounted cither on plate glass or on optically 
worked glass. The latter gives better definition and is worth the 
increase in cost. 

Previous to 1883 all gratings had been plane ; they had been ruled 
on plane surfaces or the wires had been stretched in one plane. They 
were used with telescope and collimator just as the prism is used in 
the spectroscope. But in that year Rowland described a method of 
ruling them on concave metal mirrors, which rendered the use of colli¬ 
mator and telescope lenses superfluous. In this section only plane 
gratings will be treated. 
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We can divide gratings into two classes, transmission gratings and 
reflection gratings. The first include wire gratings, those ruled on 
glass, and celluloid replicas; the second include all gratings ruled on 
metal. 

In the elementary theory of the grating it is assumed to consist of 
a glass plate on which there is a great number of equidistant, parallel, 
opaque strips or lines of equal width. These lines are separated by 
clear spaces, AjBj, etc. Let AjA 2 , the width of a combined line and 
clear space, be e. 

If a plane wave of wave-length A is incident perpendicularly on the 
grating, all the clear spaces act as secondary sources and emit rays in 
all directions. Let us consider the 
rays diffracted at an /_9 with the 
normal. Then all the rays from each 
space have a resultant, which has the 
same phase as the ray coming from 
the mid point of that space. We can 
consider them replaced by this result¬ 
ant, and the problem reduces to that 
of compounding a number of parallel 
rays, CjO ]9 C 2 D 2 , etc., from a number 
of equidistant points, C lt C 2 , etc. 

Draw C 2 K perpendicular to C,D,. Then the common difference of 
these rays is sin C 1 C 2 K=e sin 9, and the rays reinforce in 

the direction 9 if 



e sin 9=nX, 

where n has any integral value, positive or negative. If the telescope 
is pointed m a direction given by this equation, a bright line is seen 
on the cross-wires. 

Most gratings have about 14,000 lines to the inch, in which case t 
TTooo “eh or about 1-81 10-4 cms . If the !; ght used is ye „ ow and 
of wave-length 5-8 10-5 C ms., thc equation for the maxima becomes 

sin 0=*3197n 

and the values of 9 given by n=0, 4-1 4-2 4-3 are 0° 4 -i«° w 
4-3Q° 4V _i_7q° qq/ Jr, V :rA » ^ are u > ±Io *39 , 

f ’ •a 33 respectively. Larger values of n give impossible 

fh '“ f ° r sm £ The lma " e g iv en by 0=0 is called the direct?image 

thosP fT byn =± 1 are ■“* to belong to the first order spectrum 
those given by «==±2 are said to belong to the second order sLtrum 

and those g«ven by ±3 to the third order spectrum. ' 

can be r^oSl f °° the grating ’ each colour into which it 

wLc l *? f ° rms lts own ‘“ages. The direct images all super- 
impose, hence the direct image formed is white, but the other ima«e? do 
not superimpose The first order images form two first order spectra 

m.ri o S“T' ,wo r°" d r*" “■> 

images two third order spectra, so that altogether this grating forma 
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six spectra. These different spectra overlap. For example, if in 
the equation c sin 9=nX we write e sin 0=1-5 10~ 4 , a possible value, 
wc find that n=2 gives 7-5 10- 5 cms. and n = 3 gives 5 10-& cms., 
so that the red of the second order spectrum is superimposed on the 
green of the third order spectrum. 

If the light is incident at an /_4> (Fig. 163) instead of normally, the 
common path difference is 

Ci K - C 2 H = e (sin 9 - sin <f>), 
and the maxima are given by 

e(sin 9- sin <f>) = nX. 

The deviation is given by 9 - <f>. For it to be a minimum we must have 
d9-d<f> = 0. Now, if the wave-length be regarded as fixed, we have 

e(cos 9 d9- cos <f> d<f>) = 0, 
which gives on substituting d9 = d<f> 

cos 9 - cos <f> = 0, 

or 9=±_<t>. As 9=<f> obviously gives the direct image, 9= -<f> is the 
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condition for minimum deviation. It requires the incident and 
emergent rays to make equal angles with the grating. 

More Accurate Theory of Grating. The case treated in the previous 
section is an ideal one. No grating consists of a plane surface with 
perfectly transparent and perfectly opaque strips; the rulings in a 
transparent grating are always translucent and of an irregular form. 
This, however, makes no essential difference in the reasoning; it is not 
necessary for the rays to be stopped by the rulings, it is only necessary 
for the surface to have a periodic structure. 

Let Fig. 164 represent a section of a transmission grating which 
has altogether N rulings, and suppose that the light is incident per¬ 
pendicularly on the plane side. Let c be the distance A t A 2 measured 
along the chord. Consider the rays that are diffracted at an /_9 from 
the ruling A|A 2 . If they are collected by a lens, the length of the 
path from the plane face of the grating to the image varies from ray to 
ray, but it is always possible to find some point C x between Aj and A 2 , 
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such that the ray through it has the same phase at the image as the re¬ 
sultant. The rays from A,A„ can be regarded as equivalent to a sin le 
ray coming from C„ the rays from A 2 A 3 as equivalent to a single ray 
coming from the corresponding point C 2 , and the rays fr 
whole grating as equivalent to N rays coming from N equidistant pomte 
arranged along a line. The common phase difference is (27* sin « M 
in radian measure, hence applying the result of p. 17 j we find that 
the resultant intensity in the direction 9 is proportional to 

Hire sin 9\ * 


sm 

A 

sin 

ve sin 9 


. . , ve sin 9 . 

In order to study the variation of this expression with ^ n 

is best to plot it as a function of the latter for a small value of N, say 

N=6. When ” e SIP 0 - v ~ the expression becomes indeterminate, 

but if we apply the usual rule and differentiate both numerator and 
denominator we find for the amplitude 


d . Hve sin 9 
dd sm A 
d . ve sin 6 

To sin ~ 


N cos 


Hve sin 9 


cos 


N cos NnTr 


ve sin 9 cos nv 


= ±M, 


hence at these points the intensity is proportional to N 2 , or in the pre¬ 
sent case, to 36. Fig. 16D gives the graph ; it has principal maxima at 
points given by e sin 0=nA, and between every two principal maxima 
four much smaller subsidiary maxima. In the general case N has a 
large value, perhaps 14,000; between 
every two principal maxima there 
are N - 2 subsidiary maxima, but they 
occur so close together and owing to 
the large value of N 2 they are so faint 
in comparison with the principal 
maxima that they cannot be observed. 

Only the principal maxima need be 
considered; they are the only maxima given by the elementary 
theory on p. 179, and they are the images of the different orders met 
with in the ordinary use of the grating. 

To study the variation of the amplitude in the neighbourhood of a 
maximum write dd for 6 , where 9 is given by e sin 6=7iX ; 6 gives 
the position of the maximum and dd the distance of the point in 
question from the maximum. The amplitude then becomes 
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sin sin (O + dO) sin (sin 0 + 00 cos 9) 
A A 

-or-- 


sin ^ sin (0 + 00 ) sin ^ (sin 0 + 00 cos 9) 

A A 

since d9 is small. This is equal to 


ire 


sin | Nn 7 T+ ^?00 cos 9 

A 


(' 


sin ^ 


7 re 


^ sin ^?^00 cos 0 ^ 

—i— / V 


sin I nn+ —d9 cos 0 


^ sin (^d9 cos 0 ^ 


Assume that the denominator is so small that the angle can be written 
for the sine, and substitute n/sin 0 for e/A. Then the expression 
becomes 

.sin (N/iw cot 0 d9) 

Tin cot 0 d9 

But this is of the form 

sin a 
a 

and consequently has its first minimum at a = 7 r, i.e. at Nn cot 0 00 = 1, 
or 

1 


00 = 


N;i cot 0 


This expression gives the angular distance from a principal maximum 
to the first point of zero intensity on either side of it. The value ob¬ 
tained for 00 obviously justifies the assumptions made above, nemely, 
that 00 is small and that the angle can be written for the sine it; the 
denominator of the expression for the amplitude. 



If A is the wave-length of 
the other, we have 


Resolving Power of a Grating. If 

in a spectrum there are two lines very 
close together and their images partly 
superimpose, it is assumed, and is on 
the whole borne out by experience, 
that they can just be recognised as 
separate when the maximum of the one 
is on the first minimum of the other. 
If they are closer together than this 
they appear to be one single line, 
the one line and A + 0A the wave-length of 


nA = esin0, nd\ = e cos 0 00, 


and consequently the angular separation between the two lines is 

given by 00=--0A. But if this is the distance between the 

^ cos 0 
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maximum of one line and its first minimum 

1 


dd= 


Nn cot 6 


Hence, on equating, 
ndX 


1 , n e sin 6_ X 

, and ^=— 5 —^. 


e cos 6 Nn cot 0 

which gives - = Nn. This last expression is called the resolvi'.g 

power of the grating; it is the wave-length at any point in the 
spectrum divided by the least difference of wave-length that can be 
detected there, and it is equal to the product of the order of the 
spectrum and the total number of rulings in the gratmg. 

Intensity of the Spectra. On p. 181 it was stated that the rays 
from each ruling of the grating combined into a resultant ray with 
the phase of the ray coming from C, (Fig. 164). The relat.ve mtens.ty 
of the spectra of the different orders depends on the variation of the 

amplitude of this resultant ray with 9. 

If the grating is an ideal one consisting of perfectly transparent 
intervals of width / separated by opaque strips, then the amplitude of 
the resultant vibration from one interval is given by (ct. p. 1 /o) 


sin 


t/ sin 6 


vf sin d 

A 


Hence when the vibrations from the N intervals are combined, 
the complete expression for the resultant amplitude is (cf. p. 181) 


sin 


nf sin 6 . Une sin Q 

J sm- 


7 rf sin 6 

A 


. 7 re sin 6 
sm-:- 


The variation of the second factor has already been discussed, and it 
has been shown to have maxima of equal intensity in the directions 
given by e sin 0=nA. If we substitute these values in the first factor, 
it becomes 


sin 


(?) 


77 fn 


If in succession 0, 1, 2, 3 are substituted for n in this factor, and the 
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result is squared, we obtain respectively the relative intensities of the 
direct image and the images of the first, second, and third orders. 
For n =0 the expression takes the value 1. If f=\e, the second 
order spectra disappear. 

If the grating has not the above ideal form, it is generally impossible 
to put the first factor into analytic form. If, however, the rulings are 
such that according to the elementary laws of reflection or refraction, 
apart altogether from diffraction, most of the light leaves the grating 
in one direction, then the spectrum formed in that direction is very 
bright. It is then said to be predominant. It is, for example, possible 
to have a grating in which half the incident light is concentrated in 
one of the first order speeftra. 

The Concave Grating. Rowland made an important step forward 
by ruling a grating on a spherical metal mirror, the projections on a 
plane of the distances between the lines being equal. Such a grating 




is mounted with its rulings parallel to the slit, and the spectrum is in 
focus without the use of lenses. 

In Fig. 1G7 AB is the grating, of course very much exaggerated in 
size. The radius of curvature of the grating is the diameter of the 
circle, and the circle touches the surface of the grating at its mid point. 
S is the slit. Let SA be a ray incident on the grating at A, let NA be the 
normal at its point of incidence, and let AP be the ray diffracted from 
the normal at an angle 6. Take any other point B on the grating and 
join SB, NB and PB ; then NB is the normal to the grating. Since AB is 
small, B may be regarded as on the circumference of the circle. Then 
^/NBPrri^NAP since they both stand on the same arc, that is 
Z.NBP = 0. Thus no matter where B is, the rays diffracted at /_d 
pass through P, and an image of the slit is formed there without the 
use of lenses. The image is, however, an astigmatic one ; a line at S 
at right angles to the slit is not in focus at P. 

There are two ways of using the concave grating. It may be 
mounted in a dark room, the slit S illuminated through a hole in the 
wall, photographic plates set up the whole way round the arc NP and 
the entire spectrum photographed at one exposure. In some installa- 
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tions the radius of curvature of the prating is about 21 feet and the 
arc on which the plates are supported is an iron girder measuring as 
much as 29 feet round the curve. In this arrangement, when d is 
large, the rays fall on the photographic plate very obliquely. 

In* Rowland’s arrangement only one portion of the spectrum is 
photographed at a time. The grating G and photographic plate holder 
p are mounted on an iron girder facing one another, their distance 
apart being equal to the radius of curvature of the grating. The 
iron girder is pivoted at its ends on two carriages which run on rails 
SP and SG at right angles to one another. The slit is fixed at S and 
is thus on the semicircle which has PG as diameter. The rays fall 
on the photographic plate normally. 

By moving PG along the rails different parts of the spectrum come 
automatically into focus at P. 

In Rowland’s mounting the photographic plate remains fixed at N 
in Fig. 167 and the slit S moves along the arc between N and B. 

Resolving Power of a Prism. Let Fig. 

169 represent the passage of a plane wave 
through a prism. AC is a wave-front before 
reaching the prism and FG a wave-front 
after passing through the prism. Then 
since the optical distance between the wave- 
fronts measured along any ray is the same we have 

AB + BF = CD+/xDE+ EG .... (H) 

Consider now light of a different wave-length, for which the index of 
refraction is fx + dfi and draw through F the wave-front, FH, for this 
wave-length. Let it be inclined at a small angle dO to FG. 

The rays BF and EH are now no longer at right angles to FH. Since, 
however, dO is small, they differ in length from the rays at right angles 
to FH only by small quantities of the second order. We have therefore 

AB + BF=CD + (/x + d/x)DE+ EH, 
which on subtraction from (14) gives 

HG = d/x DE, or add=tdfi t 

if we write a for FG, the width of the emergent beam, and l for DE, the 
thickness of prism traversed. This last equation may be written 



dd = t_ 
dfi a 


(15) 


Now consider the prism as a rectangular aperture. Each of the 
wave-lengths then forms a diffraction pattern of the type shown in 
Fig. 160. If the two lines are to be resolved, the angle between them 
must equal the angle between the central maximum and adjacent 
minimum of either diffraction pattern. If we fix our attention on the 
first wave-length and suppose it to be diffracted in all directions from 
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BE, the rays at right angles to FG are in the same phase on FG ; con¬ 
sequently the principal maximum is formed in this direction. The rays 
at right angles to FH are not in the same phase on FH, the difference in 
path of the extreme rays being HG = adO. If this is to be.the direction 
of the first mi ni mum, adO=X. On combining this result with (15) 
we obtain 


-dp=-, or t^dX=X. 
a a dX 

Hence the resolving power of the prism is given by 

dX dX 

When the prism is used to most advantage, DE touches its base and 
the whole surface is filled with rays. The resolving power thus 
depends only on the nature of the glass and the length of the base. 
It is independent of the refracting angle of the prism and the lengths of 
the sides. 

The above treatment of the resolving power of a prism is due to 
Rayleigh. 

Resolving Power of a Telescope. As was mentioned on p. 85 
when a telescope is focussed on a star, the image formed by the 
object glass is not a point but a small disc surrounded by rings. 
This is due to diffraction at the circular edge of the object glass. The 
theory of the phenomenon is somewhat elaborate and was first given 
by Airy, but its main features and rough numerical results can easily 
be obtained from elementary considerations. Airy’s result is in the 
form of a series which does not lend itself readily to calculation. 

Let the lens in Fig. 170 represent a telescope object glass which is 
directed towards a star, and let the geometrical image of the star be 

formed at S on the axis of the instru¬ 
ment. Let AB be a section of the 
wave-front immediately after passing 
through the lens. It is then spherical 
and converging towards S. Let it 
cut the axis in C. Let F be the focal 
length of the lens and let d be its 
diameter. Let P be a point in the focal plane distant x from S. 
Consider the effect of the wave-front at P. ACB may be regarded as 
a straight line, and 

AP 2 - BP 2 = {(AC + x) 2 + SC 2 } - {(BC - x ) 2 + SC 2 } 

= 2xAB approximately. 



AP - BP = 


2xAB 


AP + BP 

approximately. 


Hence 



DIFFRACTION 


187 


If the wave-front were cylindrical instead of spherical, all the secondary 
waves starting from AB would neutralise one another at P if AP BP 
were equal to nX, and the first diffraction minimum would be given 

by FA 


x= 


If we were to consider only the rays in the plane of the figure and 
were then to rotate the figure about CS as axis, we would obtain a 
bright central disc surrounded by dark and bright rings, the radius of 
the first dark ring being given by the above formula. 

The more accurate theory gives for the radius of the first dark 

Iing 1-22FA 


and shows that 84 per cent, of the total light of the image goes to 

form the central disc. ,. . , .. ,. 

The angle subtended at the centre of the object glass by the radius 
of the first dark ring is 1-22A/d in radian measure. It is found as a 
result of experience, that two stars can be resolved when the centre 
of the disc of the one falls on the first dark ring of the image of the 
other. The above angle can therefore be taken as a measure of 
the resolving power of an object glass. Of course, if the surfaces of the 
lens are not sufficiently accurate and the glass not sufficiently homo¬ 
geneous, a blurred image is formed instead of an accurate diffraction 
pattern and the resolving power is less. It depends then on the in¬ 
accuracy of the workmanship and not on the limits of the theory. 

The Blue of the Sky. The blue colour of the sky is caused by diffrac¬ 
tion, but here the term is used in a different sense from the rest of this 
chapter, and it is better to replace it by the word “ scattering.” When 
a wave of light which is traversing space meets an obstacle such as a small 
water particle or a dust particle or even an oxygen molecule, the obstacle 
acts as a source and scatters some of the light. If the wave passes through 
a cloud of such obstacles, its intensity is weakened owing to loss of light 
by scattering. The mathematical theory of the whole process is com¬ 
plicated and will be omitted here. The law according to which the 
percentage of light scattered varies with the wave-length has, however, 
been derived very simply by Rayleigh in the following manner :— 

Let a be the amplitude of the incident wave and let s be the amplitude 
of the diffracted wave at a distance of r from the obstacle. Let v be the 
volume of the obstacle. Then s is obviously proportional to a and inversely 
proportional to r ; it is plausible to assume that it is also proportional to v, 
since within limits a heavier obstacle will diffract more. We have therefore 

kav 

T' 

where & is a constant. Now sja is % ratio and its dimensions are zero} 
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*°“ s .t qU l n v t '7 dimensions of kv/r must be zero. The dimensions of vlt 
are (length)-. Consequently the dimensions of k arc (length)“ 2 . The onlv 
hav, , ng tb ! dimensions of length involved in the problem and not 
already considered is A, the wave-length. Hence k vaiies as A"2. 

ihe percentage of light scattered is proportional to and thus to A'* 4 . 

rpd V 3 / m n St 16 tlmeS , as greafc for fche violefc end of-the spectrum as for the 
red end. Consequently the blue contained in white light is scattered to a 

5®3k ex Jf nt than the red * Tb * sky appears blue at a distance from 
^inn «nH CaUSC SU i° l rayS are paSS,DS throu S h ifc obliquely to our line of 
~ andWe S f e ° Dly by scattcred light. On the other hand the sun and 
neighbouring sky appear red at sunrise and sunset because the rays coming 

sennPnHv m th a M a J g cat d j Stancc in the atmosphere and com 

sequently the blue has been diffracted to the side and lost. 

Ihe blue of the sky was imitated artificially by Tyndall. He caused 

an Tk T P pa “ t . hr0Ugh a tube containing a cloud of fine 
E / ?i! d b y br “g«g “trite of butyl vapour and hydrochloric acid 

,wli 0ge /w r a a J? W pressure : , Thc size of the particles slowly 
increased withi time. When the particles had the right size, they scattered 
the blue, and the path of the beam had an azure colour when viewed from 
the side. 

The light from flames is caused by solid incandescent carbon particles of 
a size suitable for diffracting light and heat waves, and it has been found 
experimentally that when such waves arc transmitted through a flame the 
quantity of energy lost varies as A” 4 . 

The quantity of light scattered in any direction diminishes as the angle 
between this direction and the direction of vibration in the incident wave 
decreases. No light is scattered by the particle in a direction parallel to 
the direction of vibration of the incident wave.* 

The distinction between regular reflection and scattering by small 
particles is, that when a wave falls on a regularly reflecting surface all the 
secondary waves sent out by thc particles on it reinforce one another and 
together form the regularly reflected wave. But when the wave falls on a 
small particle, only one secondary wave is sent out. 

Thc halos sometimes seen surrounding the sun and moon are due to 
refraction caused by ice crystals in the atmosphere. 

Two-dimensional Grating. 

Let us suppose we have a 
large number of apertures 
arranged in the xy plane, so 
as to form rows parallel to 
OY a distance a apart, and 
parallel to OX a distance 
6 apart. If we consider a 
row parallel to OX (cf. Fig. 171), the condition for reinforcement is 



The direction of vibration is here taken at right angles to the plane of polarisa¬ 
tion, cf. next chapter. If the incident light has all possible directions of vibration, 
the light scattered in a particular direction at right angles to the direction of incidenoe 
always vibrates at right angles to the plane containing the direction of inoidenoe 
and direction of scattering. Hence the light received from the sky is polarised. 
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CjK - C 2 H = MjA or C,C 2 cos KCjCo- C,C 2 cos HC,C 2 = m,A where m, is 
an integer. If we denote the direction cosines of the incident and 
diffracted rays with OX by 0 $ and a, the condition may be written 

(a 0 -a)a=m l \. 

If we consider now the other direction, we must have 

(A, ~P)b=m 2 \ i 

where p 0 and p are the direction cosines with OY. When a 0 , Ao are 
given, each of these conditions determines a cone, and the generators 
common to the two cones give the directions of the maxima corre¬ 
sponding to the orders m lf m 2 . It will be noted that the formulas hold 
for reflection as well as transmission. The incident rays are, of 
course, inclined to the xy plane, and in Fig. 171 OY is at right angles 
to the plane of the paper. 

Three-dimensional Grating. The two-dimensional grating has no 
practical application, although it can be realised by crossing two 
Thorp gratings face to face. But the atoms in crystals are arranged 
in a three-dimensional grating or space lattice, and when X-rays fall 
on a crystal, each atom becomes a source of scattered radiation. The 
distances between the atoms are about the same size as the wave-length 
of X-rays. Thus the three-dimensional grating is of great use in 
analysing X-rays (cf. p. 321), a purpose for which optical gratings are 
too coarse. 

We confine ourselves to rhombic lattices in which the lattice points 
lie in three mutually perpendicular directions at distances a, 6, and c. 
We have consequently three conditions for a direction of maximum 
illumination, namely 

(a 0 -a)a=m 1 A 

(A, -P)b=m 2 \ 

(yo-y)c=t/2 3 A 


or 


m.A 

a=ao-— 

P=P0-^ 

r=yo-’M 

C 


‘ a °'/ 0 ’ and * are P' vcn > tlle se conditions overdetermine the result 
fora- +p 2 + y 2 = 1. Hence, if we are to have a diffraction maximum 
at all, we must assume that A is unknown, and solve for it from the 
conditions. This is done by squaring the equations immediately 
above; it gives the result 3 


A=2 


, m -2o ,m 3 

~^o+jPo+~y n 
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Denoting the angle between the directions of inoidence and diffrac¬ 
tion by 26 and squaring the equations 


ao-a 




M-”r 

m->\ 


ro-y 


_ 


we have, since 


or 


cos 26 =aoQ + yyq, 

2(1 - cos 26) =A2/-‘ 2 + Vg +^ 
\ a 2 b 2 c 2 / 

2 .in .-A 


If the three integers contaiu a common factor n we place it outside the 
root, and 


2 8i “«="V$ + P + J 


Now take the origin on one of the atoms and let d bo the perpendicular 
distance from the origin to the plane which makes intercepts 

a b c 

V q * 


with the coordinate axes, where, of course, p, q , and r are integers. 
Such planes contain a large number of lattice points and are known as 
reflecting planes. They occur in families, parallel to and equidistant 
from one another, and it may be shown that d is their common differ¬ 
ence. Now 


d = 


V a 2 62 c 2 


and on substituting this value above 

2d sin 6=n\ t 

which is known as Bragg's law (cf. p. 322); 6 is called the glancing 
angle. 

One glancing angle gives only a very small portion of the spectrum. 
In order to obtain a complete spectrum two methods are used. The 
crystal is rotated, so that 6 varies through a range : this is the Bragg 
method. Or a powdered crystal is used, i.e. a mass of small crystals 
orientated at random which has all possible glancing angles; this is 
the Debye-Scherrer-Hull powder method. 
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Diffraction of Light by Sound Waves. Certain crystals such as 
quartz, tourmaline, and Rochelle salt become electrically charged when 
they are subjected to strain and, conversely, are strained when elec¬ 
trical charges are brought near them. These effects are known 
respectively as the direct and inverse piezo-effects. A plate of 
quartz has natural periods and, when strained, returns to its equilibrium 
position in a series of elastic oscillations. These oscillations may 
be maintained by putting the plate in the grid or anode circuit of 
a valve oscillator and in this case the plate becomes a permanent 
source of elastic waves in the surrounding medium. These waves 
differ from sound waves only in having a frequency much above the 
upper limit of audition ; they are called supersonic or ultrasonic waves 
and the emitting system is referred to as the piezo-electric oscillator. 
It was first used by Langevin in the Great War for detecting sub¬ 
marines by echo sounding. 

It was discovered simultaneously in 1932 by Lucas and Biquard in 
France and by Debye and Sears in America that ultrasonic waves in a 
liquid make it behave somewhat like a diffraction grating. The wave 
consists of rarefactions and condensations. A rarefaction diminishes 
the refractive index and a condensation increases it. Consequently 
if the oscillator is at the bottom of a glass cell containing liquid 
and the ultrasonic waves travel upwards, the horizontal layers of the 
liquid have different refractive indices ; the refractive index varies 
harmonically with the depth and, if a horizontal beam of light is 
passed through the cell, the different rays suffer different phase 
retardations. The velocity of sound is so much less than the velocity 
of light that, as far as light is concerned, the condensations and 
rarefactions may be regarded as stationary. 

If initially after passing through the cell the beam converges to a 
horizontal line image on a screen, after the oscillator starts, this is 
replaced by a series of bands; in the case of the first experiment of 
Lucas and Biquard there were five or six equally spaced bands the 
angular separation of which was about 3°. The theory is somewhat 
more elaborate than we have indicated above and the nature of the 
effect varies with the frequency and intensity of the ultrasonic waves. 
But the bands are bright and easy to show to a large audience. 

The piezo-electric oscillator has already been referred to in con¬ 
nection with the determination of the velocity of light. 


EXAMPLES 

(1) A plane wave is passing the straight edge of a screen, the screen being at 
right angles to the direction of propagation of the wave. A point P is taken at a 
distance p from the wave-front, o, the pole of P, is distant d from the edge ot 
the screen. Find the area of the nth zone supposing it to be cut by the edge of 
the screen. If p is 100 cms. find how large d must be in order that the area 
ot successive zones may diminish by less than 1 per cent. 
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(2) A spherical wave of radius a has diverged from a point Q. The wave 
front is divided into zones with respect to a point P distant a + b from Q. Show 
that the area of the zones is given by 

nXab 
a + b 

(3) A piano wave of sodium light passes perpendicularly through a circular 
aperture of 1 era. diameter. Calculate the intensity and position of the diffraction 
bands produced in the focal plane of a microscope at a distance of 700 cms. from 
the aperturo. (Use the graphical method suggested on p. 163. Draw the zones,' 
move a circle representing the rim of the aperture across them, and estimate 
whether the area of the positive or of the negative zones predominates for each 
position of tho circle. The amplitude may be taken as proportional to the 
difference in area of tho positivo and negative zones.) 

(4) Prove that 


j cos jTrtrdy—cos 

—“Mi 


1.3.5 1.3.5.7.9 



•) 


w 

(Integrate by parts.) 

(5) If a system of vibrations differing in amplitude and period is suporimposed, 
show that tho resultant displacement is periodic and that its period is the least 
common multiple of the periods of tho different vibrations. 

(6) Observe the bands produced by diffraction at a narrow slit using the 
arrangement described on p. 177. Measure their angular separation and compare 
it with the theoretical value. (A sodium flame will probably not bo bright 
enough ; use a Pearl lamp with a sheet of red glass in front of it.) 

(7) A very large opaque screen contains a small rectangular opening. Parallel 
monochromatic light, incident normally on tho screen, passes through tb'. 
aperture. Investigate the di(fraction phenomena produced. 

(8) The slit of a spectrometer is illuminated with sodium light and a trans 
mission diffraction grating placed upon the prism table with its surface at right 
angles to the axis of tho collimator. The distance between two adjacent rulings 
is e. The angle between tho direct imago and the first image is 9. Tho slit is 
then narrowed and the D lines seen separate. Their angular separation is 
measured and found to bo dO in radian measure. Show that their difference of 
wave-length is given by e cos 0 dO. 

(9) Tho slit of a spectrometer is illuminated with sodium light and a trans¬ 
mission grating placed somewhat inaccurately upon tho prism table, so that the 
normal to its surface makes a small angle <f> with tho axis of tho collimator. Tho 
angular separation between the direct imago and the first imago is found in 
the usual way to be 9. Show that 


A = e sin 0±e^(l-cos 9), 

tho sign changing with the sido on which tho first image is taken. Honce show 
that if the determination is mado first from the imago on tho one side and then 
from the imago on the other, and if the mean of the two results is then taken, the 
error due to the inaccurate setting cuts out. 

Verify tho formula experimentally. 

(10) Mount a Thorp diffraction grating on a spectrometer table and move 
a piece of cardboard across the front of its surface until tho D lines arc just 
seen separate (a) in tho first order spectrum, (6) in tho second order spectrum. 
Calculate tho theoretical resolving power in each case from the fraction of the 
grating covered, and see how it compares with the experimental value. 
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(11) Repeat the previous exercise with a prism instead of a grating. 

(12) Sometimes, in order that the spectrum may undergo no deviation, 

a replica of a grating is mounted on the face of a glass prism with its rulings 
parallel to the refracting edge. Show how to calculate the angle of the prism 
in order that any particular line in the spectrum may be undeviated. Assume 
that the grating is on the second face of the prism and that the light falls on the 
first face normally. . 

(13) The index of refraction of a certain glass is given by 

,i«=l-6545, /!„= 1-6585, ,z K = 1-6635. 

The wave-lengths of the C and E lines in the solar spectrum are respectively 
6563 and 5270 10” * cms. Calculate the length of the base of a 60° prism made 
of this glass, which is just capable of resolving the D lines. The wave-lengths 
of the D lines are 5890 and 5896 10” 8 cms. * 

(14) A 60° prism is to bo made of theoretical resolving power just sufficient to 
separate the D lines. Calculate the length of its base provided that the refracting 
matorial is to be (a) crown glass ( b ) flint glass, (c) carbon bisulphide. 
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CHAPTER XI 

POLARISATION AND DOUBLE REFRACTION 

In 1669 Erasmus Bartholinus discovered, that When a ray of light 
is refracted by a crystal of calcite it forms two refracted rays. To 
tins phenomenon the name of double refraction has been given. It 
is exhibited by many other substances besides calcite, but historically 
calcite was the point of departure of the development of the whole 
subject, and in calcite double refraction is very marked and easy 
to study experimentally. We shall commence therefore by describing 
the phenomena shown by calcite. 

Calcite or Iceland spar is crystallised calcium carbonate and was 
at one time found in great quantities in Iceland in very large crystals 
of watery clearness. It cleaves very perfectly along three directions 
lorming parallelepipeds, as they would be termed in geometry, with 
their faces parallel to the planes of cleavage; these parallelepipeds are 
m this connection always called rhombohedra or rhombs. The 
angles of the parallelograms forming the sides of the rhombs are 102° 
and 78°, more accurately 101 ° 53' and 78° V. At two opposite corners 
of the rhomb three angles of 102° meet; at the other corners one 
angle of 102 and two angles of 78° meet. The relative lengths of the 
edges of the rhomb are immaterial and may have any values. The 
optic axis is a direction in the crystal parallel to the straight line 
through a blunt corner of the rhomb, which makes equal angles with 
the three edges meeting there. Thus an optic axis can be drawn 
through every point in the crystal. A principal section is a plane 
through the optic axis perpendicular to two opposite faces of the 
rhomb. A rhomb has thus three principal sections through every 
point. If two opposite faces have equal sides, the principal section 
at right angles to these faces is parallel to the short diagonals of these 
faces. The above relations and definitions cannot be made clear by a 
diagram on the flat; consequently every student should make a model 
of a rhomb for himself, either in cardboard or wood or soap. 

If we have an illuminated distant aperture and we iook at it 
through a calcite rhomb, keeping the faces that we look through at 
right angles to the direction of the aperture, we see two images of the 
aperture. The line joining them is in a principal section of the rhomb. 
Fig. 172 represents the face of the rhomb next the eye ; for the sake of 
simplicity it is drawn with equal sides. 0 and E are the two images ; 
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they are shown in the shorter diagonal of the face, though it is only 
necessary that the line joining them should be parallel to the latter. 
If the rhomb is rotated round the direction of the distant aperture as 
axis, the image 0 remains stationary and the image E moves round it 
in a circle keeping always in the shorter diagonal of the end face. 




Let us consider this from another standpoint. Let ABCD be a 
section of the rhomb by the principal plane in which 0 and E lie. Th« 
distant aperture is in the same plane. Let JK be the pencil of rays 
from it incident normally on AD at K. The rays KP forming the imago 
0 are not displaced by their passage through the rhomb, since that 
image is stationary when the figure is rotated round JP as axis. The 
rays forming the image E must follow the path KLN, since that image 
moves in a circle round JP when the figure is rotated round JP as axis. 
LN is, of course, parallel to MP. 

The ray KM that obeys the ordinary laws of refraction is called 
the ordinary ray and the image it forms the ordinary image ; the ray 
KL is called the extraordinary ray and the image it forms the extra¬ 
ordinary image. 

§ Suppose now, that instead of one rhomb the distant aperture is 
regarded through two rhombs the surfaces of which are parallel, as is 
represented in Fig. 174. Then the ordinary ray traverses the second 


Fio. 174. Fio. 175. 

rhomb undeviated, but the path of the extraordinary ray inside the 
second rhomb is parallel to its path inside the first, so that, if the 
rhombs are equally thick, as we shall suppose for the sake of simplicity, 
after passing through the second rhomb the displacement between the 
rays has been doubled. Fig. 175 represents this result diagram- 
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matically ; it shows the end sections of the two rhombs parallel and 
OE the distance between the images, twice as great as in Fig. 172 
If, now the first rhomb is kept fixed but the rhomb nearer the 
eye rotated through a small angle about the undeviated ray as axis 
instead of two images we obtain four (Fig. 176). The image 0 remains 



undevmted, the image E moves to the side, 0 and E both become 
slightly fainter, and between 0 and E appear two faint new images 0, 
and E, OOjEE, forms a parallelogram, the sides of which remain 
parallel to the principal sections of the two rhombs. 

In Fig. 177 the second rhomb ha3 been rotated round so that its 
principal plane makes 45° with the principal plane of the first The 
four images are now equally bright. If the rotation is continued 
further, 0 and E decrease in intensity and and E, increase in intensity 
until finally at 90° (Fig. 178) 0 and E disappear altogether. 

After passing through 90° 0 and E reappear and increase in intensity 
while 0j and Ej begin to decrease in intensity. Fig. 179 shows the 
appearance at 135° when the four images are once more equally bright 
Fig. 180 shows the appearance at 180° ; the two principal sections are 
om*e more parallel, the images 0, and Ej have disappeared and the 



images 0 and E have once more attained their initial intensities but are 
superimposed. As the rotation is continued from 180° to 360° the 
same changes are gone through in the reverse order. 

From the displacements it is obvious that the ordinary image 
formed by the first rhomb has been decomposed by its passage through 
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the second into an ordinary 0 and an extraordinary E,, whilst the 
extraordinary image formed by the first rhomb has been decomposed 
by its passage through the second into an ordinary 0! and an extra¬ 
ordinary E. The question now arises as to what causes the variation 
in intensity. 

§ Hitherto in the chapters on interference and diffraction it has 
been necessary to assume only that light was propagated by wave- 
motion without specifying the direction of the vibrations. Huygens 
and Young thought that they were longitudinal, that they took place 
in the direction in which the wave travelled. Fresnel first showed 
that they were transverse and thus completely explained the variation 
of intensity in the experiment with the two rhombs. 

Let us assume that the ordinary ray emerging from the first calcite 
rhomb consists of rectilinear vibrations parallel to the longer diagonal 
of the end face, that the extraordinary ray consists of rectilinear 
vibrations parallel to the shorter diagonal, and that these vibrations 
are of equal intensity. Then their amplitudes may be represented by 
two equal straight lines, P0 and PE, of length a at right angles to one 
another. Suppose now that the principal plane of the second rhomb 
makes /_9 with the principal plane of the first. The vibration P0 
decomposes into one PN of amplitude a cos 9 at right angles to the 
principal plane of the second rhomb and one NO of amplitude a sin 9 
parallel to this direction. It is these vibrations that give respectively 
the images 0 and E x . The vibration PE decomposes into one PM parallel 
to the principal plane of the second rhomb, of amplitude a cos 9 and 
one ME perpendicular to it, of amplitude a sin 9. These vibrations 
give respectively the images E and 0,. Thus the intensities of 0 and E 
are each a 2 cos 2 6 , and so these images vanish when the rhombs 
are crossed, i.e. when 0=90°, while the intensities of 0j and Ej are each 
a 2 sin 2 6, and consequently these images vanish when the rhombs are 
parallel. The variation of the intensities in the intermediate positions 
also agrees with the above formulae. 

It is obvious, however, that we could have the same agreement by 
making the opposite assumption, namely, that the ordinary ray vibrated 
in the principal plane and the extraordinary ray vibrated at right 
angles to the principal plane. The one explanation has no advantage 
over the other. We therefore include them both in the statement, 
that the ordinary ray is plane polarised in the principal plane and that 
the extraordinary ray is plane polarised at right angles to the principal 
plane. This leaves the question open as to which of the two planes 
the vibrations take place in respectively. Over this point there was 
long a difference of opinion. 

In the expression taken to represent a light wave on p. 131 the 
direction of rj was left undefined. If we take it at right angles to the 
axis, the expression represents a plane polarised wave. 
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The experiment with the two rhombs may be regarded then as 
proof that the ordinary and extraordinary rays vibrate in directions at 
right angles to one another and to the direction of propagation of the 
ray. This conclusion was very thoroughly tested and verified by 
Fresnel and Arago in a celebrated series of experiments on inter¬ 
ference. They found that:— 

(1) Two rays of light polarised at right angles do not interfere 
under the same conditions as two rays of ordinary light. 

(2) Two rays of light polarised in the same plane interfere like two 
rays of ordinary light. 

(3) Two rays polarised at right angles may be brought to the same 
plane of polarisation without thereby acquiring the property of being 
able to interfere with each other. 

(4) Two rays polarised at right angles and afterwards brought to 
the same plane of polarisation interfere like ordinary light if they 
originally belonged to the same beam of polarised light. 

Natural Light. The question arises now as to the constitution 
of unpolarised natural light, that is, of the light before it falls on the 
calcite rhomb. The fact that the ordinary and extraordinary images 
formed by a calcite rhomb are always equally bright, shows that the 
incident light possesses no one-sidedness. This could be explained by 
regarding it as consisting of plane polarised light, the direction of the 
plane of polarisation of which undergoes sudden and irregular changes. 
If these changes occurred seldom, once every five or ten seconds or 
thereabouts, and we watched the two images formed by the rhomb, 
their intensities would be unequal, that one being brighter the plane 
of polarisation of which formed the smaller angle with the plane of 
polarisation of the incident light. Also, whenever the direction of 
the plane of polarisation of the incident light changed, the relative 
intensity of the two images would change. If. however, the changes 
take place too frequently for the eye to follow them, and if in the 
course of -fo second the direction of the plane of polarisation of the 
incident light undergoes so many random changes, that on the average 
it has every possible direction for the same interval of time, then 
the eye can detect no difference in the intensities of the ordinary and 
extraordinary images. 

But this explanation is too simple. It would give the ordinary and 
extraordinary beams a constant phase difference depending on the 
difference of their optical paths in the rhomb. If this phase difference 
were one-quarter wave-length, the light issuing from the rhomb would 
be circularly polarised (cf. Chap. XIII). This is never the case. 
Hence we must conclude that the incident light contains at least two 
independent beams plane polarised in different planes, or that in 
other words it is elliptically polarised, and that the axes of the ellipse 
are constantly changing in magnitude and direction. 
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Means of Producing Plane Polarised Light. The separation of 
the ordinary and extraordinary beams is much greater for Iceland 
epar than for most crystals, and an Iceland spar rhomb may be used 
as a means of producing plane polarised light simply by placing a 
screen to absorb the one beam on its emergence from the prism 
This method is not practicable unless the rhomb is a large one and 

the beam a narrow one. . 

In certain kinds of tourmaline, a double refracting crystal which 
occurs in many different colours, the ordinary ray is so strongly ab¬ 
sorbed that plates cut parallel to the axis practically transmit no light 
except the extraordinary. Such plates can therefore be used as a 
means of producing plane polarised light. Crystals which absorb 
the ordinary and extraordinary beams to a different extent are said 
to be dichroic. The “ Polaroid ” and “ Pola ” polarisers put recently 
on the market are thin sheets of nitrocellulose packed with ultramicro- 
scopic dichroic crystals with their optic axes parallel; they give a good 
but not a perfect plane polarisation. 

In 1808 Malus discovered, that when light is reflected at a particular 
angle from the surface of glass, water, or other transparent substances, 
it is almost completely plane polarised in the plane of incidence. 
This particular angle of incidence is called the polarising angle. A few 
years later Brewster showed that the tangent of the polarising angle 
was equal to the index of refraction of the medium in question. 
This fact, Brewster’s law as it is called, leads to the result that at the 
polarising angle the reflected and refracted rays are at right angles 
to one another. For, let <f> be the angle of incidence and 6 the angle of 
refraction ; then 

sin <f> 


But by Brewster’s law [i = tan <f >; therefore 

s in <f> , . Q , 

—— n =tan <f> t sin 0=cos <f» t 
sin o 


77 


and <f> + 9= -, which gives the required result. 
2 


The polarisation of light reflected at the polarising angle is never 
quite perfect, there being always some natural light mixed with it, 
especially in the case of substances of high refractive index. This has 
been shown to be due to the formation of a film of lower refractive 
index on the surface, either by polishing or by weathering of the sur¬ 
face or by dirt. 


§ Let us now return to the propagation of light in calcite. Take 
any plane through the axis and cut on the calcite a plane face at right 
angles to it. We shall now extend the definition of principal section 
to include such a plane through the axis perpendicular to any face cut 
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on the crystal ; as previously defined it had to be perpendicular to a 
cleavage face. Calcite is thus a crystal having an infinite number of 
principal sections all intersecting in the optic axis. 

If, now, a ray of light is incident in the principal section on any 
plane face cut in a calcite crystal, and if the angle of incidence is 
varied, it is found that the incident ray gives rise in general to two 
refracted rays, and one of these, the ordinary ray, obeys the ordinary 
laws of refraction. The ratio of the sine of the angle of incidence to 
the sine of its angle of refraction has a constant value, u p , which in 
the case of sodium light is equal to 1-6584. The other ray, the extra¬ 
ordinary ray, lies in the principal section, but the ratio of the sine of 
the angle of incidence to the sine of its angle of refraction is not 
constant. 

If from a point C (Fig. 182) within the crystal ordinary rays are 
propagated in a principal section in all directions the wave-front is a 
circle BBj. Huygens demonstrated experimentally that, if from the 
same point extraordinary rays are propagated in the same plane in 

N 

/ 

/ 0 * 

/ y 




all directions, their velocity varies as the radius-vector of an ellipse, 
being least and equal to the velocity of the ordinary ray in the direction 
of the axis and greatest at right angles to this direction. The extra¬ 
ordinary wave-front is consequently an ellipse touching the circle 
in the optic axis BBj and having the radius of the circle as its semi¬ 
axis minor. The ratio AC/CB =/z 0 //*„ where fi e is a constant which has 
the value 1-4864 for sodium light. 

Pig. 182 holds for all planes through BBi since they are all principal 
sections. If the figure is rotated about BB,, it gives a sphere and 
an ellipsoid of rotation. Hence, if a light motion begins at any 
point inside an Iceland spar crystal and advances unhindered in all 
directions, the wave-front is a double surface consisting of a sphere 
and an ellipsoid of rotation. The latter has the optic axis as minor 
axis and as axis of rotation, and it touches the sphere at the ends of 
its minor axis. 

§ Let us consider the propagation of the extraordinary wave a little 
more closely. Assume that it emanates from the point C but that 
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the source is active only for a very short interval. Then after a time 
the disturbance is confined between two concentric similar ellipsoids 
The solid figure bounded by these ellipsoids is called an ellipsoidal 
shell. The rays are in general not perpendicular to the wave-front; 
only at the extremities of the axes are the radius-vectors of an 
ellipse perpendicular to the curve. Let PN be the normal at the 
point P, and at this point let a screen with an aperture be placed. 
A portion of the wave-front passes through the aperture and 1 a 
shown in successive positions at D and E. It is moving away from 
the normal at P. The energy travels along the ray and not along 
the normal to the wave-front. 

Let A, B, and C be three points on a plane wave-front in a calcite 
crystal. Then by Huygens’s principle these points may be regarded 
as secondary sources sending out ellipsoidal waves. The optic axis 
through each point is at right angles to the dotted line. The envelope 
of the secondary waves is obviously the plane represented in the 
diagram by a, b, c. A a, B6, and C c are rays from the one wave-front to 
the other. The rays are the shortest optical distances between the 
two wave-fronts. For, consider any other direction AE ; AE is greater 
than AD and AD is optically equivalent to Aa, hence AE is optically 
greater than Aa. 

The velocity with which the wave-front moves forward in the direc¬ 
tion of the normal is called the wave velocity. It is obvious from 
the figure that the ratio 
of the wave velocity 
to the ray velocity is 
given by AN/Aa. 

It has been assumed 
for simplicity in Fig. 

184 that the optic axis Fio. 184. 

is in the plane of the 

paper. This is of course not necessary. In the general case the 
plane containing the rays A a, B6, and C c is not perpendicular to the 
wave-front, e.g. the point a is not only displaced to the side of N but 
alio in front of it or behind it. 

Refraction at the Surface of Calcite. If a plane wave is incident 
from air on a plane face of a calcite crystal cut in any direction what¬ 
ever with respect to the axis, the two wave-fronts in the crystal can 
be determined by Huygens’s principle, in perfect analogy with the 
construction for isotropic media given on p. 128. 

For let CB (Fig. 185) be the incident wave-front, and let CP bk .he 
intersection of the surface with the plane of incidence. Draw’ BP at 
right angles to CB. The direction of the optic axis at C is known. 
We shall suppose it to be in the plane of incidence and represent it by 
the dotted fine. Regard C as a secondary source ; - w’ith it as centre 




202 


A TREATISE ON LIGHT 

describe a sphere with radius PB/^ 0 and also an ellipsoid of revolution 
the semi-axes of which are given by PB//z 0 and PB//z e and which touches 
the sphere at its intersections with the dotted line and has the dotted 
hne as axis of revolution. Then at the instant when the disturbance 
from B has reached P, the disturbance from C has reached the surfaces 
of the sphere and ellipsoid. 

In the same way spheres and ellipsoids can be drawn for points 
on CP between C and P, and it is found that these spheres and ellipsoids 
have common tangent planes through P. If therefore we draw 
tangent planes through P to the secondary wave-fronts from C, these 
tangent planes are the two refracted wave-fronts. The lines CO 
and CE to the points of contact are respectively the ordinary and extra¬ 
ordinary refracted rays, that correspond to the incident ray through C. 

In the case of the ordinary wave the sine of the angle of incidence 


B 



is to the sine of the angle of refraction as the velocity in air to the 
velocity of the ordinary wave in the crystal. Similarly, if a normal 
is drawn through C to the extraordinary wave-front, the sine of the 
angle of incidence is to the sine of the angle of refraction of this normal 
as the velocity in air is to the wave velocity in the crystal. But the 
ratio of the sine of the angle of incidence to the sine of the angle of 
refraction of the extraordinary ray is not the same as the ratio of the 
velocity in air to the velocity of the refracted extraordinary ray. This 
can easily be shown by drawing a straight line through E at right 
angles to CE to meet CP in Q. 

If the optic axis is not in the plane of incidence, that is, if the 
latter is not a principal section, the tangent plane does not in general 
touch the ellipsoid in the plane of incidence. The extraordinary 
refracted ray is therefore not in the plane of incidence. 

If the optic axis and incident ray are both perpendicular to the 
surface, the ordinary and extraordinary rays have obviously the saijie 
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direction and velocity. In this case the light is propagated inside the 
crystal as natural light. If a parallel-sided plate of calcite is cut 
with its faces normal to the axis and a beam of light is incident on 
it perpendicularly, then it goes through it as if it were a plate of 



Optic Axis at Right Angles to the Plane of Incidence. If the optic 
axis is at right angles to the plane of incidence (Fig. 186) the latter is 
a diametral plane of the ellipsoid and intersects it in a circle. Con¬ 
sequently the extraordinary refracted ray lies in the plane of incidence, 
is normal to its wave-front and behaves as if it had a constant index 



of refraction p e . The latter quantity is hence called the extraordinary 
index of refraction of the crystal; \l 0 and p e are called the two principal 
indices of refraction. 

Optic Axis in the Surface and Plane of Incidence. In thvs case 
(Fig. 187) the refracted rays are both in the plane of incidence. Since 
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Sn^ P pp Caa - be pr T C 'i ed 11110 the circl0 and the same time the 
tangent PE projects mto the tangent PO, EO produced meets CP at right 

of 8 eWt and f N r=^' If ** and ^ respectively the angt 

ttcEKnait^o^ and extraordinary 

tan0j = CN/NO_ NE_,x. 
tan 6 e CN/NE'NO - ^ 

r„f^w m ®,>l aI . l Deter . rninati0n 0f and If a calcite prism is 
cut either with the optic axis parallel to the refracting edge or with 

the nrfsm “T h, P? bla * .reacting angle, then rays traversing 
the prism at minimum deviation must be perpendicular to the 
optic axis and consequently must be refracted like ordinary light 
with indices of refraction ho and Mt . If such a prism is placed upon 
the spectrometer table and the slit illuminated with monochromatic 
light, two images of the slit are seen, and if each is adjusted in suc¬ 
cession for minimum deviation and the calculation made exactly as in 
the same way as for a glass prism, and ji, are obtained. 

The Nicol Prism. The Nicol prism, called after its inventor, is the 
most commonly used means of producing plane polarised light that 



7i aVe ’ , ? C ° nslsts ° f , a n “ tural rhomb of Iceland spar, the edges 
of the end faces of which are equal and one-third the length of the 
other edges. It is sliced from the one blunt corner to the other in a 
plane parallel to the long diagonal of the end faces ; the cut faces are 
polished and re-iuuted with a film of Canada balsam. Fig. 188 repre- 
sents the arrangement. The dotted line gives the optic axis. If a ray 
of light is incident at A in the plane of the figure, it is decomposed into 
an ordinary ray AO and an extraordinary ray AE. The mean refractive 
index of the ordinary ray is 1-66 and the mean refractive index of 
panada balsam is 1-54. The rays are in general incident on the 
film at such an angle that the ordinary ray is totally reflected to the 
side and the extraordinary transmitted. The side of the rhomb is 
blackened and the ordinary ray absorbed there. Consequently the 
transmitted fight is polarised in a plane at right angles to the principal 
section of the rhomb. r r 

The beam of light entering a nicol is usually convergent. Con- 
sequently all the rays are not incident on the film at the same angle, 
and it the angle of convergence is too great, some of the extraordinary 
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rays that should emerge near B are totally reflected and some ordinary 
rays emerge near C. The greatest admissible angle between the 
extreme rays of the incident beam, measured m air, is 24 . 

As the obliquity of the end faces causes a displacement ol the 
image when the nicol is rotated, it is now customary to cut the ends 
perpendicular to the long sides. Other modifications have also been 
made ; for a description of these an article by S. P. Thompson 
(“ Proceedings of the Optical Convention,” 1905) should be consulted. 

Double Image Prisms. Fig. 189 represents a Rochon’s prism 
which consists of two equal prisms of calcite or other doubly refracting 
substance, cut differently with respect to the axis. The incident ray 
AB is normal to the surface. The optic axis in the first prism, as 
shown in the figure, is parallel to the incident light; consequently m 
that prism both rays are transmitted with the same velocity, in the 
second prism the optic axis, as shown in the figure, is at right angles 
to the plane of the paper; the ordinary ray is therefore transmitted 
undeviated, but the extraordinary ray is deflected to the side. 




In Wollaston’s prism the optic axis of the first prism is in the 
plane of incidence and perpendicular to the incident ray. Conse¬ 
quently, although the ordinary and extraordinary rays have the same 
direction in it, their velocities are different. In the second prism the 
optic axis is perpendicular to the plane of the figure. On entering it 
the ordinary ray becomes the extraordinary ; and it is refracted in 
the direction CD, while the extraordinary ray becomes the ordinary, 
and it is refracted in the direction CE. 

Other Uniaxal Crystals. Since Huygens’s time it has been shown 
for other crystals besides calcite that the wave surface consists of a 
sphere and an ellipsoid of revolution touching the sphere at the ends 
of its axis of revolution. In all these crystals, as in calcite, there is 
only one direction without double refraction, and hence they are said 
to be optically uniaxal crystals. 

Optically uniaxal crystals are divided into two classes, those like 
calcite, for which /x 0 is greater than /x e , and those like quartz, for 
which fj, 0 is less than fi e . For the first class the ellipsoid is outside 
the sphere and is an oblate spheroid; for the second the ellipsoid is 
inside the sphere and is a prolate spheroid. The crystals of the first 
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class are said to be negative because, as may be seen by graphical 
construction, in them the extraordinary ray makes a greater angle 
with the axis than the ordinary ray does. It is thus “ repelled ” by 
the axis. The crystals of the second class are called positive because 
m them the extraordinary ray is between the ordinary ray and the 
axis ; it is attracted ” by the axis. 

In all optically uniaxal crystals the ordinary ray is polarised in 
the prmcipa 1 section, and although the values of u 0 and a e vary 
slightly with the wave-length, the direction of the optic axis is inde¬ 
pendent of the wave-length. 

§ Let us assume that two nicols are placed one after the other on 
the same axis and that a source of light is regarded through them 
Ihen its apparent intensity depends on the orientation of the prin¬ 
cipal sections of the two nicols to one another. 

Let OP (Fig. 191) denote the principal section of the first nicol and 
OA the principal section of the second nicol, and let ^AOP = 0. Let a 
A p ^e the amplitude of the light after emerging from the 

/ / f* rst ricol* Then, if reflection and absorption losses 

/ / in the second nicol are disregarded, the amplitude 

m / after emer S in g from the latter is a cos 0. If reflec- 

/ &/ tion and absorption losses in the first nicol are dis- 

/ / regarded, the amplitude of the natural light incident 

j/ . on it may be taken as ay/ 2. Thus the intensity of 

O' the incident beam is 2a 2 and the intensity of 

Fio. 191. the beam after emerging from the second nicol is 
a 2 cos 2 0. 

If the second nicol is rotated about its axis, that is, about the direction 
of the source of light, the brightness of the latter becomes a maximum 
twice in the course of a complete revolution when 0 = 0 or tt. The 
nicols are then said to be parallel. The field becomes wholly dark 

twice in a complete revolution, when 0 = £ or The nicols are 

then said to be crossed. 

If a glass plate is placed between the two nicols, the experiment 
is not affected, but if a plate of a doubly refracting substance is inter¬ 
posed, the image is in general not extinguished when the nicols are 
crossed. Examination between crossed nicols is thus a means of 
detecting the presence of double refraction. In this connection the 
first nicol, the one whose principal section is denoted by OP, is called 
the polarising nicol or polariser and the second the analysing nicol or 
analyser. 


Interference in Crystal Plates in Polarised Light. We shall now 
consider the appearance in the field when a plate with plane parallel 
faces cut from a uniaxal crystal is placed between the nicols. To 
simplify the calculation the following assumptions are made :— 



POLARISATION AND DOUBLE REFRACTION 207. 

(1) The light reflected at the surfaces of the plate and mcols is 

(2) g The ordinary and extraordinary rays have the same path inside 
the crystal although their velocities are different. 

If LH represents the incident ray and HKT and HSV the ordinary 
and extraordinary rays, after emerging from the plate the latter are 
parallel and polarised in planes at right angles to one another. Accord¬ 
ing to the second assumption KS is so small that we take S to coincide 

with K. 

Let v x and v 2 be the velocities of the ordinary and extraordinary rays 
in the crystal, let v be the velocity of light in air, and let d= HK= HS. 
Write v/v l =pi and v/v 2 =n 2 . Then the phase difference of the two 
rays after passing through the plate is given by 

. . . (i6) 

r \v x v 2 J A 

where A is the wave-length of the light in air. 




Let the amplitude of the light before it falls on the plate be unity 
and let OP be its plane of polarisation. Let OX and 0Y be respectively 
the planes of polarisation of the ordinary and extraordinary rays 
after emerging from the plate. Then their amplitudes are cos a 
and sin a, if Z.X0P be denoted by a. During their passage through 
the plate they have acquired a relative phase difference 8. Let 0A be 
the plane of polarisation of the analysing nicol and let Z_X0A be 
denoted by /3. Only the components of the ordinary and extraordinary 
rays that are polarised in the plane 0A are transmitted by the second 
nicol. They have amplitudes cos a cos p and sin a sin p and a relative 
phase difference 8 ; consequently they compound into a single ray 
with the same period and an intensity I given by 

I = cos 2 a cos 2 P + sin 2 a sin 2 /? + 2 cos a sin a cos p sin/3 cos 8 
= (cos a cos P + sin a sin /3) 2 - 2 cos a sin a cos /3 sin /3( 1 - cos 8) 


cos 2 (a - P) - sin 2a sin 2/3 sin 2 


(17) 
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If the nicols are parallel, a=p and 

1 = 1- sin 2 2a sin 2 . 

2 

If the nicols are crossed, a=p±- and 


( 18 ) 


I = sin 2 2a sin 2 ? 

2 


. (19) 





Thus the intensities in these two positions are complementary. 

We shall now make applications of the above formula?, but it will 
make things clearer if before doing so a piece of apparatus* commonly 

used is described. It is represented 
in Fig. 194, is more convenient than 
two nicols and possesses the virtues 
of simplicity and cheapness, though it 
is not the most refined piece of appa¬ 
ratus for investigating doubly refract¬ 
ing substances in polarised light. N is 
a nicol which rotates about a vertical 
axis and the position of which can be 
read on a horizontal circle. A is an 
aperture in a horizontal plate. P is a 
glass plate that can be rotated about 
a horizontal axis and the position of 
which can be read on the circle C. L 
is a lens which can be swung into the 
position L' in the path of the rays, 
and M is a piece of mirror glass. 

It is usual to describe the applica¬ 
tion of the formulas (17), (18), and (19) 
under two heads according as the 
crystal plate is traversed by a parallel or a convergent beam of light. 

It has already been mentioned that plates of tourmaline cut parallel 
to the axis absorb the ordinary ray so strongly that only the extraordinary 
ray is transmitted. Hence two plates of tourmaline held in wire supports 
and known as tourmaline tongs or forceps were formerly used for observing 
the interference figures produced by crystals. The crystal was placed 
between the tourmalines, both of which could be rotated separately, the 
combination was held close to the eye and the observer looked through it 
at a white cloud or other uniformly illuminated extended object. The 
method works much better if Polaroid screens are substituted for 
tourmalines. 

Parallel Light. In this case the apparatus can be used in two 
ways. Light is incident in the direction of the arrow either from a 
sodium flame or from the sky. If a sodium flame is used, it is well to 

• Usually known as Norremberg’s apparatus. 


Fio. 194. 



Plate IV 




Diffraction at wedge-shaped slit. The broken line gives the geometrical shadow. 
Distance°of slit from source and plate 24 17m and 15 47m. A-0M6 M . Diameter of 
source I mm. By W. Arkadiew. 


Circular obstacle and aperture—comparison of experiment and theory. 



The two sheets of the wave surface for a bi-axal crystal. 
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put, a ground glass plate in front of it, as the extent of the flame is not 
usually great enough. The glass plate P is set in either of the two 
positions shown at such an angle that the incident light is plane 
polarised by reflection. If the glass plate is in the position shown 
by the full lines, the light then falls on the mirror—the lens is swung 
out to the side—is reflected there and passes up through the plate P 
and the aperture A to the nicol and through it to the eye of the ob- 
server. The crystal plate is placed on the mirror M and consequently 
the rays traverse it twice, once on the downward and once on the 

upward path. .. , 

If the glass plate is in the position shown by the dotted lines the 
light after reflection passes directly through the aperture to the nicol. 
In this case the crystal plate is placed over A and the light traverses 


it once. ... . , . 

The glass plate P takes the place of the polarising nicol. After re¬ 
flection from it the beam is plane polarised in the plane of the diagram. 
On entering the crystal the beam decomposes into two, plane polarised 
at right angles to one another, which travel with different velocities. 
Consequently after emerging from the crystal they have acquired a 
relative phase difference, but as they are polarised in different planes 
they are not in a condition to interfere until the analysing nicol brings 
them into the same plane and makes interference possible. 

The eye is focussed on the crystal plate itself, and as the pencils of 
light coming from the different points on its surface are thin and the 
plate subtends a small angle at the eye, the rays that reach the eye 
practically all pass through the plate normally. Hence 8 is the same 
for every point on its surface, and if the illumination is monochro¬ 
matic, the plate appears of a uniform brightness. If the incident light 
is white, owing to 8 varying with the wave-length the different com¬ 
ponents of the white light are not all transmitted to the same extent, 
and the plate appears coloured. The colour depends on the thickness 
and is purest for the case of “ crossed nicols.” 

Quartz Wedge. The variation of the colour with the thickness 
can be studied when a wedge is used instead of a plate. Quartz 
wedges are commonly used for this purpose ; the angle between their 
faces is very small, usually about £°, and to prevent breaking they are 
cemented to glass plates. Owing to the angle between the faces being 
so small we can assume that it does not affect the directions of the 


reflected or transmitted light appreciably but only the value of 8 ; the 
latter increases from the thin end to the thick end of the wedge. The 
wedge is cut with the optic axis parallel to its sides. and 
(16) then become the principal indices of refraction for quartz. 
Their values for sodium light are 1-5442 for the ordinary ray and 
1-5533 for the extraordinary ray ; the difference is -0091. It increases 
slightly towards the violet, being -0094 for that end of the spectrum. 

Let us suppose that the nicol is crossed and that the wedge is 
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set with its axis at 45° to its principal plane. Then sin 2 2a=l, 

and the expression for the intensity becomes simply l = sin 2 - and is 

2 

a maximum when 8 = (2n + l)n t i.e. d= 

Ml “M2 


or 


j ( H + ^)A 
•0091 


( 20 ) 


if the variation of /x with A is neglected. The different colours have 
their maxima at different places and the wedge is crossed with coloured 
bands parallel to its edge. If at the thin end d is less than £A/-0091 
where A has its value for the violet, then the thin end is dark. It will 
be remembered that when Newton’s rings were seen in white light 
(p. 144) the maxima of the different colours were given by 


2e = (n +J)A 


where e was the thickness of the air film. This equation is of the 
same type as (20). Thus the sequence of the colours exhibited by 
the quartz wedge is somewhat the same as that shown by Newton’s 
rings. Hence if is known, the thickness can be determined 

from the colour, and, if the thickness is known, /i| -/z 2 or the degree of 
birefringence can be determined from the colour. 

If the illumination is monochromatic, the wedge is simply crossed 
by equally spaced bright and dark bands. If the analysing nicol is 
turned through 90°, the positions of the bright and dark bands are 
interchanged. If the nicol is kept fixed and the wedge rotated through 
one complete revolution, i.e. if we increase a and /3 each 27r, keeping 
their difference constant, the bands disappear eight times in the revolu¬ 
tion, i.e. whenever sin 2a or sin 2/3 becomes zero. 


Convergent Light. To use the apparatus 
shown in Fig. 194 with convergent light 
the crystal plate is placed at A, the nicol 
pushed down close to A and the glass plate 
turned into the dotted position to receive 
light from the sky. The eye looks through 
N and the crystal at different points in the 
sky. It is focussed on the sky. 

We shall suppose that the plate is cut 
at right angles to the optic axis and that 
E (Fig. 195) represents the position of the 
eye. Then for the rays passing normally 
through the plate in the direction 0MNE 
5 = 0. For rays passing through the plate 
in the direction RQPE 8 is constant as long 
as ZNEP is constant, because the velocities in the crystal depend only 
on the inclination of the path to the optic axis. 8 increases with 
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the inclination of the ray to the axis. Hence, as the colour depends 
on 5, the eye sees the direction EN surrounded by coloured circles. 
The lines of an interference figure which exhibit the same colour at all 
points are called isochromatic curves. 

If the nicol is crossed, the intensity is zero when sin 2 2a =0. Hence 
superimposed on this system of circles is a dark cross. The arms of 
this cross are referred to as achromatic lines. If 
the nicol is parallel we have, of course, the com¬ 
plementary figure and the dark cross is replaced 
by a bright one. Fig. 196 shows the interference 
figure when the light is monochromatic. 

A crystal plate can also be examined in con¬ 
vergent light when placed on the mirror M (Fig. 

194) if the lens is swung into the path of the rays 
and focussed on M. 

The apparatus represented in Fig. 194 is, of course, suitable only 
for large crystals. For small crystals a microscope must be used ; 
for this purpose it is provided with a polarising nicol below the stage 
and an analysing nicol either immediately above the objective or above 
the eyepiece. Then, for examination in parallel light, the microscope 
is focussed on the crystal. For examination in convergent light a 
condensing lens has to be inserted in the opening in the stage directly 
under the crystal and an auxiliary eyepiece has to be used. This 
enables us to focus not on the crystal but on the interference figure, 
which is formed in another plane. 



Fig. 190. 


EXAMPLES 

(1) It is found when sodium light is incident on the surface of a certain glass 
plate at an angle of 68° 18', that the reflected light is plane polarised. What is 
the refractive index of the glass ? 

(2) A 30° Iceland spar prism is cut with its axis parallel to the refracting edge, 
and light from a sodium flame is incident normally on one of the faces. Calculate 
the deviation for the ordinary and extraordinary rays. 

(3) A 60° quartz prism is cut with its axis parallel to the refracting edge and 
is placed on the table of a spectrometer. The slit is illuminated by a sodium 
flame. What are the angles of minimum deviation for the ordinary and extra¬ 
ordinary rays ? 

(4) A ray of light is incident on the surface of an Iceland spar crystal at an 
angle of 60° with the normal. The axis is in the surface and in the plane of 
incidence. What are the angles of refraction of the ordinary and extraordinary 
rays ? 

(5) A quartz wedge, the angle of which is £°, is cut with its optic axis parallel 
to the edge. It is viewed with a Norremberg’s apparatus in such a way that the 
plane polarised light from a sodium flame passes perpendicularly through the 
wedge, is reflected by a mirror, and then retraces its path through the wedge to 
the analysing nicol. What is the distance between the interference bands ? 

(6) A plate of Iceland spar 2 mm. thick is cut perpendicularly to the axis. 
Calculate in angular measure the diameters of the first three rings seen when a 
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converging beam of plane polarised light is transmitted through it in the direction 
of the axis and then analysed by a nicol. 

(7) A plate of Iceland spar of thickness d is cut at right angles to the optic axis. 
A mark is scratched on one face and the plate is then placed on the stage of a 
microscope with this face down, and the microscope focussed on the scratch. 
It is found that the latter can be seen sharply in two positions, which are 
apparently d 0 and d e cms. resp ectiv ely below the upper surface of the plate. 
Show that fi 0 =d/d 0 and n^d/Vd^, /i„ and fi e being the two principal indices 
of refraction of Iceland spar. (Note that the radius of curvature of the extra- 
ordinary wave-front is n^d/pf where it meets the upper surface of the plate.) 



CHAPTER XII 

THE PROPAGATION OF LIGHT IN CRYSTALS 

In the previous chapter only uniaxal crystals have been treated. 
The manner of the propagation of light in optically biaxal crystals 
can best be described with reference to a surface, 

a 2 x 2 +6*y*+c 2 z 2 =V 2 , 

called the ellipsoid of elasticity. In the equation the coordinate axes 
are taken in fixed directions in the crystal, a, 6, and c are constants 
depending on the nature of the crystal, and V is the velocity of light 
in vacuo. The ellipsoid of elasticity was introduced by Fresnel on 
theoretical considerations, but here it will be considered merely as 
the simplest way of describing the facts. It has the following 
property. 

Take any plane through the centre of the ellipsoid. It intersects 
the ellipsoid in an ellipse. Two waves are propagated in the crystal 
in the direction at right angles to this plane. Their velocities are 
numerically equal to V/r, and V/r 2 where r x and r 2 are the lengths of 
the major and minor semi-axes of the ellipse. Also each wave is 
plane polarised in the plane at right angles to the semi-axis that 
specifies its velocity. 

The two waves are thus plane polarised at right angles to one 
another. Also the construction gives wave velocities, not ray 
velocities. As the inclination of the plane of section alters, the lengths 
of both axes of the ellipse vary. Thus neither of the two waves has 
a constant velocity and neither obeys the ordinary laws of refraction. 
The distinction between ordinary and extraordinary wave breaks 
down ; both waves are extraordinary. If Ox is the direction of wave 
propagation, the equation to the ellipse of section is 

r x and r 2 equal V/6 and V/c, and the velocities of the two waves are 
consequently 6 and c. Similarly c and a are the velocities of the two 
waves propagated in the 0 y direction and a and b the velocities of 
the two waves propagated in 4 the 0 z direction. The ratios V/o, V/6, 
and V/c are called the principal refractive indices of the crystal. 
When they and the directions for which they are determined are 
known, the optical properties of the crystal are fully known. We 
shall suppose in what follows that a>6>c. 
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Optic Axis. The equation 

x 2 + y 2 + z 2 =r 2 

represents a sphere of radius r. It is shown in text-books on solid 
geometry that the equation 

a 2 z 2 + b-y- + c 2 2 2 = ^(i 2 + y 2 + z 2 ) 

represents a cone through the origin and the curve of intersection of 
the sphere and ellipsoid. If r=V/6 the cone reduces to two planes, 

x 2 (a 2 - b 2 ) = z 2 (b 2 - c 2 ), 

and these planes cut the ellipsoid in circles. 

It follows that there are two directions for which both waves 
have the same velocity, that velocity being equal to 6. These direc¬ 
tions are in the xz plane and equally inclined to Oz. They are called 
the optic axes. In general there are two and hence the crystal is said 
to be optically biaxal, but if we write a = b they both coincide with 
Oz and the crystal becomes optically uniaxal. If the wave normal is 
in an optic axis, the construction for the plane of polarisation becomes 
indeterminate and consequently the latter may have any direction. 

Dispersion of the Optic Axes. In most biaxal crystals the directions 
of the optic axes vary with the wave-length. Thus in an extreme case, 
brookite, the plane of the optic axes rotates through 90° in going from one 
end of the visible spectrum to the other. When selenite is heated it be¬ 
comes at first uniaxal, then on raising the temperature still higher it 
becomes biaxal again but with the plane of the optic axes at right angles to 
its original direction. The change is reversed on cooling, except when the 
heating has been very prolonged, when the reverse change stops at the 
uniaxal stage. 


Fresnel’s Law for the Velocity. We shall now derive an equation 
giving the velocity in any direction as a function of ( l , m, n) the direction 
cosines of that direction. 

The plane 

lx + my + nz=0 

cuts the cone 



in two straight lines through the origin, and the distance from the 
origin to the surface of the ellipsoid ofTlasticity measured along these 
lines is r. If the two lines coincide, the plane touches the cone and 
r becomes the length of a semi-axis of the ellipse in which the plane 
intersects the ellipsoid of elasticity. The condition of tangency is 
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Z 2 


m 


2 


n 


2 


w 2 v 2 V 2 

* 2 4 * 2 ~f 2 C "r 2 


= 0 . 


But if we write v for the velocity in the direction (l, m, n), v-V/r. 
Hence 


Z 2 


.+ 


771' 


a 2 - v 2 b 2 - v 2 c 2 -v 2 


= 0 


( 21 ) 


This is the required equation. It is due to Fresnel. As was to be 
expected, it is a quadratic for v 2 . 

The Wave-Surface. Let us suppose that a light disturbance 
travels out in all directions from a point inside a biaxal crystal and that 
it is required to find the shape of the wave- 
surface. Take the point as origin and let 
a great number of plane wave-fronts travel 
through it in all possible directions. Let 
FG, HK, and LM be the traces after unit time 
of wave-fronts, the directions of propaga¬ 
tion of which make small angles with one 
another. These wave-fronts all touch the 
wave-surface, so the latter is the envelope of all the plane wave-fronts. 

If we are given a family of surfaces represented by 

f(x, y t z, a, 6)=0, 

the ordinary method of finding its envelope is to form the two equations 
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a -/(*. «. &)=°. y > z > °> 6 )=°> 


da 


( 22 ) 


and by their means eliminate a and b from the original equation for 
the family of surfaces. Here the family of surfaces is 

lx + my + nz=v t .... (23) 

where v is a function of Z, m, n given by (21). Only two of the three 
variables Z, m, n are independent, since, of course, they are connected 
by the equation 

Z 2 + 77i 2 + n 2 = l, .... (24) 

and it is shorter to proceed otherwise, by the method of undetermined 
multipliers. 

From (23), (24), and (21) we have 


Idl 


xdLf ydm + zdn = dv , 

Idl + mdm + ndn= 0, 

mdm , ndn , 

+ ~ 77> 4" -- - = Kvdv, 


tp-a 2 \p-b 2 c 2 — v 2 


(25) 

(26) 


and 


. (27) 
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where 


K = 
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l 2 m2 n 2 

( y 2 _ a 2)2 + (V 2 _ 6 2)2 + ( V 2 _ c ~ 2 ) 2 - 


The three equations (25), (26), and (27) are equivalent to the two 
independent equations (22). Hence it is possible to find quantities 
such that when (26) and (27) are multiplied by them and added, 
the coefficients in the resultant equation are equal to the coefficients in 
(25). Let A and B be such quantities ; then 


x= AZ+ B 


l 


y= A //1 + B 


v 2 - a 2 
m 


rfi-b 2 


*=An + B —*— 
v-- c 2 


(28) 


1 = BK ».(29) 

We have now to eliminate A and B. Multiply (28) by l, m, n respec¬ 
tively, add, and we obtain by means of (23), (24), and (21), 

»=A.(30) 

Squaring and adding the two sides of the different components of (28' 
we have 

r 2 =A 2 + B 2 K, 

the product term disappearing on account of (21). On combining 
this with (29) and (30) we obtain 

B = B 2 Kv=(r 2 - v 2 )u. 

Substitution for A and B in (28) gives 


v 2 - a 2 v 2 -a 2 ' 


or 


vl 


x-v l 


and similarly 
and 


r 2 - a 2 v 2 - a 2 r 2 - v 2 

V — vm 
r 2 -b 2 ~ 

z _ vn _z-vn 
r 2 - c 2 “ v 2 -c 2 ~ r 2 ^ 2 


( 31 ) 


On multiplying these equations by x, y, z respectively and adding, we 
obtain the required equation of the wave-surface, namely 

V - 


x 2 


y 2 


.+ 


r 2 -a 2 r 2 -b* r 2 -c 2 ~ 

It gives the position of the wave-surface after unit time. 


(32) 
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Sections of the Wave-Surface by the Coordinate Planes. The 

simplest way of getting an idea of the shape of the wave-surface is to 
consider its sections by the three coordinate planes. It we get rid 
of the denominator (32) becomes 
x 2( r 2 - &2)( r 2 _ c 2) + y2( r 2 _ c 2)( r 2 _ fl 2) + 2 2( r 2 _ a 2 )(r 2 _ &2) 

= (r 2 - a 2 )(r 2 - 6 2 )(r 2 - c 2 ) . . . (33) 

When 3=0, this gives 

(f® - a 2 )(y 2 (r 2 - c 2 ) + z 2 (r 2 -b 2 )- (r 2 - 6 2 )(r 2 - c 2 ))=0. 

The second factor simplifies to 

- y 2 c 2 - z 2 b 2 + (y 2 + z 2 )(b 2 + c 2 ) - b 2 c 2 = 0, 
or y 2 b 2 + z 2 c 2 - b 2 c 2 =0. 


Hence the yz plane intersects the wave-surface in 

y 2 + z 2 =a 2 


and 


I / 2 ,! 2 

c 2 6 2 


- 1 . 


a circle and an ellipse lying wholly inside it. 

When y=0, (33) reduces to 

(r 2 - b 2 )(x 2 (r 2 - c 2 ) + z 2 (r 2 - a 2 ) - (r 2 - a 2 )(r 2 - c 2 )) = 0. 

The second factor simplifies to x 2 a 2 + z 2 c 2 -a 2 c 2 = 0. 

Hence the zx plane intersects the wave-surface in 


x 2 + z 2 =b 2 


A x 2 Z 2 

and - 7 , H—*=1» 

c 2 a 2 


a circle and an ellipse which intersect one another. 

When z=0, (33) reduces to 

(r 2 - c 2 )(x 2 (r 2 - b 2 ) + y 2 (r 2 - a 2 ) - (r 2 - a 2 )(r 2 - 6 2 )) = 0. 
The second factor simplifies to x 2 a 2 + y 2 b 2 - a 2 b 2 = 0. 

Hence the xy plane intersects the wave-surface in 


and 


x 2 + y 2 =c 2 

x - + t=i 


an ellipse with a circle inside it. 

The sections are represented by the following diagrams (Fig. 198). 
The direction of polarisation can be obtained from the ellipsoid of 
elasticity and is shown in the diagram, j_ denoting that the light is 
polarised at right angles to th£ plane of the figure, and = denoting that 
it is polarised in the plane of the figure. 

The wave-surface, then, consists of two sheets which meet in four 
points F, G, J, and H and nowhere else. These points lie two and two 
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on straight lines through the origin called the axes of single ray 
velocity. The axes of single ray velocity are quite distinct from the 
optic axes. 

When a wave is refracted at the surface of a biaxal crystal, the 
refracted ray and wave-front can be obtained from the wave-surface 





by Huygens’s construction just as in the case of a uniaxal crystal. In 
the case of a biaxal crystal, however, conditions are more complex ; in 
general neither of the refracted rays is in the plane of incidence. 

Although the two waves belonging to the same normal are plane 
polarised at right angles to one another, the two planes of polarisation 
belonging to a given ray are not perpendicular to one another unless 
the ray coincides with the wave normal. 

A photograph of a model of the wave-surface is shown on Plate IV 
facing p. 208. 


Internal Conical Refraction. Let Fig. 199 represent the section of 
v the wave-front by the zx plane. Then it is 

obvious we can have a plane touching one 
sheet of the surface at M and the other at N. 
This plane is perpendicular to the radius join¬ 
ing M to the origin, which is, of course, equal 
to 6. Since the tangent planes to the two 
sheets perpendicular to this radius coincide, it 
is the optic axis. 

Fio. ] 99 . can be shown that the common tangent 

plane meets the surface not only in the two 
points M and N but also in a circle of which MN is a diameter. For 
from (31), multiplying the first equation by l and the third by n, we 
have 


(f 



V 




lx nz _ / l 2 n 2 \ 
r 2 — a 2 ^ 2 -c 2 ~ V \r^^ 2 + ^^ 2 ) a 

If (J, m, n) refer to the optic axis, l 2 /{a 2 -b 2 )=n 2 /(b 2 -c 2 ), m= 0, and 
v=b. 

Hence the right-hand side of the above equation 

l 2 n 2 
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and h(r 2 - c 2 ) + nz(r 2 - a 2 ; = 0 . • • ( 34 ) 

In this equation s, y, z determine the point of contact of the ray with 
the wave-front in the direction (I, m , n). The equation to the tangent 

plane at Mis . 

lx + nz=b , 


On combining (34) and (35) wc obtain 

b(x 2 + y 2 + z 2 ) - lc 2 x — na-z = 0, . . . (3G) 

the equation to a sphere passing through the origin. 

The locus of the point of contact is therefore given by the inter¬ 
section of (35) and (36), a sphere and plane, and must be a circle. 
At the point F there is a little pit or depression in the surface ; the 
tangent plane MN covers it over and touches the surface all round it 
in a circle. As the direction of the ray is given by the point of con- 
tact of the tangent plane, it follows that in this case there is an infinite 
number of rays joining the origin to the circle and lying on the sur¬ 
face of a cone. 

This result was derived theoretically by Sir William Hamilton, and 
was verified experimentally at his request by Dr. Lloyd. A plate of 
arragonite with its faces cut perpen¬ 
dicular to the bisector of the angle 
between the optic axes was used, that is, 
a plate with its faces parallel to the xy 
coordinate plane. For this crystal the 
vertical angle of the cone is compara¬ 
tively large. A thin pencil of light SO 
was incident on the plate through a 
small hole in a screen at 0. The emer¬ 
gent rays were received on a screen EF 
at the other side. The angle of incidence 
of SO was varied very slowly until the 

refracted wave normal coincided with the optic axis ; then the two 
images on the screen EF extended into a luminous ring of light. The 
rays traversed the plate as a cone and on emerging formed a hollow 
cylinder, the sides of which were parallel to SO. 
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External Conical Refraction. An infinite number of tangent 
planes can be drawn to the wave-surface at the vertex of the conical 
depression where the two sheets meet. These tangent planes envelop 
a cone. If a ray traverses a crystal plate in the axis of single ray 
velocity, to that ray there corresponds an infinite number of wave 
normals, all lying on a cone. When the ray reaches the surface of 
the plate, the direction of the emergent ray depends on the wave 
normal; consequently the single ray gives rise to an infinite number 
of emergent rays, which all lie on the surface of a cone. 

This phenomenon, which is known as external conical refraction, 
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wa S also predicted by Sir William Hamilton and verified experiment- 
a * V , / * L1 °y d - . A pl ate of arragonite was used, and on each face 
a plate of metal with a very fine hole was placed. The plates were 
adjusted so that the line OP (Fig. 201) joining the holes coincided with 

the axis of single ray velocity. Then, when light 
was incident on the one hole in a suitable direc¬ 
tion ancj the observer looked into the other, a 
bright ring of light was seen. As the emergent 
rays are parallel to the incident rays, to obtain 
the full emergent cone the incident pencil must 
also be conical and have at least as great a 
vertical angle as the emergent cone. Of course 
it is not necessary for it to be a hollow cone ; 
the other rays do not travel along the axis of 
single ray velocity and are consequently stopped 
by the plate on the other face. 
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Interference Phenomena in Biaxal Crystals. Figs. 202 and 203 
represent interference phenomena produced in convergent mono¬ 
chromatic light by a biaxal crystal plate which has its faces cut 
perpendicular to the bisector of the angle between the optic axes 
Both figures are for the case of crossed nicols ; in Fig. 202 the plane of 
the axes is parallel to the principal plane of one of the nicols, and in 



Fio. 202. 



Fig. 203 it makes an angle of 45° with the principal planes of the 
nicols. 


Many crystalline bodies, including rock salt (NaCl) and sylvin (KC1), 
are optically isotropic and behave in exactly the same way as glass as 
regards the propagation of light through them. 

Coloured Rings produced by Polarised Light in Double Refracting 
Crystals. The coloured plate opposite represents coloured rings pro¬ 
duced by polarised light in double refracting crystals (cf. Figs. 196, 202, 
and 203). I is a uniaxal crystal, nicols crossed, and II a uniaxai 
crystal, nicols parallel. Ill, IV, V, and VI arc cases of a biaxal crystal, 
nicols crossed ; in IV the plane of the axes is parallel or perpendicular 
to the plane of polarisation, in V the crystal has been rotated a little 
from this position, and in VI it has been rotated through 45° from 
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this position. In III the directions of the axes are widely separate as 
in arragonite and the plane of the axes is parallel or at right angles to 
the plane of polarisation. 


EXAMPLES 

(1) Mica is a biaxal crystal which cleaves naturally in planes perpendicular 
to the bisector of the angle between the optic axes. Its principal indices of 
refraction for sodium light are 1-5601, 1-5936, and 1-5977. Calculate the angle 
which each optic axis makes with the normal to the plane of cleavage. (The 
principal indices of refraction of mica vary considerably from specimen to 
specimen ; some samples are almost uniaxaL)^ 

(2) Calculate the velocities of sodium light in mica in a direction perpendicular 
to the cleavage planes. Hence calculate the thickness of a quarter-wave plate 
and of a half-wave plate made from mica. (A quarter-wave plate is one, in 
passing through which the faster ray gains one-quarter period on the slower ray ; 
a half-wave plate is one, in passing through which the faster ray gains one-half 
period on the slower ray.) 

(3) Selenite (CaS0 4 +2H 2 0) is a biaxal crystal which cleaves parallel to 
the plane containing its optic axes. How thick should a quarter-wave plate 
of selenite bo, if its faces are cleavage planes ? It i3 to be constructed for sodium 
light, and the principal refraotive indioes of selenite for sodium light are 1-530, 
1-523, and 1-521. 



CHAPTER XIII 


OPTICAL ROTATION AND THE ANALYSIS OP 
POLARISED LIGHT 


Suppose that two nicols, a polariser and an analyser, are mounted 
so as to rotate about the same axis, and that a tube filled with water 
and with plane glass ends is placed between them, so that the rays 
from the polariser pass down it before entering the analyser. Then 
when the two nicols are crossed, the field is dark. If, however, some 
sugar is dissolved in the water, as it goes into solution, the field 
becomes light, but extinction can always be restored by rotating the 
analyser through a definite angle. The sugar solution thus rotates 
the plane of polarisation of the incident light. If the strength of the 
solution is constant, the angle of rotation is proportional to the length 
of the tube. For a given length of tube the rotation is proportional 
to the strength of the solution measured in grams of dissolved sub¬ 
stance per c.c. of solution. The rotation varies with the wave-length 
being roughly proportional to the inverse square of the latter. It 
also varies with the temperature. 

Substances which rotate the plane of polarisation as a sugar 
solution does are said to be optically active. They are divided into 
two classes according to the direction of the rotation. If to an 
observer looking towards the source the plane of polarisation is 
rotated in the direction in which the hands of a clock revolve, the 
rotation is said to be positive or right-handed or dextrogyric, if in 
the other direction the rotation is said to be negative or left-handed 
or laevogyric. 

The optical activity of a substance is defined by its specific rotation 
which is usually written [a],, the temperature in degrees centigrade 
being substituted for the suffix t. The specific rotation is the rotation 
per decimetre of solution divided by the grams of active substance per 
cubic centimetre of solution. Thus, if 3 gms. of sugar are dissolved 
in water and the volume of the solution is 80 c.c., if the solution is 
poured into a tube 22 cms. long and the plane of polarisation of a 
beam of a sodium light that passes down the tube is rotated through 
5-5°, the specific rotation is given by 


5-5 x 80 

2-2x3 


= 66-7°. 


222 



OPTICAL ROTATION AND POLARISED LIGHT 223 

The molecular rotation is the specific rotation multiplied by the mole¬ 
cular weight of the dissolved substance, a varies with the wave-length, 
with the nature of the solvent, and with the concentration of the 
solution. 

The optical activity of liquids was observed first by Biot for sugar 
solutions in 1815. It was found by Arago in 1811 that quartz rotates 
the plane of polarisation of a beam traversing it in the direction of 
the optical axis, and the same fact was afterwards observed for many 
other crystals. In the case of quartz the rotation is simply given in 
degrees per mm. of thickness ; the value for sodium light and 20° C. is 
21*72° per mm. For some specimens of quartz the rotation is right- 
handed and for others it is left-handed, but the numerical value is 
always the same. 

Fused quartz is inactive, i.e. does not rotate the plane of polarisation 
at all, so the rotation is due to the crystalline structure, to the 
arrangement of the atoms with reference to one another. We are 
accustomed to think of liquids as perfectly isotropic and to assume 
that in their case the molecules move freely past one another. Hence 
in liquids the cause of the optical activity must lie in the structure of 
the molecules themselves. This view has received a great development 
on the chemical side. The liquids and dissolved solids which are 
optically active, possess in almost every case an asymmetric atom of 
carbon, tin, sulphur, or nitrogen, and to each of them there corresponds 
a twin substance which rotates the plane of polarisation through the 
same angle in the opposite direction. The carbon atom is said to be 
asymmetric if the four radicals attached to it are all different. If we 
represent the molecule in space by attaching the radicals a, b, c, and d 
at the corners of a tetrahedron, then we have the two possible 
arrangements shown in Figs. 204 and 205. In these figures the corner 
d is supposed to be in each 
case above the plane of the 
paper. It will be found by 
trial that any other arrange¬ 
ment can be made to coin¬ 
cide with one of the above 
merely by turning the tetra¬ 
hedron round. These two 
arrangements cannot, how¬ 
ever, be made to coincide 
with each other, for if c and d in the first figure coincide with c and d 
in the second, a of the first falls on b of the second. The one arrange¬ 
ment is the mirror image of the other, the position of the mirror being 
shown by the dotted line. The rotation is supposed to be due to the 
fact that the molecule has this asymmetric shape, the one figure giving 
the dextro compound and the other the laevo compound, and this 
idea has been of great help in elucidating chemical structure. The 
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two compounds represented in Figs. 204 and 205 are said to be optical 
isomers. 

Saccharimetry. The rotation of the plane of polarisation is used 
in commerce and also in medicine as a means of estimating the 
quantity of sugar in a liquid. The molecular rotation of a substance 
is also very important theoretically. Consequently a number of in¬ 
struments have been designed for measuring optical rotation. Such 
instruments are called saccharimeters or polarimeters. 

The simplest form of saccharimeter, that used by Mitscherlich, 
consists only of two nicols, a polariser and an analyser, which rotate 
about the same axis, and a tube between for holding the liquid. The 
analyser is set at extinction, first when the tube is empty and then 
when it is filled with the liquid. The difference between the two 
positions gives the required angle but only to a multiple of 7 r. For 
example, if the analyser had to make a right-handed rotation of 0 in 
order to restore extinction, then the actual rotation may be n + 6 or, 
if it is a left-handed one, 7 r-0. The correct sign and multiple of it. 
if any, can be found from the fact, that if the tube is half the length 
or the solution half as strong the value of the rotation diminishes by 
half. Also, if instead of sodium light red light is used, the rotation 
usually diminishes in the ratio of about five to four. A suitable red 
light for a rough test of this kind may be obtained by putting a piece 
of red glass in front of a Pearl lamp. 

A simple saccharimeter of this type Is, however, very inaccurate 
on account of the difficulty of setting the analyser at extinction. The 
field appears perfectly dark not for a single position but for a region. 
The usual way of working is to rotate the analyser slowly through 
this region until the field begins to be bright again, then to turn it 
back to equal brightness on the first side, and finally to rotate it half 
way into the region, the angle being estimated with the fingers. The 
reading is then taken. But this method is inaccurate at its best. 

Modern instruments are constructed on what is known as the 
“ half shadow ” principle. Fig. 206 represents the optical system of one 
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of the most usual types, one fitted with a Lippich two-prism polariser. 
The Lippich polariser consists of the two nicols, P and Q, and an 
aperture B. A is an analyser which is placed behind an aperture C. 
The analyser of course rotates about the axis of the instrument and 
its position can be read on a divided circle. T is a small astronomical 
telescope which is focussed on the edge of Q. The tube to be examined 
is placed between B and C. D is an aperture for admitting the light 
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and L is a convex lens. The sodium flame used as 

such a distance from D that, when the tube is in, >ts image falls on 

A ^On“looking into the telescope we see the field divided into two 
halves of unequal brightness separated by a very sharp hnelFig.MT). 
The sharp line is the image of the edge of the prism Q , 
of the field is illuminated by light which passes through 
both the prisms P and Q, the other half by light which 
passes through the prism P alone. The principal planes 
of P and Q are inclined at a small angle 8 to one another; 
they are represented by the arrows p and q. If the 
principal plane of the analyser is at right angles to p, 
one half of the field is black, if at right angles to q the 
other half is extinguished, and, if we turn the analyser 
from one of these positions to the other, the intensity of 
the one half of the field rapidly increases from zero and 
of the other half of the field rapidly decreases to zero. Consequently 
for an intermediate position the two halves are equally bright. This 
is the position that we set on. For it the principal plane of the 
analyser has the direction given by the dotted line. 

The smaller the angle 8 , the greater is the change in the relative 
intensity of the two halves of the field produced by a definite small 
rotation of the analyser. If, however, 8 is very small, the illumination 
of the field becomes too faint. There is consequently a definite value 
of 8 for which the accuracy of the setting is a maximum. This value 
depends on the brightness of the light source and the transparency of 
the solution, and consequently it is an advantage to be able to adjust 
8 , so as to get maximum sensitiveness for any given conditions. 

In addition to the two-prism polariser Lippich invented a three- 
prism polariser, in which there are two little nicols set in front of a 
larger one with their principal planes parallel, and which divides the 
field into three parts (Fig. 208), the centre being illuminated by light 
that passes through the large nicol and each side by light 
that passes through the large nicol and one of the small 
ones. The two sides have the same brightness. This 
arrangement is used for the most accurate work. With 
the ordinary half-shadow arrangement, if the eye gojs off 
the axis of the instrument, the halves may match at the 
wrong angle. This error is impossible with the three-prism polariser, 
for, if the eye moves to one side and that side appears too bright, the 
other side appears too weak. 

Besides the Lippich two-prism polariser there are other older 
methods of producing a half-shadow field, for example, the Laurent 
plate and the biquartz. The Laurent plate can be used only for one 
special wave-length. It consists of a quartz plate cut with the axis 
in the surface parallel to one edge and of such a thickness that the 

8 
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ordinary wave gains A/2 on the extraordinary wave in passing through 
it. It is placed immediately after the polarising nicol and covers half 
the field. The other half of the field is covered by a glass plate that 
transmits the same amount of light as the quartz. Let the axis of the 
quartz make an angle <f> with the principal plane of the 
polarising nicol. Then if OB gives the direction of 
the axis of the plate and if OP represents the incident 
vibration, on entering the plate the latter decomposes 
into OA and OB. These two components suffer a relative 
phase difference A/2 in passing through the plate; 
hence after emerging, if the one component is repre¬ 
sented by OB the other must be represented by OA' and 
the resultant by OP'. The insertion of the plate has 
therefore rotated the plane of polarisation of the light 
that passes through it by 2 */>. 

A plate cut from a uniaxal crystal with its faces parallel to the 
axis and producing a phase difference of half a wave-length between 
the two rays, as the quartz plate does in Laurent’s arrangement, is 
called a half-wave plate. 

The biquartz is placed immediately after the polariser. It consists 
of two semicircular pieces of quartz cut with their surfaces perpen¬ 
dicular to the axis, about 3-75 mm. thick, the one piece being right- 
handed and the other left-handed. They are cemented together 
along the diameter. If sodium light is used, each half of the field 
is rotated through about 80°, so that they are inclined at 20° to one 
another. The analyser is adjusted to make both halves of the field 
equally bright. If the rotation to be measured is small, the biquartz 
can also be used with white light, for then for each constituent colour 
both halves are matched at the one position of the analyser. In this 
case, when the analyser is turned through the correct position, the 
colour of one half of the field changes suddenly from blue through a 
greyish-violet called the sensitive tint to pink, and of the other half 
from pink through greyish-violet to blue, and so the setting can be made 
with considerable accuracy. When the setting is made, the colour 
for which the rotation is 



921_ 24 o 

3-75 ’ 


i.e. for which A is about *06 10~ 4 cm., is extinguished, the middle of the 
spectrum is cut out and the illumination of the field is due to the end 
colours red and blue, which together give grey. If the analyser is 
rotated slightly from this position, the missing part in the spectrum 
moves towards the red for the one half of the field and towards the blue 
for the other, and consequently in each case the other colour pre¬ 
ponderates in the mixture. 

In some saccharimeters the analyser does not rotate and the rota- 
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tion produced by the solution is measured by screwing m a quartz 
wedge to remove it. The quartz produces an equal and oppos te 
rotation to that produced by the solution. This method is specially 
suitable for sugar solutions, for the dispersion of the rotation, i.e. the 
variation of the rotation with wave-length is nearly the same for quartz 
and sugar, and consequently white light can be used. Soled s sawhari- 
meter, which employs this method, is represented in Fig. 210. 1 he light 


— 7^7 

P B 


a-BiWQ- 

R L A G 
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on entering the instrument first passes through the polarising mcol P, 
then the biquartz B and tube T for holding the solution. It next 
passes through a plate of right-handed quartz, R, cut with its surfaces 
perpendicular to the axis, and through two wedges of left-handed 
quartz, L. These wedges have the same angle, so together they form 
a plate of left-handed quartz of variable thickness. They are cut 
with their axes perpendicular to the surfaces of this plate. Their 
angles are, of course, very much exaggerated in the diagram. A is the 
'analyser, which is fixed so as to produce the tint of passage when the 
tube is empty and the thickness of the wedges exactly equal to 
the thickness of the plate R. G is a small Galilean telescope which is 
focussed on the biquartz. If the solution produces a right-handed 
rotation, the tint of passage is restored by screwing in the second 
wedge, and if it produces a left-handed rotation, by screwing out 
the same wedge. The position of the wedge is read on a scale which is 
calibrated in terms of degrees. 

For accurate saccharimetry it is necessary that the light should be 
bright and monochromatic. Usually observations are made only for 
sodium light and the best source of this is the laboratory lamp 
described on p. 261. As a substitute the sodium bicarbonate bead in 
a loop of fine platinum wire may be used. When the sodium yellow is 
extinguished by the analyser, the blue background of the bunsen flame 
becomes troublesome ; to absorb it a glass cell containing an aqueous 
solution of potassium bichromate is used in front of the aperture of 
the instrument. Or instead of using a filter a direct vision spectro¬ 
scope may be screwed on in front of the eyepiece and a slit fixed immedi¬ 
ately in front of the Lippich polariser. This arrangement draws 
the field out into a spectrum parallel to the dividing line between the 
two halves of the field and so separates the sodium yellow from the 
blue background. Also if white light or, better still, if the mercury 
arc is used as source, this arrangement enables determinations of 
the optical activity to be made in different parts of the spectrum. 
The mercury arc permits of the use of a wider slit and a more accurate 
determination of the wave-length. 
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figure it is shown only with polariser and analyser and with a tube in 
position. 


Determination of the Sugar in a Solution when other Active 
Substances are present. An aqueous solution of right-handed cane 
sugar, C 12 H 22 0n, is changed into left-handed invert sugar, which 
is a mixture of equal parts of dextrose and levulose, on heating with 
hydrochloric acid for 10 minutes at 70° C. Dextrose and levulose 
have the same formula, C fl H 12 0 fl . This reaction enables us to determine 
the amount of cane sugar present in a solution when it is mixed with 
other active substances. After the rotation with sodium light, 0, has 
been determined for the solution, 50 c.c. of the latter are measured off, 
6 c.c. of strong hydrochloric acid added, and the mixture kept at a 
temperature of 70° C for about 10 minutes. The concentration in 
gms./c.c. is, of course, now only 10/11 of the original value. The solu¬ 
tion is then cooled, its temperature noted, and the rotation determined 
and multiplied by 1*1. Let the result be 6'. 

Let c be the concentration of the cane sugar in gms. per 100 c.c. 
of solution, and let <f> be the part of the rotation produced by sub¬ 
stances other than cane sugar. The specific rotation of cane sugar is 
66’5; hence 


*-* =66-5 ioo 


. (37) 


where l is the length of the tube in decimetres. 


The specific rotation 
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of invert sugar is given by 

-19-7--036 c + *304 (t — 20), 

where c' is the concentration of the invert sugar in gms. per 100 c.c. of 
solution and t is the temperature in degrees centigrade. The molecular 
weight of cane sugar is 342 ; after conversion to invert sugar it becomes 
300; 


hence 


, 300 
C = 342 C - 


We have 6'-<(,={- 19-7--03fic' + -304(<-20)}^ 


(38) 


The subtraction of (38) from (37) gives 

0 - O' = 66-5^ - {- 19-7 - -036 x l-053c + -304(* - > 

whence c can be determined. The term involving c inside the bracket 
is small; hence we can ignore it at first and so find a rough value for 
c, and then substitute this rough value in it and thus find a more 
accurate value. The specific rotation of cane sugar does not vary 
nearly so much with temperature as the specific rotation of invert 
sugar does. 

Magnetic Rotation. Faraday discovered in 1845 that isotropic 
substances of high refractive index rotate the plane of polarisation of 
plane polarised light when placed in a strong magnetic field. This 
phenomenon is known as the Faraday effect. In the experimental 
arrangement the iron pole pieces of a large magnet are bored, the 
two holes being in the same straight line so that a beam of light 
can pass down the one, then through the most intense part of the 
field parallel to the lines of force and finally through the other. The 
beam of light passes through a polarising nicol before entering the 
magnet and through an analysing nicol after emerging from it, and 
a block of dense lead glass is placed between the poles in the path 
of the beam. When the current passes through the coils of the magnet 
and a magnetic field is produced, the plane of polarisation is rotated. 
As long as the field strength remains constant, the rotation remains 
constant. When the field is reversed the rotation is reversed. 

The rotation is proportional to H, the strength of the magnetic 
field in gausses, and to l, the length of path traversed in it in cms., i.e. 
if 6 denotes the rotation in minutes, then 


d=rHl, 


where r is a constant. This constant is known as Verdet’s constant 
and it is roughly inversely proportional to the square of the wave¬ 
length. It may be either positive or negative. If the rotation is in 
the direction of the electric current producing the field, that is, if. T 
appears clockwise to an observer looking in the direction of the field, 
then it is said to be positive. In the other case it is said to be negative. 
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The rotation thus does not depend on the direction of the light, and 
we have an important difference between magnetic rotation and the 
natural rotation occurring in quartz and sugar. 

In the case of a cane sugar solution, for example, the rotation was 
right-handed to an observer looking towards the source. Hence if a 
mirror is placed at the end of the tube and the beam made to retrace 
its path, to obtain the rotation produced by the second passage the 
observer must look the other way and consequently the one rotation 
annuls the other. In the case of magnetic rotation, if the light passes 
through the substance in the direction of the field and is reflected 
by a mirror so as to retrace its path, since the direction of the field 
does not change, if the rotation appears right-handed to an observer 
looking in the direction of the light during the first passage, it appears 
left-handed to an observer looking in the direction of the light during 
the second passage. Thus by reflecting the light the rotation is 
doubled. Magnetic rotation can be multiplied by reflecting the light 
back and forward through the field; in the case of natural rotation 
each successive passage annuls the effect of the previous one. This 
distinction is to be expected, for in natural rotation we are dealing 
with a “ twisted ” structure in the substance produced by the passage 
of the light wave, whereas in magnetic rotation we are dealing with 
a twisted structure or a rotation in the molecules produced by the 
magnetic field and consequently depending only on the latter. 

Since Faraday’s time magnetic rotation has been detected for a 
great number of substances, including gases, and for the great majority 
Verdet’s constant is positive. For water it has the value -013, for 
carbon bisulphide *043, and for the heaviest flint glass *0888. 

The magnetic rotation of liquids has been studied also from the 
chemical side. In this connection it is measured by the specific 
magnetic rotation, which is the ratio of the rotation to the rotation 
produced by the same thickness of water in the same field divided by 
the strength of the solution in gms. of dissolved substance per c.c. of 
solution. The molecular rotation is this quantity multiplied by the 
molecular weight of the dissolved substance and divided by the mole¬ 
cular weight of water. Molecular rotation is supposed to be additive 
but with a strong constitutive influence. 

An enormous positive rotation is found to take place when light 
is transmitted through very thin films of iron, nickel, and cobalt placed 
at right angles to a magnetic field. In this case the rotation is greater 
at the red end of the spectrum and reaches a limit when the metal 
is magnetised to saturation. For iron the rotation is a complete 
revolution for a thickness of *02 mm. 

Elliptically Polarised Light. Consider the expression 

8in 7 (*-;)• {=c siu {?M) +s }' 
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If v and f represent respectively the displacements parallel to Oy and 
Oz the resultant displacement is transverse to the Ox axis. Each of 
the expressions separately represents a plane polarised wave propagated 
in the direction Ox, and together they represent the most general type 
of transverse wave that can be propagated in that direction. 

The second expression can be written 

£ = cjsin C0S 5 + C0S 7 (*~i) Sin 8 }’ 

which, by substitution of the first expression, gives 


cos 8 +cos 

c b 


tHH- 


This becomes 


also 


cos 


■‘vHH 


L--?cot 8 ; 
c sin 8 b 


V 

V 


Hence squaring and adding the right and left-hand sides 


=(-4 

\c sir 


sin 8 b 


- ? cot 81 




or 


rf- 2 ri£ cos 8 £? 

b 2 sin 2 8 be sin 2 8 c 2 sin 2 8 


(39) 


This equation represents an ellipse, for it is a central conic and we 
know from the conditions of the problem that rj and £ are never infinite. 
We also get the same result on purely mathematical grounds from the 
fact that the left-hand side equated to zero gives lines parallel to the 
asymptotes and consequently the asymptotes are imaginary. 

Thus during the passage of the wave the vibrating particle describes 
an ellipse about its position of rest. For this reason the most general 
type of transverse wave is said to be elliptically polarised. 

If the y and z axes are chosen parallel to the major and minor 
axes of the ellipse, the product terms disappear. Since b and c are 
always finite, this can happen only by cos 8 becoming zero, i.e. by 8 
becoming ±£ 7 r. Thus an elliptically polarised wave referred to its 
principal axes can always be written in the form 


rj=b sin 



i=c8in{^(<-5)±"}=±c c°s 



If the upper sign is used, to an observer facing the approaching wave 
the particle appears to run round the ellipse in the same direction as 
the hands of a clock and the ellipse is said to be right-handed. If the 
lower sign is used, the particle appears to run round the ellipse in the 
contrary direction and the ellipse is said to be left-handed. 
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If b=c the ellipse degenerates into a circle and the wave is said 
to be circularly polarised, right-handed if the upper sign is used, and 
left-handed if the lower sign is used. 

If either b or c is zero, the wave becomes plane polarised. 

Fresnel’s Interpretation of the Rotation of the Plane of 
Polarisation. Consider the equations 


and 


. 27 rl x\ 
*«.sm-(I--). 

2 ixl x \ 

r )2 = a sin —(f-I, 

r \ v 2 J 



The first two represent a right-handed circularly polarised wave travel¬ 
ling with the velocity v lt and the second two represent a left-handed 
circularly polarised wave with the same period and same amplitude 
travelling in the same direction with the velocity v 2 . If the two 
waves are superimposed we obtain 


+ ’ j2=a [ sin t(*“ 3 + sin 7 (' “ 0 ] 

ft . 2 tt/ xfl in 7TX / 1 1\ 

= 2a sin — (t - - + - V 1 cos — (-1 

t\ 21©! v 2 j; r\v 2 vj 

C=? l + ?*= a [cos^(<-^j -CO, 

. 2 tt / xfi in . tix /1 n 

T \ 2\«, v 2 \) T \v s Vj 
which give |=_ cot ^(l-A). 


and 


As x increases, the cotangent runs through the four quadrants, com¬ 
pleting a rotation in the distance given by 

2r 

~ r* 


t>2 V 1 


The two circularly polarised waves thus combine to form a plane 
polarised wave of amplitude 2a, the plane of polarisation of which 
rotates uniformly as the wave proceeds. In one centimetre it rotates 
through 

Wl_l 
T\Vo V 1 

radians. If the two circularly polarised waves have the same velocities, 
v,=v 2 , and the plane of polarisation of the resultant wave remains 
fixed. 
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Fresnel was the first to suggest, that in an optically act.ve mcd.um 
the plane polarised wave was decomposed in the above way mto two 
circularly polarised waves of slightly different ve loc ‘ty- He proved 
that the explanation was true by arranging and cementing together 
several quartz prisms in the form of a rectangu ar parallelepiped 
The prisms ABC and BED were right-handed, and the prisms CBDan 
DEF left-handed, and the optical axis of each prism was perpendicular 
to the end faces AC and EF. If a plane 
polarised ray is incident on the face AC and 
decomposes in the manner indicated above 
into two circular ones, the right-handed 
wave travels faster, say with velocity Vi in 
the first prism, and slower, with velocity 
v 2 in the second. It has velocity v lt again 

in the third prism and velocity v 2 , in the ...... 

fourth; hence it ought to be refracted m the manner indicated in 
the figure by the ray LL, while the left-handed wave ought to• be 
refracted in the manner indicated by the ray RR. Fresnel found that 
this was the case, that there were two emergent beams, and that 
both were circularly polarised. 

The necessity for Fresnel’s experimental arrangement will be seen 
if we calculate the magnitude of the effect for a Cornu half prism. 
In modern spectrographs, i.e. instruments used for photographing 
spectra, the prism is usually made of quartz, because quartz transmits 
ultra-violet rays that are absorbed by glass, and is of a special type 
called a Cornu double prism. This consists of two 30° prisms, one of 
right-handed quartz and the other of left-handed quartz, placed to¬ 
gether so as to form a 60° prism and cut with the optic axes perpendi¬ 
cular to the faces in contact. If one of these prisms is placed on the 
spectrometer table, the slit illuminated with sodium light, and the rays 
from the collimator allowed to fall perpendicularly on the face that is 
at right angles to the axis and to pass through the prism to the 
telescope, theoretically two images of the slit should be seen in the 
field of the latter. It is easy to calculate what the angular separation 
of these images should be. A quartz plate 1 mm. thick rotates sodium 
yellow through 21-7°. On substituting this value in formula (40) 
we obtain 


217 


=?(!_!) 
T \ v 2 *>l/ 


180 

77 - 


Now t= X/v where A and v are the wave-length and velocity in air. 
Hence 

217 

OTfi 2 -fii = -—A=7*1 10“ 5 > where ^ and \l 2 are the indices of refraction 
lou 

8 • 
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of the two circularly polarised waves. Their mean value may be taken 
as the ordinary index of refraction of quartz ; thus 

t±±£?= 1-5442. 

2 

We might solve for /zj and /z 2 , then calculate the deviations of the two 
waves separately, and their difference would be the required angular 
separation, but it is shorter to get the separation directly. 

Let (j> be the mean angle of refraction and /z the mean index of 
refraction. The angle of incidence internally is 30° ; hence 

sin *=£ 


Differentiate with respect to /x ; then 


cos^~=£ or — -da. 

dfi 2 cos <f> 


If now H 2 -H -1 he substituted for d/z, d<f> gives the separation in radian 
measure. Thus 


- . 1 . »- 1 10-5 = 5-59 10-5 i n r ads. 

2Vl -- i/x* 

= 5-59 10- 5 x 57 x 60 x 60=11*5 in secs., 
which would not be visible with an ordinary spectrometer. 


Cotton Effect. Cotton found that in certain coloured optically active 
solutions Fresnel’s two circularly polarised beams are unequally absorbed, 
and he called the phenomenon circular dichroism. It is more usually 
referred to as the Cotton effect. 


The Analysis of Polarised Light. Let us suppose that as a result 
of some experiment we have a beam of light and that it is desired to 
ascertain its nature, whether it is plane polarised or circularly polarised 
or elliptically polarised, and, if so, in what directions the axes of the 
ellipse lie and what is the ratio of their lengths. We require for this 
purpose an analysing nicol and either a Babinet’s compensator or a 
quarter wave plate. 

Babinet’s compensator in its simplest form consists of two quartz 
wedges of equal angle, one of which can be moved past the other by 
means of a micrometer screw, so that together they form a parallel 
plate of variable thickness. The fixed wedge A is cut with its axis 
in the plane of the paper in the direction of the arrow, the movable 
wedge B is cut with its axis perpendicular to the plane of the paper. 
Of course, in the figure the angles of the wedges are much exaggerated. 
If a parallel beam falls normally on the compensator and enters, the 
wedge A, it is decomposed into two beams, one polarised in the plane of 
the paper and one polarised at right angles to the plane of the paper. 
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with reference to that other. In the wedge B it ^ 

travels slower than the other beam and conse¬ 
quently itp phase is accelerated with reference to 
the other. At the point where the thicknesses of 
both wedges are the same, the acceleration annuls 
the retardation and the two components leave the 
compensator in the same phase. On both sides of 
this point there is a phase difference proportional 

to the distance from the point. 

In front of the fixed wedge cross-wires are fixed, and an eyepiece 

focusses on these through the analysing mcol. . 

Before using the compensator the readings of the micrometer screw 
must first be evaluated in terms of the wave-length of the light m 
question. This is done by allowing light which is plane polarised in a 
plane making approximately an angle of 45° with the axes of the two 
wedges to enter the instrument. Where the phase difference pro¬ 
duced by the two wedges is zero or a multiple of 2 tt, the light is plane 
polarised in the same plane after passing through the wedges and it 
is polarised in this plane nowhere else. Consequently, if the compen¬ 
sator be removed, the analysing nicol set to extinguish the incident 
light and the compensator again inserted, there are black bands 
parallel to the edge of the wedge where the phase difference is a multiple 
of 2?r. The movable wedge is adjusted with the micrometer screw 
until one of these bands is on the cross-wires and the reading noted ; 
the screw is then turned until the next band is on the cross-wires and 
the reading again noted. The difference corresponds to a phase 
difference of one wave-length. 

In order to determine which of the black bands corresponds to the 
phase difference zero, i.e. the point where the quartzes arc equally 
thick, it is only necessary to illuminate the compensator with white 
light. Then this band alone appears black ; the positions of the others 
are different for the different components of white light and con- 
sequcntly they appear coloured. 

In investigating the state of polarisation of a beam of light the 
first step is to see whether it can be extinguished with the analyser 
alone. If so, it is plane polarised and its plane of polarisation is 
parallel to the principal section of the analyser, i.e. to the shorter 
diagonal of its end face. 

If the beam cannot be extinguished with the analyser alone, set the 
compensator so that it produces a phase difference of A/4 and rotate it 
about the line of vision until a dark band moves on to the cross-wire. 
Then the analyser must be adjusted to make this band as black as 
possible, i.e. to make the extinction perfect at the cross-wires. From 
consideration of (39) it is evident that the principal sections of the 
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two quartz wedges now give the directions of the axes of the elliptic 
vibration. Also if the principal section OA of the 
analyser (Fig. 214) makes an angle 9 with OB, the 
principal section of one of the quartzes, the vibration 
after leaving the compensator is in the direction BC 
--if we make the usual assumption that the vibra¬ 
tion takes place at right angles to the plane in which 
it is polarised—and consequently the axes of the 
ellipse are in the ratio OB to OC. Or, in other words, 
if the principal section of the analyser makes an angle 9 
with the principal section OB of one of the wedges, then 

len gth of axis of ellip se parallel to OB 
length of axis perpendicular to OB ~ tan ^ 

If 0=45° the light is circularly polarised. It is easy to tell when the 
principal section of the analyser is parallel to OB or OC because then 
the interference bands disappear. 

The quarter wave plate, as its name implies, is a plane parallel 
plate cut from a crystal, for example, mica or quartz, and of such a 
thickness that the ordinary and extraordinary beams suffer a relative 
phase difference of A/4 in passing perpendicularly through it. It 
can be used in the same way as the Babinet compensator, but, 
unlike the latter, is available only for one wave-length, usually for 
sodium light. If another colour is to be investigated, the thickness 
of the plate must be different. 



Production of Elliptically Polarised Light. By means of a nicol and 
a Babinets compensator any kind of elliptically polarised light may 
be produced from natural light. For if the nicol is set with its 
principal section at 45° to the principal sections of the compensator, 
and if the light passes first through the nicol and then through the 
compensator, the two beams into which it is divided by the latter 
have equal amplitudes, and vibrate at right angles to one another, and 
their phase difference varies according to the part of the compensator 
passed through. If the y and z axes be taken in the principal sections 
of the compensator, the two beams may be represented in this case by 


. 2tt / x\ 

V =a 


S=aem{^(<-?) + s}, 


or if we make the point under observation the origin of coordinates, by 


7]=a sin 


2t rt . f2nt \ 

—, £=asin<—+ o>. 


l T 


where 8 is the phase difference produced by the compensator. If 
5=0, this gives a plane polarised wave, if 8=7r, it gives a plane 
polarised wave polarised in a plane at right angles to the first; if 
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L“LSe=t'e SSL 2S 

is still positive, and consequently the ellipse is left-handed. Fig. 21o 
shows how the nature of the vibration varies with 5. 
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Partially Polarised Light. If a beam of light contains natural light 
in addition to plane polarised, circularly polarised or elliptically 
polarised light, then it cannot be extinguished with a Babmet a 
compensator and analyser. A minimum of intensity can, however, be 
obtained and thus a rough idea formed of the quantity of natural light 

P The presence of a little plane polarised light in a beam of natural 
light can be detected very readily by means of the Savart polariscope. 
This is made of a thin plate of quartz which has its faces at an angle 
of 45° to the axis ; this plate of quartz is cut into two, and the two 
pieces placed on the top of one another with their principal sections at 
right angles and cemented together in this position. They are then 
mounted in a tube in front of a nicol prism with the bisector of the 
angle between their principal sections parallel to the principal section 

of the nicol. . . . 

If the polariscope is turned to view a source of plane polarised 
light, we have the ordinary case of interference produced by convergent 
light in a crystal plate between nicols. The interference figures 
are straight fringes parallel to the bisector of the angle between the 
principal sections. They become most distinct when the plane of 
polarisation of the incident light is parallel to the bisector. If the 
incident light is white, they are, of course, coloured. 

If the incident light contains natural light in addition to plane 
polarised light, a uniform illumination is superimposed on the inter¬ 
ference fringes and the latter are consequently dimmer. But, even 
when only a small percentage of the incident light is plane polarised, 
they are sufficiently distinct to detect its presence. Since they are 
sharpest when parallel to the plane of polarisation of the light, the 
direction of the latter can readily be determined. 
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The light of the sky is partially plane polarised and easily gives 
fringes with the Savart polariscope. 

Fresnel’s Rhomb. Fresnel’s rhomb is a substitute for the quarter 
wave plate. It is a parallelepiped of crown glass ; on one end of it a 
beam of light falls normally, is twice reflected internally 
at an angle of incidence of 55°, and then emerges 
normally from the other end. If the incident light is 
plane polarised, the emergent light consists of a beam 
polarised in the plane of the figure and a beam polar 
ised at right angles to the plane of the figure, the 
relative phase difference being one quarter wave-length. 
Thus if the incident light is polarised in a plane making 
an angle of 45° with the plane of the figure, the emergent 
light is circularly polarised. Fresnel arrived at this 
result first on theoretical grounds and constructed the 

Fio. 216. rhomb to test it. The rhomb has the advantage over 
the quarter wave plate that it produces approximately 
a phase difference of A/4 for all the components of white light although 
strictly accurate only for one colour. 

Double Refraction produced by Strain. If a block of glass between 
two crossed nicols is subjected to strain, the field lights up, showing 
that the glass becomes double refracting during the strain, then, when 
the strain is removed, it becomes dark again, provided of course that 
the glass has not been overstrained. This is a well-known laboratory 
experiment; the piece of glass is placed in a metal frame such as is 
shown in Fig. 217, and the 
strain applied by turning a 
screw. Examination between 
crossed nicols is also a means 
of testing the quality of optical 
glass. If the glass has not 
been properly annealed, if it 
has cooled too rapidly and has 
thus become strained, it will 
not show a dark field. Glasses 
which have been purposely 
cooled rapidly give very interesting interference figures, and usually 
form part of a laboratory outfit for polarisation experiments. 

Let the block of glass ABC represented in Fig. 218 be compressed by 
a normal pressure of Y lbs./sq. inch on the faces AC and BD, and let it 
be compressed by a normal pressure of Z lbs./sq. inch on the faces AB 
and CD. This includes the case of tension on these faces if the signs 
of Y and Z are understood algebraically. Then, if a wave is incident 
perpendicularly on the face BC, it is decomposed on entering the block 
into two waves which are polarised in the planes AC and AB, and after 
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passing through the block the component waves have a relative phase 
difference given by _ ..(41) 

where l is the thickness of the block, and c is a constant which can be 
obtained by experiment; 8 is expressed in radians. 

The Optical Determination of Stress. E. G. Coker applied formula 
(41) in the above section very successfuUy to the determination of 
stress in engineering problems. Suppose, for example, it is desired to 
find what the stress is at the different points in a beam in a certain 
structure, so as to be able to leave a sufficient margin of safety. 
Elementary calculations give only the average stress, and the accurate 
mathematical theory can be applied only to the simplest cases and 
breaks down if we wish, for example, to consider the effect of a notch 
or a hole on the distribution of stress. Brewster had suggested making 
a class model of the piece to be investigated and exammingjt m polar¬ 
ised light under strain, but glass does not easily give a measurable 
effect. Coker substituted xylonite for glass with the best results. 
It is much more compressible than glass, has a Young’s modulus ol 
3 10* lbs./sq. inch, and is easily worked. 

In one of the experimental arrangements used the source ot light 
was a row of incandescent lamps behind a diffusing screen. The rays 
from the screen are plane polarised by reflection at a black mirror. 
This takes the place of the polarising nicol. They then pass through 
the model and through an analysing prism to the eye of the observer. 
The analyser is set to extinction. The parts of the model which 
are unstrained appear black, and the other parts appear tinted with 
different colours according to the degree of double refraction and 
strain they experience. By having in the field beside the model under 
investigation a comparison model of a simple form, for which the 
• distribution of stress is thoroughly understood, and by comparing 
tints, the difference of stresses at any point in the unknown model can 
be evaluated from its colour directly in lbs./sq. inch. In the case of 
simple tension or compression where either Y or Z is zero, the absolute 
value of the stress can be directly determined. 

The principle of the method is thus the interference between 
crossed nicols in parallel light, and the intensity is given by formula 
(19), namely 

l = sin 2 2a sin 2 = .... (19) 


If the directions of the stresses are such that a = 0, the field is dark, 
the colours cut out, and only the direction, not the magnitude of the 
effect, can be determined. To obviate this difficulty S. P. Thompson 
inserted two quarter wave plates, one between the polariser and the 
model, and the other between the analyser and the model. Both 
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quarter wave plates are set with their axes at 45° to the principal 
sections of the polariser and analyser. 

After passing through the quarter wave plate the light is circularly 
polarised, but on entering the xylonite plate it resolves into two plane 
polarised waves of equal amplitude. If the amplitude before entering 
the quarter wave plate is taken as unity, the amplitude of each of 
these plane polarised vibrations is l/\/2. They have a relative phase 

difference of - on entering the xylonite and a relative phase difference 


77 



of 2 + ^ on l eav * n g it. They may be represented by the lines OX and 

0Y in Fig. 219, where the phase of each 
vibration is marked on it. Now let 0Q be 
the direction of the axis of the second 
quarter wave plate and OP a line at right 
angles to it. Then the vibration OX resolves 
into 0Q and QX, and the vibration 0Y into 
OP and PY. The phases of these vibrations 
are marked on them on the assumption that 
the vibrations parallel to 0Q experience an 

acceleration of phase ^ in passing through the quarter wave plate. 

Let 0A be the direction of the principal plane of the analyser; it 
makes, of course, an angle of 4"»° with 0Q. Then 0Q and QX resolved 

along 0A give amplitudes 0Q cos 45° and-QX cos 45° with phases ^ 

and 0. These compound into a single amplitude 

V(0Q cos 45°) 2 + (QX cos 45°)2 = £ 

with a phase =^-Z.Q0X. Similarly OP and PY resolved along 0A 

give amplitudes OP cos 45° and PY cos 45° with phases ^ + 8 and 7 t + 8 

2 

which compound into a single amplitude 

VfOP cos 45°) 2 + (PY cos 45 d )2 = J 

with a phase = ^ + S- /_Q0X. The light issuing from the analyser 

consists therefore of two waves of equal amplitude £ with a relative 
phase difference 8. These give an intensity of 

(i) 2 +( J) 2 + 2(J x \) cos 8 

—j 


no 


matter what the orientations of the principal directions of strain are 
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with reference to the nicols. Thus the sin* 2a factor in (19) has 
disappeared. The achromatic black cross usually superimposed on 

the colours is therefore removed. ^ ^ , 

In order to have as large a field as possible S. P. Thompson made 
quarter wave plates up to 20 inches in diameter. This is a record 
for size. 

The Kerr Effects. A transparent dielectric such as glass, olive 
oil carbon bisulphide, or turpentine becomes double refracting when 
placed in a strong electric field. This was first discovered by Dr. 
Kerr of Glasgow in 1875. He experimented with a block of glass in 
the opposite ends of which holes were drilled ; in these holes were 
fixed the terminals of the secondary of an induction coil, bince the 
break of the primary in an induction coil is much sharper than the 
make, there was thus a strong intermittent electric field of constant 
direction between the terminals. The terminals were connected to a 
micrometer spark gap across which a constant stream of sparks 
passed. By adjusting the spark gap the potential difference between 
the terminals could be regulated. No sparks, of course, passed 
between the terminals directly. 

The thickness of glass between the terminals was about one-quarter 
inch, and through this space at right angles to the lines of force was 
passed a beam of plane polarised light. Before the induction coil 
was started this beam was extinguished by an analysing nicol, but on 
starting the coil the field lighted up, the full effect taking 20 or 30 
seconds to develop, and the illumination could not be extinguished 
again by rotating the analyser. The effect was most marked when 
the plane of polarisation of the incident light made an angle of 45° 
with the lines of electric force ; when it was parallel or perpendicular 
to them there was little or no effect. Thus, under the influence of 
the electric field, the glass becomes double refracting and polarises the 
light in planes parallel and perpendicular to the lines of force. The 
effect is independent of the direction of the field, and its magnitude is 
proportional to the square of the field strength. 

In general, if a plane polarised beam of light is incident on a metal 
mirror, the reflected beam is clliptically polarised, but if the incident 
beam is polarised either in or at right angles to the plane of incidence, 
the reflected beam is plane polarised in the same plane. In 1877 
Kerr discovered that, when a beam of light polarised in or at right 
angles to the plane of incidence is reflected from the magnetised 
polished pole piece of a powerful electromagnet, as a result of the 
reflection its plane of polarisation is rotated through a small angle. 


EXAMPLES 

(1) Calculate the thickness of a quarter wave plate of quartz for sodium 
light. 
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(2) Two simple harmonic vibrations in directions at right angles to one 
another compound into a parabolic vibration, if the period of the one is double 
the period of the other, and if they both start from the extremities of their ranges 
simultaneously. 

(3) Any number of simple harmonic vibrations in different directions, differing 
in phase but having the same periodic time, compound into an elliptic vibration. 

(4) The component* of an elliptic vibration are given by x=a ain wt, 
y=b sin (to* + 8). Show that the directions of the axes of the ellipse are obtained 
from 

2ab 

t an 2 *= a _ c °,S, 


where tan 4>=y/x. 

(5) On the assumption that the eye can always match the intensities of tho 
two halves of the field in a half-shadow apparatus to 1 per cent., find how 
accurately the rotation can be measured with a half-shadow apparatus, when 
the planes of polarisation of the two halves of the field are inclined to one another 
at 7°, 6°, and 3°. Of course, if the angle is too small, both halves of the field are 
dark when the intensity is matched, and the setting can no longer bo made to 
1 per cent, of the intensity. 

(6) In front of tho slit of a spectroscope a student places two nicols with a 
quartz plate between them. Tho nicols arc mounted so that they can rotate 
about the axis of the collimator and are 6et with their planes crossed. Tho 
quartz plate is cut with its surfaces at right angles to tho optic axis, and is sot 
with its optic axis parallel to tho axis of tho collimator. Tho arrangement is 
directed towards a Pearl lamp and tho student observes that the spectrum 
is crossed by dark bands. How are these bands caused and where are they 
situated, given that the quartz is 2 cms. thick ? (The dispersion of tho optical 
rotation of quartz is given in the tables at the end of the book.) 

(7) A student makes up four solutions of sugar containing respectively 30 5 
gms., 22-76 gms., 20-4 gms., and 17-53 gms. in tho 100 c.c. of solution. He puts 
them in succession in a simplo sacchariraetcr consisting of a tubo between two 
nicols. The source of light is a sodium flumo and the tubo is 23-5 cms. long 
He finds tho rotations produced to be 49-5°, 36 1°, 30-5°, and 26-8° respectively. 
What is his result for tho specific rotation of sugar ? 

(8) Three plates of left-handed quartz cut perpendicularly to tho ax'is and of 
thickness 4-73 mm., 5-96 mm., and 9 05 mm. give apparent rotations of 77-5°, 
49°, and -18-3° when placed between nicols and used with a sodium flamo. 
What result do these observations give for the specific rotation of quartz ? 

(9) Tho tube of a Solcil saccharimcter is 20 cms. long, and when it is filled with 
a certain solution of cane sugar the wedge has to be displaced 98-2 divisions on 
the scale to make tho two halves of the field equally bright again. The solution 
was formed by dissolving 10-07 gms. up to a bulk of 41-0 c.c. If tho spccifio 
rotation of cane sugar be assumed, calculate the value of a scale division in 
angular measure. The correct value for the instrument should be -345°. 

( 10) An aqueous solution of cane sugar, which contains other optically active 
substances, is contained in a tube 20 cms. long and gives a rotation of 50-2°. 
The source of light is a sodium flame. Fifty c.c. of the solution are then measured 
off, 6 c.c. of strong hydrochloric acid added, the mixture kept at a temperature of 
70° C., for ten minutes, cooled to 20° C., and poured back into the same tube. 
The rotation is now found to be - 15-2° C. What was the original concentration 
of the cane sugar in gms. per 100 c.c. of solution ? 

(11) A piece of flint glass is placed between the poles of an electro-magnet, 
the polo pieces of which are bored so that a beam of plane polarised light can 
traverse tho glass in the direction of the lines of force. The distance traversed 
in the glass is 2 cms., and the average field strength is 5000 e.g.s. units. How 
much is tho plane of polarisation rotated T 



PART III 

SPECTROSCOPY AND PHOTOMETRY 


This section deals with the interaction of light and matter, 
with the emission and absorption of light by matter and 
the action of light on the retina, but the classification is not 
a sharp one, and some of the subjects treated here might 
have gone quite as well into one of the other sections. 
The facts here cannot be connected together mathematically 
so well as in the two previous sections. Also the analogy 
with sound breaks down completely, and in energy exchanges 
between atoms and radiation light acts as if it were composed 
of discrete quanta of energy. 




CHAPTER XIV 


SPECTROSCOPY : EARLIER WORK 

[ P a beam of white light falls upon a glass prism, it is changed by 
the prism into a series of coloured beams—red orange, yellow, green, 
blue indigo, violet—each of which is deviated to a different extent. 
The ’deviation of the red beam is least and of the violet beam is 
greatest, and the other colours come in between m the order stated. 
This experiment was first studied by Newton. In his arrangement 
a beam of sunlight entered a darkened room through a round hole in 
the shutter, then passed through a glass prism, and was finally receiver 
on a screen. Owing to the different deviations of the different colours 
a coloured band was produced on the screen, the least deviated end 
being red and the other colours coming in the above order. Inis 
band of colours was called by Newton a spectrum. 

Before Newton’s time the different colours were supposed to be 
made out of the white light by the prism during the passage of the light 
through it. Newton allowed the beam of sunlight to pass m succession 
through two prisms which were crossed, that is, had their refracting 
edges at right angles to one another, and found a single straight 

spectrum still produced. ^ , , • 

Fig. 220, which is taken from his “ Opticks, Bk. I, shows his 
arrangement. S is the sun. PT was the spectrum produced when 
only the first prism was used, pt the spectrum when both were used. 
Since any portion of the 
first spectrum, SMVN for 
example, was not altered 
any further by passing 
through the second prism, 
i.e. did not give rise to a 
horizontal spectrum smnv 
but preserved its own cha¬ 
racter only suffering addi¬ 
tional deviation, Newton 
came to the conclusion 

that the prism did not change the nature of the light that passed 
through it. White light was due merely to the superposition of a 
great number of coloured beams. The prism only separated these 
beams out. It did not produce them. They existed in the white 
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bean before it reached the prism. The different deviation was doe 
to each coloured beam having its own index of refraction. 

Newton’s views as to the constitution of white light prevailed 
until the present century, but now the first prism is jupposed to make 
the colours. This is discussed fully .in Chapter XXI. 

Newton worked with a circular aperture.* Thus his spectrum 
consisted of a series of blurred images of the sun formed by the 
successive colours somewhat after the manner of the pinhole camera. 
All these images overlapped considerably and consequently the 
spectrum was not pure. Wollaston in 1802 used instead of the circular 
aperture a narrow slit, which was parallel to the refracting edge of 
the prism, and observed that in the purer spectrum obtained in this 
way there were a number of black bands. He did not follow the 
matter up, and it was left for Fraunhofer to discover their invariable 
position in the spectrum and consequent great importance for scientific 
measurement. 

Fraunhofer was engaged at Munich in a glass works in the manu¬ 
facture of telescope lenses. He was the first to use a convex lens to 
make the light from the slit parallel before it fell on the prism and to 
use a telescope to examine the spectrum, the same arrangement that 
we employ to-day. By using different prisms he was able to show 
that the black lines have fixed positions in the solar spectrum, and he 
recognised them as radiations in which the solar spectrum is deficient. 
He mapped their positions, denoted the principal ones by letters of 
the alphabet, and used them as standard radiations for the determina¬ 
tion of indices of refraction. His notation is still used and has been 
extended since his time beyond the limits of the visible spectrum. 
The wave-lengths and positions of the principal Fraunhofer lines in 
the normal spectrum are shown in Fig. 221. The wave-lengths are 
also given in the tables at the end of the book. 

* WED _ ORANCE YELLOW GREEN BLUE VIOLET 


A a B C a. O E 6 P dH/Cg hThk 



WAVE-LENGTH IN CM. x 106 
Fio. 221. 

Fraunhofer was the first to use the sodium flame as a monochro¬ 
matic light source. He also made diffraction gratings, both by stretch¬ 
ing fine wires between two screws with equal threads and by ruling lines 
with a diamond point on glass, and used these gratings to make 
accurate determinations of the wave-length of sodium light and of the 
Fraunhofer lines. Fraunhofer’s paper on the determination of wave¬ 
lengths by the diffraction grating was published in 1821. 

• Newton also used a slit occasionally 
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§ An instrument used for examining spectra is called a spectroscope 
or spectrometer. There are many different kinds of spectroscope 
according to the special purpose for which they are to be used. This 
section deals only with the simpler ones for use with the visible 

spectrum. . . _ , 

Any spectrometer designed for measuring angles can also be used 
for examining spectra, but if it is to be used only for the latter purpose 
its construction may be simplified. First of all the prism or diffraction 
grating is fixed on the prism table. Then, as the spectrum always 
appears at the same place on the circle, the latter does not require to. 
be divided the whole way round. It is enough if it is divided through 
an arc of 60° or 90°. Also it is not necessary for the scale to be 
divided in degrees ; any arbitrary unit is sufficient. Finally the prism 
is usually covered in to prevent stray light entering the telescope ; if 
the spectrum is at all faint, it will be otherwise swamped by this stray 
light. 

The performance of a spectroscope is measured by its resolving 
power and the brightness of the spectra it produces. The brightness 
of the spectrum depends in the first place on the aperture of the 
instrument, i.e. the ratio of the diameter of the collimator object glass 
to its focal length. The aperture is usually about A an( * rarely 
exceeds £, because, unless the lenses are specially corrected, what is 
then gained in brightness is lost in definition. Then the size and 
material of the prism are important. The width of the beam that 
emerges from the collimator object glass is usually too great for the 
prism, and consequently some of the light passes the edge of the latter 
and misses it altogether. Also some of the light is lost by external 
reflection on entering the prism and by internal reflection on leaving 
it In the case of a 60° prism at minimum deviation from 10 to 20 
per cent, of the incident light is lost in this way, the percentage lost 
increasing with the index of refraction of the glass. Light is also lost 
by absorption in the glass of the prism itself. It is difficult to give 
figures for this loss, as the fraction transmitted diminishes with the 
length of the path in the glass and is also much less for the violet end 
of the spectrum, but in the case of a 60° dense flint glass prism, the 
length of side of which is one inch, probably one half of the blue fight 
incident on the prism is absorbed. Less is absorbed in the case of a 
crown glass prism. 

In spectra fines occur often close together; for example, the 
yellow sodium fine is double, consisting of two components the wave¬ 
lengths of which are 5-890 and 5-896 10~ 6 cm. Let us suppose that 
A and A + dA are the wave-lengths of two such fines, and that, when 
the slit is made as narrow as possible, the two lines can be seen just 
resolved ; then A/dA »s said to be the resolving power of the prism for 
that part of the spectrum. It has been shown in Chapter X that if 
the incident beam fills the face of the prism, the theoretical value of 



248 


A TREATISE ON LIGHT 


the resolving power is equal to 4^, where L is the length of the base 


of the prism and ^ the index of refraction of its material. Of course 
this formula assumes perfect accuracy of all the optical surfaces, and 
the theoretical resolving power is not attained in cheap spectroscopes. 

SinCC d S iS greater for flint 8 lass than for crown glass, the resolving 


power of a flint glass prism is greater than that of a crown glass prism 
of the same shape and size. 

The resolving power of a spectroscope specifies the amount of 
detail visible in its spectrum. There is an allied quantity, the disper¬ 
sion, which specifies the length of the spectrum, and of which there is 
no universal definition. For example, it may be said of a grating 
spectroscope that with a certain eyepiece it gives an apparent disper¬ 
sion of about 30°, the whole of the spectrum being in the field of view 
at once. This means that the two ends of the visible spectrum appear 
to subtend an angle of 30° at the eye, and obviously in this sense the 
dispersion depends on the eyepiece used. It is more usual, however, 
to make the definition independent of the eyepiece and to specify 

the dispersion for any one position of the prism by —, where 6 is the 

dX 

reading of the position of the telescope on the circle. The dispersion 
in this sense varies with the position of the prism ; it is easily found 
experimentally to be a minimum at minimum deviation, for if we turn 
through minimum deviation the spectrum is shortest there. 

Let us assume that the prism is set at minimum deviation for a 
wave-length near the middle of the spectrum, say the sodium lines, 
and that /z is the index of refraction and 0 the deviation for that wave¬ 
length. Let A be the refracting angle of the prism. Then 
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__ A + 0 0 . A 

2 sm — 

2 


Hence 


cos - 

2 

,dd 

^ or 

dd 

sin 

A 

2 

dft 

& sin 

A 

dft . A 
2~ sin — 

dX 

2 

d X 

2 


cos 


A+0* 


dX dixdX 


A + 0 




sin 


2 a+<¥ 


2 ) 


0 d/z . A 
sin - 
dX 2 

(i 


cos 


2 



SPECTROSCOPY: EARLIER WORK 


249 


For a 60° prism this becomes 


dd 


dX 


dX 


H? 


If one line of the sodium doublet is adjusted for minimum deviation, 
the cross-wires set on it, and the reading taken, and then the prism 
adjusted so that the other line of the doublet is at minimum deviation, 
the cross-wires set on it, and the reading taken, the difference of the 
two readings gives dd for the difference of wave-length of the two 
lines. Since, however, the position of a line is stationary at minimum 
deviation, dd has the same value if the prism is kept in the same 
position for’ both readings. Hence the above formula gives the 
dispersion, according to our definition, at any point in the spectrum. 

For rough work it can be used for the average dispersion through¬ 
out the whole spectrum. For example, suppose it is desired to com¬ 
pare the dispersion of G0° prisms made respectively of the crown and 

flint glasses given on p. 61. Calculate ^ by taking the values for the 

dX 

wave-lengths C and F. Then for the crown glass 


dfx_ *00856 


and for the flint glass 


Hence for the crown glass 

dd 
dX 


dX 1*701 10 


*0172 2 

dX 1*701 lb" 5 


-*= 503 , 


= 1012 . 


503 


(>-tt 


= 7*7 102 


and for the flint glass 

dd 

dX 


_121?_= 17-2 10 2 • 


thus the dispersion of the flint glass is more than twice the dispersion 
of the crown glass. 

Direct Vision Spectroscopes. In a spectroscope made with a single 
prism the light is deviated as well as dispersed. Hence if we desire 
to examine the spectrum of a flame or of the sun we do not look in 
the direction of the source ; allowance must be made for the deviation 
produced by the prism. This can easily be done in the case of large 
instruments mounted on stands and resting on a table, but it is much 
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more difficult in the case of light instruments intended to be held in 
the hand and carried about in the pocket. Consequently such instru¬ 
ments are usually made so that the middle part of the spectrum is not 
deviated at all, so that the eye looks in the direction of the light to be 
examined. This can be done in two ways, either by using a series of 
prisms made of two kinds of glass or by using a grating mounted on a 
single prism. In Fig. 222, which represents the first method, the 
middle prism is made of very dense flint glass and the two outside 
prisms of crown glass. The angles of the prisms are chosen so that the 
middle part of the spectrum passes through undeviated as illustrated by 
the ray shown. The dispersion of the middle prism is much more than 
twice as great as that of the outside prisms. Consequently they are 
not able to neutralise it, and the system produces a spectrum. Tliia 
arrangement was first used by Amici in 1860. Five prisms are some¬ 
times used instead of three, the second and fourth being of flint and the 
others of crown glass. The prisms are cemented together with Canada 
balsam. The refracting angle of the flint prism is usually so great that 


A 



Fio. 222. Fiq. 223. 

if there were an air film between the prisms the light would not be 
able to enter it, but would be totally reflected back into the crown glass. 

Fig. 223 illustrates the second method. ABC is a prism, on the 
face AB of which a contact copy of a diffraction grating is mounted. 
White light falls perpendicularly on the face AC, enters the prism 
undeviated, then falls on the grating and is diffracted out in all 
directions. The wave-length diffracted out in the direction PQ at an 
angle 6 with PN, the normal to AB, is given by 

wA = e(/x sin BAC-sin 0), 

where e is the distance between the two adjacent rulings. If a wave¬ 
length A in the middle of the first order spectrum is undeviated, 

A = (/z- l)e sin BAC. 

Hence if this spectrum is used and there are 14,000 lines to the inch 
/_BAC must be about 33°. 

Pocket direct vision spectroscopes have usually a collimator but no 
telescope. The eye comes close up to the prism, and nothing comes 
between the eye and the prism. There is thus usually no means of 
measuring the wave-length of any line, though in some cases this can 
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be done by a scale which is seen by reflection in the side of tho prism 
next the eye. 

Wave-Length Spectrometer. Fig. 224 represents one form of 
Messrs. Hilgers’ well-known wave-length spectrometer on which the 
wave-length of the spectral lines is read off directly. It is ot the 
constant deviation or fixed arm type. 



Fio. 224. 


The telescope and collimator remain fixed at right angles to one 
another, and when the prism table is rotated the spectrum passes 
through the field, and a drum passes under an index which gives the 
wave-length of each spectral line as it comes into coincidence with the 
cross-wires. Fig. 225 re¬ 
presents the prism, which 
is made in one piece, but 
can be regarded as built 
up of two 30° prisms and 
a right-angled prism. As 
the prism rotates, every 
ray in the spectrum is 
incident in succession at 
45° on the face AC and 
then makes equal angles 
with the surface on 
entering and leaving the 
prism. It is conse¬ 
quently turned through 
exactly 90° by the prism. Fl °* 225 - 

The action of the prism 

on it is otherwise that of a 60° prism at minimum deviation. 
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Each ray of the spectrum comes into minimum deviation as it passes 
the cross-wires. 

In addition to the ordinary model this instrument is made with 
prism and lenses in quartz instead of glass, and the drum calibrated 
for the ultra-violet, and also with a quartz prism and concave mirrors 
instead of lenses, and the drum calibrated for the infra-red. 

It is very suitable for use as a monochromatic illuminator, i.e. as 
a means of illuminating a given surface or aperture with the different 
colours of the spectrum in succession. For this purpose it is necessary 
only to remove the eyepiece, put a diaphragm in its place, and then 
point the telescope at the surface or aperture in question. 

Measurement of Wave-Length. The wave-length of a line is 
expressed in the following units :— 

O 

10”® cm., the Angstrom unit (A.U.), or angstrom (A) as it is now 
beginning to be called. This unit is sometimes referred to in America 
as the “ tenth metre,” since it equals 10" 10 metre. 

10" 4 cm., the micron (p). This unit is used in the infra-red. 

10“ 7 cm., the micromillimetre (mp, formerly written fifx). 

10" 11 cm., the X.U. used for measuring X-rays. 

Thus 5893A = 589-3 tw/z= 0-5893/z. 

The frequency of a line, v, is the reciprocal of its period, and its 
“ wave number,” v\ the number of waves per cm. Thus 

1 , , 1 
v= T and v = -. 

Calibration of a Spectroscope. In the general case the scale gives 
the position of the cross-wires only in arbitrary units, and before using 
the instrument for mapping unknown spectra it is necessary to calibrate 
it, i.e. evaluate its scale in terms of wave-lengths. 

The way to do this is to read the positions of lines of known wave¬ 
length. For this purpose the following lines are useful :— 


Source 



Wave-length 

Colour 

Sodium bicarbonate on a platinum 

wire 

in 

5890-0 

Orange 

bunsen .... 

• 

• 

5895-9 

Thallium chloride on a platinum 

wire 

in 



bunsen .... 

• 

• 

5350-7 

Green 

Lithium sulphate * on platinum 

wire 

or 



asbestos in bunsen 


• 

6707-8 

Red 

Potassium nitrate on platinum 

wire 

in 

7668 \ 

Red 

bunsen .... 

• 

• 

7702 / 




4044 \ 
4047/ 

Violet 


• Lithium chloride is often recommended but deliquesces and makes the bnnsen 
and table sticky. 
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Hydrogen vacuum tube 


a 6563 
B 4861 


Red 

Greenish- 

blue 

Violet 


Mercury vacuum tube or mercury arc 


Yellow 


y 4340 
5 4102 
. 5769-6 \ 

5790-7 / 

5460-7 Green 
4358-2 Violet 

and fainter lines at 6232, 6152, 4959-7, 4916-4, 4078-1, 4046-8, 3650, 
3131,3126. 

Cadmium, spark in air or arc 


and fainter lines at 3611 and 4678. 
Zinc spark in air • • 


6438-5 

5085-8 

4799-9 


Red 

Green 

Blue 


Helium discharge lamp 


3 • 

Mn 

)-5 

Ml 


. 7478-7 

4912-0 
4810- 
4722- 
. 6678 

5876 
5016 
4471 

and fainter lines at 7065, 5048, 4922, 4713, 4438, 4389. 


Red 

Blue 

Red 

Yellow 

Green 

Violet 


There is also a table of wave-lengths at the end of the book. The 
helium discharge lamp is probably the most convenient way of cali¬ 
brating a spectroscope. It is connected to the lighting circuit, takes 
220 volts, and has the standard bayonet fitting. It is similar in 
principle to the “ Osglim ” lamp, which gives the spectrum of neon ; 
the neon lines are, however, difficult to recognise on account of their 
number. 

When the telescope cross-wires have been set in succession on 
some of these lines and the scale-readings taken, the latter are plotted 
against the wave-lengths and a continuous curve drawn through the 
points. This curve is known as the calibration curve of the spectro¬ 
scope. In order to determine the wave-length of an unknown line, 
it is only necessary to set the cross-wires on it and take the scale 
reading. The wave-length corresponding to the latter can at once 
be read off from the curve. 

Sometimes instead of plotting the scale reading against the wave¬ 
length A, it is plotted against the wave number 1/A, or even against 
1/A 2 . In this way a straighter calibration curve is obtained, but of 
course it takes longer to get an unknown wave-length from it. 

In most good spectroscopes the slit is symmetrical; when it is 
opened both jaws move equally in opposite directions, and con 
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sequently, if the. cross-wires are set on the middle of a line, the reading 
is always the same, no matter how wide the slit is. In cheap instru¬ 
ments the slit is unsymmetrical; only one jaw moves and the other 
remains fixed. In this case the cross-wires must be set on the fixed 
edge of the image. 

If the slit is made very narrow the spectrum is crossed by streaks 
at right angles to the spectral lines. This is due to dirt between the 
jaws ; the dirt may be to some extent removed by opening the jaws 
and rubbing them gently with a piece of match. 

The spectral lines are always curved, being convex towards the re¬ 
fracting edge of the prism. This is due to the fact that the rays do 
not all pass through the prism in a principal section, i.e. a section at 
right angles to the refracting edge. The central ray of the pencil from 
the middle of the slit passes through in a principal section, but the 
central rays of the other pencils arc inclined to the principal section. 
They are thus incident on the face of the prism at a different angle, and 
also the refracting angle is virtually increased for them. They thus 
suffer a greater deviation. 


Edaer and Butler’s Method of Calibrating a Spectroscope. If a 

thin parallel-sided film of air is enclosed between two plates of glass and 
light is allowed to pass through it perpendicularly, interference takes 
place between the light which passes directly through and the light 
reflected internally at both sides of the film, but owing to the latter 
being much fainter than the former the bands are too faint to be seen. 
If, however, both surfaces of the air film are covered with a thin film of 
silver that reflects about three-quarters of the light incident on it, 
then the intensities of the interfering beams arc more nearly equal and 
the bands better defined. If e is the thickness of the air film, the 
condition for a black band is 


2«=(n+i)A, • 

where n is any integer. If such a film is placed in front of the slit of 
a spectroscope, the spectrum is crossed by black bands wherever A 
satisfies the above equation. Let us suppose that we know and A 2 , 
the values of two of the wave-lengths at which black bands occur. 
Then 


2e=(n 1 + £)A l or ^=n, + i 


and 

These two equations give 


2e 

2 e=(w 2 + 2 )A» or '—n 2 + J. 

A 2 




/I 1\ 


Similarly 
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and finally on dividing 


the second of these equations by the first 


1__1 

A A 2 _ n — n 2 
1 _ 1 ~nj - n 2 ’ 

Aj A 2 

which gives 

i(ni -n 2 ) = ^( n i- n ) + ^( n_w 2) 


or 


1_»! — n 1 t n-n 2 1^ 

A tl\ ~~ n 2 A 2 — 7l 2 Aj 


Hence, since A, and A 2 are known and n x -n 2 , n-n,, and n-n 2 can 
be counted, A can be calculated, and thus the whole spectrum calibrated. 

To prepare the air film Edser and Butler recommend placing a 
little soft wax round the edges of the plates and pressing them together 
while looking through at a distant light. A series of images will 
then be seen by multiple reflection. When the surfaces are parallel, 
these images contract to a single image. 


Hartmann’s Dispersion Formula. Sometimes, instead of using a 
calibration curve for a spectroscope, it is more advantageous to 
calculate a table giving the wave-length in terms of scale readings. For 
this purpose the following empirical formula given by Hartmann is very 
suitable :— 


A is the wave-length, s the scale reading, A 0 , c and s 0 constants to be 
determined from the observations. The simplest way of determining 
them is to take three observed points on the curve, one near the middle 
and the other two, if possible, about a sixth from each end, and sub¬ 
stitute the values of A and s for these points in the equation. We thus 
obtain three equations for the three unknowns. When the constants 
have been determined the formula can be tested by means of the other 
observed points, and if it gives them satisfactorily, it can be used to 
draw up a table giving, for example, the value of A for every 5' increase 
in s. 

Hartmann has also shown that the formula 


represents the index of refraction of optical glasses in the visible 
spectrum with a very high degree of accuracy, /z is, of course, the 
index of refraction, and /z 0 , c and Aq are constants. This formula like 
the other one is purely empirical. 
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• Care should be taken to verify a calibration curve or table at fre¬ 
quent intervals by taking the reading for the sodium lines, for it oftei 
happens that the collimator or prism table gets a slight knock which 
alters all the readings. In this case the calibration curve can usually 
be corrected by adding a small constant quantity to, or subtracting 
one from, all the scale readings. 

The Production of Spectra. The spectrum used in the earlier part 
of last century was almost always the solar spectrum. We can, of 
course, get brighter light from the sun than from any terrestrial source, 
and at that time the electric arc and spark had not been developed. 
The disadvantage of the sun as a source, when it is there, is its motion 
in the heavens. With fixed apparatus it is always moving off the slit. 
So an instrument called a heliostat was used. This consists of a mirror 
driven by clockwork and placed outside the window of the room, which 
directs a beam of light into the spectroscope and which by its motion 
compensates the motion of the sun and keeps the direction of the 
reflected beam constant. 

For the comparison of the dark lines in the solar spectrum with 
the bright lines of terrestrial sources spectroscopes were furnished with 
a totally reflecting prism placed in front of the slit and covering half 
of it. One of the sources was viewed directly and the light from the 
other was reflected in from the side. The two spectra were seen in the 
field above one another and thus comparison was easy. It should bo 
noted, however, that with this arrangement the same lines in the two 
spectra do not coincide exactly in position, unless the beam of light 
from each source fills the full aperture of the collimator. 

The four principal ways of producing spectra are by means of the 
bunsen flame, the electric spark, the vacuum tube, and the electric 
arc. 

Flame Spectra. The bunsen flame is the simplest method of pro¬ 
ducing spectra, but it is suitable only for the salts of sodium, lithium, 
thallium, potassium, barium, strontium, calcium, rubidium, and 
caesium, and except in the case of the first three of these elements there 
is difficulty in making the measurements. The usual method of intro¬ 
ducing the salt into the flame is on a platinum wire; a small loop is 
made on the end of the wire, the latter is dipped into hydrochloric acid, 
and in order to clean it, heated in the flame as long as it gives off a yellow 
colour ; it is then dipped in the salt. The temperature of the bunsen 
flame 2‘5 cms. above the top of the burner varies from 1600° C. in the 
centre to 1800° C. at the surface Consequently the platinum wire 
should be placed in the flame near the surface and tangential to the 
latter so that the last few millimetres are heated to a bright red. 

If the salt will not stay on the platinum loop long enough, it can b6 
placed in a platinum scoop, or a piece of charcoal or bit of asbestos can 
be impreguated with it, and held in the flame. However, even with 
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these methods the salt often burns away before the observer can get 
time to measure the lines, and special pieces of apparatus have been 
devised to give a constant supply of salt. Eder and Valenta employed 
a wheel on the rim of which was fixed a circle of platinum gauze. Part 
of this circle dips into a vessel containing a strong solution of the 
salt and another part projects into the flame. The wheel is rotated by 
clockwork or a motor and thus constantly carries salt into the flame. 
Mitscherlich employed little glass tubes closed at the upper ends, 
into the lower ends of which a wick of asbestos threads or fine platinum 
wires was fitted, and which were bent so that the wicks projected into 
the flame. The tubes were filled with the liquid under examination, 
a little hydrochloric acid or ammonium acetate being added to prevent 
the formation of crusts on the wires. Gouy’s method consists in making 
the air or gas take up the salt solution in the form of a fine spray, 
before it reaches the burner. Hemsalech’s method consists in making 
the air go through a chamber in which an electric spark is passing 
before entering the draught hole at the bottom of the bunsen burner. 
When the spark passes, the electrodes are disintegrated and their 
material is carried off by the air current into the flame in the form of 
a very fine powder. 

Much brighter spectra are obtained if instead of the bunsen burner 
the oxyhydrogen flame is employed. 

Sodium is always present in lithium salts as an impurity, con¬ 
sequently when a lithium salt is introduced into the flame the sodium 
yellow is superimposed on the lithium red. The lithium salts volatilise 
at a lower temperature than the sodium salts ; thus the lithium red 
extends further into the colder regions of the flame, and the latter has 
an orange core but a red edge. 

According to Kirchhoff and Bunsen the spectroscope can detect 
14 o ' oVdo o milli gram of sodium in the bunsen flame. Thus spectrum 
analysis is very much more sensitive than chemical analysis. This 
extreme sensitiveness to sodium and consequent universal prevalence 
of sodium in all flames made it more difficult for experimenters to 
discover the real cause of the yellow lines. 

The Electric Spark. If two metal rods are connected to the ends 
of the secondary of an induction coil and their points are brought near 
one another, when the coil is started, a stream of sparks passes between 
them. This is a well-known experiment, and it is used to describe the 
power of the induction coil; we say, for example, that it gives a six- 
inch spark. 

The induction coil consists of a bundle of straight iron wires termed 
the core, round which is wound a coil of insulated wire called the 
primary. The secondary is wound round the primary and consists of 
a very large number of turns of fine wire insulated with silk and 
shellac. In the primary circuit there is an interrupter. This in its 

9 
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simplest form consists of a spring to the upper end of which a piece of 
soft iron is attached on one side; on the other 6ide is a platinum 
point which rests against a platinum surface. The current passes up 
the spring and through the platinum point to the surface and then 
round the primary. This magnetises the core, the core attracts the 
piece of soft iron, contact between the platinum point and surface is 
broken, and the current is interrupted. The core then demagnetises, 
the spring flies back, contact is made and the same cycle takes place 
over again. Whenever the primary current is made or broken an 
induced current flows in the secondary. The break takes place much 
more sharply than the make, consequently the induced electromotive 
force is much greater one way, and the stream of sparks passes between 
the points only in the one direction. When the sparks pass in air 
they have a violet appearance and they give principally the air spec¬ 
trum. If, however, one or two Leyden jars or condensers are connected 
in parallel with the spark gap, the appearance of the spark is changed. 

Then when the primary is broken, the 
current in the secondary flows into the 
condenser, C (Fig. 226), until its potential 
is raised to such a height that the di¬ 
electric resistance of the spark gap, G, is 
broken down; an oscillatory discharge of 
the condenser then takes place through 
the gap. In this case the spark gap has 
to be made much smallei and the spark gives principally the 
spectrum of the metal points between which it passes. 

The Leyden jar can be charged by a Wimshurst influence machine 
instead of an induction coil, and then when discharged across a spark 
gap gives a spectrum in the same way. 

The simplest way of obtaining the spark spectrum of a solution 
is to put it in a test tube, through the bottom of w hich a platinum 
wire has been sealed (Fig. 227). The platinum wire must not reach 
the surface of the liquid inside the tube ; outside the tube it is con¬ 
nected to the negative terminal of the secondary of the induction coil. 
The mouth of the test tube is closed with a cork through which passes 
a glass rod with a platinum wire fused down its centre; the lower 
end of this wire is a millimetre or so above the surface of the liquid and 
the upper end is connected to the secondary of the induction coil. 
The sparks pass between the wire and the surface of the liquid. 

The disadvantage of this method is that the sparks attack the glass, 
and so Hartley has used instead two chisel-shaped wedges of graphite 
moistened with the solution. 

The Vacuum Tube. Vacuum tubes or Geissler tubes are glass 
tubes with electrodes sealed through their walls containing gases at a 
pressure of 1 or 2 mm. or thereabouts. When the electrodes are 


from coi/ 



To coit 

Fio. 226. 



SPECTROSCOPY : EARLIER WORK 259 

connected to the secondary of an induction coil the tube lights 

UP Figs. 228 and 229 represent vacuum tubes; Fig. 228 is the usual 
form consisting of two wider portions connected by a capillary. Owing 
to the current being concentrated in the capillary, the tube is much 
brighter there. The electrodes are made of aluminium 
wires fused on to platinum wires; the parts going 
through the glass are platinum, the parts from which 
the discharge takes place are aluminium. If the elec¬ 
trodes are made solely of platinum a deposit takes place 





Fio. 227. 


Fio. 228. 



on the glass walls of the tube. Fig. 229 represents the end-on form ; 
the collimator is pointed at it in the direction of the tube C, the 
capillary is thus viewed end-on and the spectrum is consequently 
much brighter. 

Unless special precautions are taken, vacuum tube spectra contain 
impurities due to moisture, dirty glass surfaces, and hydrogen occluded 
by the electrodes ; also the gas itself is gradually decomposed or 
absorbed by the glass and electrodes. 

Formerly the gas in the capillary was thought to have a very high 
temperature, but the temperature is now known to be very low. On 
the assumption that all the electric energy reappeared as heat, E. War¬ 
burg calculated that in a certain hydrogen tube the temperature 
could at no point exceed 133° C., while R. W. Wood found by direct 
measurement with a bolometer that the temperature in a tube of 
special construction was of the order of 30° C. to 40° C. Wood’s tube 
was formed from the Torricellian vacuum of a barometer, and the 
bolometer entered through the mercury column. 

The Electric Arc. If two carbon rods are connected to the ter¬ 
minals of a battery with an e.m.f. of 80 volts or thereabouts, and if the 
ends of these rods are pushed together and then drawn apart, a bright 
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discharge passes between them. This is the electric arc. As the 
current passes, the end of the positive carbon becomes hollowed out 
into a crater-like depression and the end of the negative terminal be¬ 
comes pointed. Both the carbons are consumed by the arc, the posi¬ 
tive one twice as fast as the negative one. Much the greater portion 
of the light comes from the positive electrode, less from the negative, 
and very little from the vapour between the electrodes. The tempera¬ 
ture of the positive electrode has been shown by optical methods to be 
about 4000° C. 

If an image of the arc is thrown on the slit of the spectroscope by 
a lens, by adjusting the latter the spectra of the different parts can be 
examined in succession. It is found that the spectrum of the electrodes 
is continuous, while the vapour gives a mass of fine lines. If the lower 
carbon is the positive one and small quantities of different metals or 
salts are placed in the crater, they are volatilised and the vapour gives 
their spectrum. This procedure is, however, not very satisfactory, as 
the introduction of the salt makes the arc flicker and jump, and besides 
the salt is soon burned up. It is better to have a hole bored along the 
centre of the positive carbon and pack it with the salt. Such cored 
carbons were used in street lighting in the flame arc lamps and can 
be bought packed with salts of calcium. 

In the case of metals such as iron or aluminium the arc may be 
passed directly between rods of the metal itself, but care must be taken 
not to have the current too strong, otherwise the positive pole melts. 
A. H. Pfund * has given the following useful instructions for using tho 
iron arc : The lower electrode must be the positive one and should be 
about 12 mm. diameter. The upper electrode should be about 6 mm. 
diameter and project about 3 mm. from a brass bushing which it carries 
to prevent it becoming too hot. It is best to limit the length of the 
arc to 6 mm. The arc burns best with about 3-5 amp. on a 220 volt 
direct circuit. After it is started a bead of iron oxide forms in a cup¬ 
shaped depression on the positive electrode, bulging out considerably 
above the edges of its receptacle. The presence of this bead is essential 
to the steady working of the arc. 

I have found that with plenty of ballast resistance and an induction 
such as the coil of an electromagnet in the circuit, the iron arc gives 
little trouble. Before starting it the layer of iron oxide which forms on 
the negative electrode must always be scraped off. 

The arc spectrum of mercury can be produced very simply by 
boring the lower carbon and attaching its lower end by a rubber tube 
to a mercury reservoir. Then we have only to raise the reservoir 
sufficiently high to bring the mercury in the core up to the level of tho 
flame. It is cleaner, however, and gives sharper lines, besides prevent¬ 
ing the formation of poisonous vapour, to have the arc in a closed tube. 
Arons was the first to use a closed mercury arc successfully ; Fig. 230 

• ABtroph. Jr., 27, 1908, p. 296. 
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represents his arrangement. The electrodes are the mercury columns 
A and B ; besides these columns the tube contains only mercury vapour 

The arc is struck by inclining the lamp and 
letting a drop run from A to B. At the elec¬ 
trodes further mercury reservoirs are attached 
outside to prevent the temperature rising too 
high. 

Fig. 231 represents the Cooper Hewitt tube, 
a type of mercury arc formerly used for work- 


Fio. 230. Fig. 231. 

shop lighting, together with a mount suitable for its use in the 
laboratory. The cathode is a pool of mercury at the end A, and the 
arc is started by rocking the tube over to the end B. The anode is 
an iron ring. The tube is of glass, 27 inches long, gives 500 candle- 
power, takes 3*5 amperes, and together with its resistance and 
induction requires 50 to 65 volts. Its disadvantage is its size. 

At present two different types of fused quartz arc are in laboratory 
use, one, a vacuum arc, similar in principle to the Cooper Hewitt tube, 
which has to be started by tilting, and another, the K.B.B. arc, which 
works at atmospheric pressure and is started automatically by means 
of a heating coil. Both may be operated off a 5 ampere plug on any 
D.C. house supply, provided a suitable resistance is employed in series. 

When working with a quartz mercury arc or with an iron arc the 
eyes must be protected by glass spectacles, because these sources give 
off ultra-violet rays which have a harmful effect on the eyes and cause 
a very painful inflammation. The harmful rays are absorbed by glass. 

In addition to the mercury arc there are also mercury vacuum 
tubes with aluminium electrodes. These contain a few drops of 
mercury and must be heated to vaporise the mercury, otherwise they 
do not light up. Vacuum tubes may have also mercury electrodes; 
the distinction between such tubes and the mercury arc lies then solely 
in the potential difference and current employed. 

Laboratory Lamps. Recently arc lamps of a new type have been put 
on the market for use in physical and chemical laboratories. There are 
different makes, Neron, Philips, and Osira—the latter being made in 
England by the G.E.C. They give the line spectrum of sodium, mercury, 
cadmium, zinc, or thallium, and are much brighter than vacuum tubes, 
the intrinsic brightness of the sodium lamp being thirty times as great as 
that of the best sodium flame. Almost all the light of the sodium lamp 
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appears in the yellow D lines, which in this case are narrow enough for use 
with an echelon grating. The lamps are run off the lighting circuit in 
senes with a resistance and appear to be finding a wide use. 

Each lamp consists of a small inner glass tube mounted in an outer glass 
tube which is evacuated to prevent loss of heat. When the current is 
started, a filament is heated and becomes thermionically active. The 
filament is switched off and a discharge takes place in the inert gas filling 
of the tube. The substance whose spectrum is required is present as a 
deposit of metal. This is evaporated by the heat generated, and the 
spectrum of the inert gas is then suppressed. 

Work of Kirchhof! and Bunsen. In 1860 Kirchhoff and Bunsen 
explained the Fraunhofer lines and asserted that, when a substance 
was caused to emit light, the spectrum was the sum of the spectra of 
its components. They thus gathered up and put in a definite form 
ideas which were, so to speak, in the air at that time, developed them 
by a series of researches, called attention to their importance, and, in 
a word, founded spectrum analysis. 

The statement that every atom has its own spectrum consisting of 
lines or bands characteristic of it and produced by no other atom was 
of immense importance, because, if the spectrum of an unknown sub¬ 
stance was examined and the positions of its lines mapped, it was 
necessary only to compare them with the lines of the known elements, 
and we could at once obtain the composition of the unknown substance. 
Moreover, the quantity of substance required for producing the spec¬ 
trum was very much less than what would be required for chemical 
analysis. Also the method could be applied to the sun and stars, 
bodies to which chemical analysis could be applied by no possibility 
whatever. If a substance under investigation contained lines which 
could not be identified with the lines of any known element, then the 
substance contained an unknown element. Bunsen and Kirchhoff 
at once discovered the elements caesium and rubidium in this way, 
and were able afterwards to isolate them chemically, and about the 
same time Crookes discovered thallium by means of its green line. 

Balfour Stewart had shown that a body absorbed best the heat rays 
that it emitted, and the idea of resonance was used by Kelvin in connec¬ 
tion with the sodium lines. A vibrating system absorbs the radiations 
which it emits ; thus a tuning-fork is set into vibration if it is placed 
on the sounding-box of another fork of the same pitch, which is already 
sounding, and the strings of a piano resound to the sound waves of 
another musical instrument in its neighbourhood. The strings gain 
energy at the expense of the waves, which are consequently weakened 
in intensity. So, if white light passes through sodium vapour, those 
waves with the same periods as the sodium atom are absorbed, the 
other waves pass through with their intensities undiminished, and 
if the light then enters the slit of a spectroscope, the spectrum is 
crossed by two dark bands in the yellow. These dark bands have 



SPECTROSCOPY : EARLIER WORK 263 

exactly the same positions as the bright lines emitted by sodium in 

the bunsen flame. ....... 

Kirchhoff generalised these ideas, expressed them quantitatively in 

the statement known as his law, namely, that the ratio of the radiating 
power to the absorbing power of all bodies is the same for the same 
wave-length and the same temperature, and applied them with 
decisive success to the explanation of the Fraunhofer lines. According 
to his view, which is now universally adopted, the sun consists of a 
solid or liquid core at a white heat surrounded by an atmosphere at a 
somewhat lower temperature. The core gives out white light which 
would show a continuous spectrum, were it not for the fact that the 
radiations corresponding to the periods of the molecules in the atmo¬ 
sphere are abstracted in passing through the atmosphere. When a line 
is absorbed in this way it is said to be reversed and the atmosphere 
is referred to as the reversing layer. The Fraunhofer lines are thus 
caused by absorption in the sun’s atmosphere. By comparing their 
wave-lengths with the wave-lengths of the emission spectra produced 
in the laboratory, the chemical constitution of the sun’s atmosphere 
can be determined. It is found in this way that more than 36 of our 
elements exist in the sun. Indeed one element, helium, was discovered 
in the sun before it was found on the earth. Close beside the sodium 
lines D, and D 2 in the solar spectrum there is a line D 3 of wave-length 
5875-6 A.U. which formerly could not be produced in the laboratory 
and which was ascribed by Lockyer and Frankland to a hypothetical 
element, called helium by them. This element was isolated by Ramsay 
from cleveite in 1895. 

All the Fraunhofer lines are not due to absorption in the solar 
atmosphere. Some, known as telluric lines, are due to absorption by 
the water vapour and oxygen of the earth’s atmosphere. That some 
of the lines are due to water vapour was shown by Janssen ; he had a 
large fire lit on one side of the lake of Geneva, examined its spectrum 
from the other side, and found that absorption lines were produced by 
the damp air over the lake. 

The action of the reversing layer can be illustrated in the labora¬ 
tory by an experiment that is somewhat difficult to carry out. An 
arc lamp, such as is used for projecting slides, is taken and the pro¬ 
jecting lens is adjusted to form an image of the crater on the slit of 
the spectroscope. An observer looking into the telescope will then 
see an intensely bright continuous spectrum. A bunsen burner is 
then placed to give a sodium flame in front of the slit, and, if the 
sodium vapour is made sufficiently dense, a dark line can be made to 
appear in the spectrum. If a screen is placed between the arc lamp 
and the sodium flame, only the light of the latter enters the instrument 
and the dark line appears bright. It is not any brighter than before, 
only in the latter case it is seen against a dark background, whereas 
in the former case it is seen against a very bright background. 
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In 1862 Mitscherlich found that it was possible for a compound to 
give a spectrum ; for example, when barium chloride was introduced 
into the bunsen flame, it gave its own spectrum, not the spectrum 
of barium and the spectrum of chlorine. Little is known about the 
spectra of compounds on account of the experimental difficulty of 
producing them ; the compounds are almost always dissociated by 
the bunsen flame or other means used to produce the spectrum, so that 
the existence of compound spectra does not really limit the power of 
spectrum analysis to reveal the elements present in an unknown salt. 

Types of Spectra. Spectra are divided into three classes, con¬ 
tinuous spectra, band spectra, and line spectra. Solid bodies give 
continuous spectra ; thus the spectra of a red-hot poker, the crater of 
the electric arc and the filament of an incandescent lamp contain rays 
of every possible wave-length whatever. This is usually explained 
by saying that the molecules are so closely packed, that they cannot 
vibrate in their proper periods. The oxides of the rare earths, 
didymium * oxide, for example, form an exception to the general 
behaviour of solids ; when they are heated they give a line spectrum 
superimposed on a continuous spectrum. 

Band spectra consist of bands separated by dark spaces. When 
observed with a high resolving power each band is found to consist of 
very fine lines. The lines become closer and closer on one side of the 
band until they coincide ; this side has consequently a sharp and 
bright edge called the head of the band. With a low resolving power 
the bands are not resolved and the spectrum appears channelled or 
fluted. All spectra of compounds are band spectra. 

Line spectra consist of separate bright lines on a dark background 
or a faint continuous background. The different lines differ in inten¬ 
sity, and when examined with a high resolving power they do not 
always appear the same. Some are sharp, some are sharp on one 
side and nebulous or diffuse on the other, and others are diffuse on 
both sides. 

Pliicker and Hittorf found in 1865 that the same substance can 
give two entirely different spectra. This had not been expected by 
Kirchhoff and Bunsen, but as will be seen from Chapter XVIII it is 
a commonplace now. 

Kirchhoff and Bunsen Spectroscope. This instrument is represented 
in Fig. 232. It was much used in the early days of spectroscopy. The 
collimator (to the left) is fixed, and the telescope (behind) moves through 
a small range To the right in front there is a second collimator which 
carries a fine photographic scale at its end instead of a slit. This scale 
is illuminated by the gas burner, and is seen through the telescope by 
reflection on the second surface of the prism immediately above the 

• It seems necessary to explain that didymium is a mixture of neodymium and 
praseodymium. 
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spectrum. Hence the position of any point in the spectrum can be 
easily read off on the scale. 



Fio. 232. 


Angstrom’s Normal Solar Spectrum. In the early days of spectrum 
analysis the positions of lines were given on arbitrary scales. Kirchhoff 
and Bunsen used an arbitrary scale. A. J. Angstrom measured the 
wave-lengths of a very large number of the Fraunhofer lines by means 
of three diffraction gratings, and in 1868 published a map of the 
visible spectrum giving the wave-lengths of about 1000 lines. The 
wave-lengths were expressed in 10~ 8 cms. and carried to two decimal 
places, whence the name Angstrom unit. Angstrom had measured 
the spaces of his grating in terms of a standard metre in the calibration 
of which an error had been made, and consequently his values were all 
slightly too small. This error was corrected and the values recalculated 
by Thalen. Angstrom’s diffraction gratings were of course plane 
ones. They were placed normal to the direction of the collimator. 

Angstrom’s normal map standardised spectroscopy and made it 
possible to determine the wave-length of any line simply by comparison 
with the solar spectrum and interpolation. Angstrom’s values remained 
for many years unexcelled for accuracy. 

Emission spectrum analysis is now being used as a quantitative 
means of analysis in certain industrial processes. The method 
depends on the relative brightness of the lines and requ ; res a very 
careful technique. 


EXAMPLES 

(1) In calibrating a spectroscope a student finds that sodium bicarbonate 
gives a line at 53° 4', potassium chlorate lines at 52° 12' and 56° S', lithium 
sulphate a line at 62° 36', thallium sulphate a line at 53° 39', and a hydrogen 
vacuum tube lines at 52° 40', 53° 11', 54° 19'. 54° 40', and 55° 14'. Of course, 
some of these lines may be due to impurities. Draw curves representing the scale 
9 * 
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readings (a) as a function of A, (6) as a function of 1/A, and (c) as a function of 
1/A*. 

(2) Calculate the constants of the Hartmann calibration formula for the 
above spectroscope, and show by a graph how near the observed values lie to 
the calculated curve. 

(3) In a constant deviation spectroscope the collimator and telescope remain 
fixed while the prism is rotated and its position read by means of a micrometer 
screw. The screw is calibrated by means of hydrogen, helium, and mercury 
vacuum tubes, the readings for the hydrogen lines being 2537, 2187, 1955, for the 
helium lines, 2548, 2408, and for the mercury lines, 2388, 2308, and 1958. The 
wave-lengths of the principal lines of helium are 4471-5, 5875-6, and 6678-1 A.U. 
Draw the calibration curve and calculate the constants of Hartmann's formula 
for it. Represent Hartmann’s formula by a curve and show how closely it fits 
the observed values. 

(4) Show by plotting the dispersion as defined on p. 248 as a function of 
the wave-length, that it is not constant in the case of a transmission diffraction 
grating mounted in a fixed position on the table of a spectrometer, although it 
does not vary so rapidly with the wave-length as in the case of either flint or crown 
glass prisms. 

(5) A spectroscope has a slit which opens only on the one side. A student 
calibrates it with the lines of Na, Li, Tl, and H, using a constant slit width and 
placing the cross-wires on the middle of the slit. He then looks for the K violet 
line, and after widening the slit and expending much time gets a reading on the 
middle of this line also. Immediately after making this reading ho realises that 
the cross-wires ought always to have been placed on the image of tho fixed edge 
of the slit. What should he do to save his observations ? 

(6) A spectroscope is being used as a monochromatic illuminator. For 
this purpose the eyepiece is removed and a cardboard disc with a slit in it inserted 
in tho focal piano of the telescope object glass. The object glasses of tho teloscopo 
and collimator have tho same focal length. Show that for a given intensity of 
illumination the light is most monochromatic when the collimator and telescope 
slits arc equally wide. 

(7) A symmetrical direct vision spectroscope is to be made of the flint and 
^rown glasses for which the indices of refraction are given on p. 61. The prism 
is to be symmetrical and is to consist of three parts, a flint component in the 
middle with a crown component on each side. The refracting angle of tho flint 
component is to be such that, if there is an air film between tho components, 
tiie rays can just enter the flint glas3. The D lines are to be undeviated. 
Calculate the angles of tho prisms and the difference in deviation of tho two ends 
of the visible spectrum. 



CHAPTER XV 

THE ULTRA-VIOLET AND THE INFRA-RED 

When silver chloride is exposed to light it darkens in colour, first 
assuming a violet tint and then becoming dark brown or black. The 
exact chemical nature of the change occurring is not known, but it 
has been attributed to partial reduction to metallic silver. In 1801 
j W. Ritter found that this property of light did not stop at the violet 
end of the spectrum but was greatest beyond the end of the visible 
spectrum. • He thus discovered the ultra-violet spectrum. 

Ten years later by projecting Newton’s rings in ultra-violet light 
on silver chloride, Thomas Young showed that the ultra-violet rays 
were subject to the laws of interference. The diameter of the rings 
was smaller than the diameter of the rings produced by visible light, 
and thus their wave-length was smaller. Herschel introduced the 
name actinic rays for the rays that produced chemical change. 

At first the actinic rays were regarded as something radiated from 
the sun additional to ordinary light and distinct from it. Only 
gradually the conviction grew that it was the same radiation that 
produced both the sensation of light and the chemical action on silver 
chloride. 

If an acidulated solution of quinine sulphate is placed in a dark 
room and a beam of white light is allowed to fall on it, blue light is 
emitted from the surface of the solution at the point where the beam 
is incident, also blue light is emitted’ from the path of the beam inside 
the solution. The blue light is brightest at the surface decreasing 
with the thickness of solution through which the beam has passed. 
If, however, after passing through such a solution the beam falls upon 
a second solution, it no longer possesses the property of exciting blue 
light. At first this phenomenon was not properly understood and the 
blue light was thought to be reflected incident light, but in 1852 there 
appeared a description of an investigation by Stokes which cleared up 
the whole matter. 

The effect is shown by a great number of other substances besides 
sulphate of quinine, for example, by an alcoholic solution of chloro¬ 
phyll, paraffin oil, an aqueous solution of fluorescein, uranium glass and 
fluorspar, and on account of its being shown by fluorspar Stokes intro- 

Messrs. Chance have now put a glass on the market which absorbs the visible 
spectrum and transmits the ultra-violet. It is hence very useful for experiments oil 
fluorescence. 
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duced the name fluorescence for it. Uranium glass is coloured with 
oxide of uranium, and flower vases can be bought made of it. They 
are yellow by transmitted light and fluoresce green, but the glass made 
for experimental purposes by Chance Brothers, Ltd., gives a much 
brighter fluorescence. When a spectrum is projected on a fluorescent 
screen or on the surface of a fluorescent solution, for example, sulphate 
of quinine, the blue fluorescent light is emitted by the parts of the 
surface on which the blue, violet, and ultra-violet portions of the spec¬ 
trum fall. Thus a fluorescent substance has the property of making 
an ultra-violet spectrum visible ; Stokes investigated the ultra-violet 
solar spectrum in this way and mapped the positions of the principal 
Fraunhofer lines in it. 

Sulphate of quinine and fluorspar fluoresce with a blue light, 
chlorophyll with a red light, and uranium glass and fluorescein with a 
green light. Thus the emitted light is characteristic of the substance 
and not of the exciting light; the energy of the exciting light is first 
absorbed by the molecules and then emitted by them as light of another 
wave-length. Stokes believed that the wave-length of the exciting 
light must be always less than the wave-length of the fluorescent 
light, and this fact was known for long as Stokes’s law. Modern 
investigation has shown that it is certainly not always true ; Nichols 
and Merritt have proved, for example, that fluorescence can be produced 
in the case of fluorescein when the wave-length of the exciting light is 
greater than that of the centre of the fluorescent band. 

Use is made of fluorescence in a well-known experiment used for 
demonstrating the laws of the reflection and refraction of light to large 
audiences. A trough with parallel sides of glass is filled with water 
and a grain or two of fluorescein added. A beam of parallel light from 
an arc lamp is incident on the surface of the water at B (Fig. 233) where 
it gives rise to a reflected beam BC and a refracted beam BD. At the 
bottom of the trough at D there is placed a piece of mirror glass which 
produces the reflected beam DE and consequently the refracted beam 
EF. If the air were perfectly pure, the paths of the beams AB, BC, and 
EF would not be visible to an observer at the side ; hence dust, for 

example chalk from the blackboard duster, is 
scattered in the air, the chalk particles are 
illuminated by the beams and render the 
paths visible. The extremely dilute solution 
of fluorescein in the trough lets through visible 
light with its intensity undiminished but 
absorbs ultra-violet light. The energy of this 
ultra-violet light is re-emitted as green 
fluorescent light and consequently the path of 
the beam in the solution appears a bright 
green, livery molecule of fluorescein in the path is a source of green 
light. Care must be taken to get the strength of the solution right. 



Fio. 233. 
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for if there is too much fluorescein in it, the ultra-violet light will be 
all absorbed before the beam reaches D and only part of the beam B 

and none of the beam DE will be visible. 

Of course dust particles in the water are illuminated by the beam 
and render its path visible, but they only scatter the incident light 
and do not shine with a light of their own. 

The reason why, when light goes through two solutions of sulphate 
of quinine in succession, only the first solution exhibits fluorescence 
is because all the ultra-violet light of the beam is absorbed in the first 
solution and there is none left for the second. 

Stokes used fluorescence as a means of testing the transparency 
of different substances to ultra-violet light and also for estimating the 
amount of ultra-violet light emitted by different sources. He found 
that glass absorbed the ultra-violet light from an alcohol flame, while 
quartz did not, and that the electric spark was very strong in ultra¬ 
violet light. . 

He had a spectroscope built with quartz lenses and prism, and 
received the spectra on a uranium glass screen or uranium phosphate 
screen, and in 1862 published a description of some results obtained 
with this apparatus He found that the spectra of the electric arc 
and spark extended much further than the solar spectrum. In the 
same year W. A. Miller photographed spark spectra with a quartz 
apparatus, and found that quartz, fluorspar, and water were all very 
transparent in the ultra-violet. He also discovered the fact, that for 
a certain region in the ultra-violet thin films of silver are transparent. 
From 1874 to 1880 Cornu extended Angstrom’s normal solar map to 
the ultra-violet by means of photography with a plane reflection 
grating. He found that the solar spectrum stopped short at about 
3000 A.U.; the earth’s atmosphere absorbed the radiations beyond this 
limit. The limit of transmission varied slightly with the season of the 
year and the height above sea-level. 


§ Very many substances fluoresce slightly, but the fluorescence cannot be 
seen on account of scattered incident light of greater intensity being super¬ 
imposed on it. To detect it in such cases Stokes used a very ingenious 
arrangement consisting of a box with two coloured windows, one of which 
transmitted only the violet and blue while the other transmitted the yellow 
and red. The substance under investigation was placed inside the box and 
an intense beam of light allowed to fall on it through the blue window. 
The blue light scattered or reflected by the object was not transmitted 
through the yellow window, as the two taken together were quite opaque ; 
consequently the object was not visible through the yellow window unless 
it gave rise to a yellow or red fluorescence. A very faint fluorescence could 
be detected in this way. 

Fluorescent light is polarised by refraction on leaving the fluorescing 
body. 

In 1928 fluorescence was applied to the analysis of paints, oils, rubber, 
and to the detection of mildew in grain .and all sorts of adulteratious and 
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impurities with such success that it came into wide use for this purpose 
in a very short time, and the development is still proceeding. The 
apparatus employed is a fluorescence cabinet. This consists of a mercury 
arc lamp of the type employed for radiotherapy, which is enclosed in a box. 
The box screens it from the eyes, but allows its rays to fall downwards 
on the table. The substances to be examined are held below it, and 
differences in their composition at once reveal themselves by differences in 
their fluorescence. It is a very striking experiment to see, for example, 
a 1 per cent, impurity in an oil, which does not affect its colour or density, 
at once show up in the fluorescence. 

§ We have then two means of investigating the ultra-violet spectrum, 
namely, fluorescence and photography. The best way of employing 
fluorescence is by means of Soret’s fluorescent eyepiece. This consists 
of a thin plate of uranium glass or other transparent fluorescent sub¬ 
stance fixed in the telescope in the position usually occupied by the 
cross-wires. If an ultra-violet line is focussed on the surface of the 
plate, it produces a fluorescent image, and this image is viewed through 
the plate with the ordinary eyepiece of the telescope, which is inclined 
obliquely to the axis of the telescope, because the image is then seen 
better. The fluorescent plate is, of course, normal to the axis of the 
telescope. 

A fluorescent eyepiece can be used only with bright spectra and 
consequently the use of photography is now universal. In Ritter’s 
experiments referred to on p. 267 the silver chloride was exposed to 
the rays until it actually became black. In 1839 Niepce and Daguerre 
made known their process, which was a very great advance on what 
had previously been accomplished. A surface of silver iodide on silver 
was exposed to the action of light and removed before it presented any 
visible change ; it was then placed over the vapour of slightly heated 
mercury, and mercury deposited on the parts where the light had acted, 
more being deposited where the light had been intense and less where 
it had been weak. Thus if an image had been focussed on the surface, 
it was represented in every gradation of light and shade. The image 
had been latent in the surface although not visible until brought out 
by the mercury. 

The modern dry plate consists of an emulsion of silver DrOmide in 
gelatine, which has been poured while warm on to a large glass plate 
and allowed to set. The glass plate is then cut into smaller sizes. 
The light produces no visible action on the plate until the developer is 
poured over it. Then the particles of silver bromide on which the 
light was incident are reduced to black metallic silver. After develop¬ 
ment the plate is “ fixed ” by immersion in a solution of hyposulphite 
of soda, which dissolves away all the sensitive particles on which 
the light has not acted. It is then washed and dried. As the bright 
parts of the image, those on which most light falls, come out blaok on 
the plate and the dark parts come out light, the picture is said to be a 
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Tin- Oxygen Band at A in the Solar Spectrum. Due to absorption by the Earth’s Atmosphere. Taken by Fiank McClean. 
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negative. By placing it in contact with sensitive paper and allowing 
light to act through the negative on the paper, an image called a 
positive is produced on the paper. In this image the light and shade 
are correctly rendered ; it is the picture wanted, the negative being 

only an intermediate step. . , . 

In photographing spectra we always stop at the negative, because it 
is a matter of indifference as to whether the lines come out white on 
a black background or black on a white background. Also it is an 
advantage to have the picture on glass, because it is often necessary 
to measure the distance between the lines and glass does not stretch the 
way paper does. The same reason applies against making the negative 
on films. In films the gelatine containing the silver bromide is spread 
on a roll of celluloid instead of glass. 

The slower plates produce a finer grained image than the more 
rapid ones. The ordinary dry plate is sensitive to light from 5000 
A.U. to 2200 A.U. with a maximum of sensitiveness in the violet. 
Very strong lines may come out below 2200 A.U., but the gelatin of 
the plate begins to absorb at 2500 A.U. and at 2200 A.U. the light 
does not penetrate more than -02 mm. into the gelatin film, i.e. to a 
greater distance than about one-tenth of its thickness. 

Vogel found in 1873 that if the plate is bathed in a solution of one 
of certain dyes it becomes sensitive to some of the rays absorbed by 
this dye. Use has been made of this discovery to make plates sensitive 
to the green, yellow, and red. .The ordinary commercial ortho- 
chromatic or isochromatic plates, which are made by putting some 
eosin or erythrosin into the emulsion, are sensitive as far as the 
yellow. The panchromatic plates, of which there are now various 
brands on the market, are prepared by bathing the finished plate in a 
solution of certain isocyanines. They are sensitive as far as 7200 A.U. 
The Eastman red sensitive plate sensitized with kryptocyanine goes 
as far as 7900 A.U., and there are Eastman infra-red sensitive plates 
which go beyond 10,000 A.U. 

The development of ordinary plates is carried on in a dark room 
illuminated solely by a red lamp. In the case of orthochromatic plates 
care must be taken with regard to the spectral purity of the red light. 
In the case of the panchromatic plate the red light affects the plate 
and consequently cannot be used. The plate must be developed in 
absolute darkness, or, if this is not possible, a faint green light may be 
used. Green is chosen because the eye is most sensitive to green and 
the plate is nearly equally sensitive to all colours, hence by using green 
we obtain a better illumination for the same damage to the plate. 

Theory of Photographic Action. The light sensitive emulsion in a 
photographic plate consists of silver bromide particles embedded in a layer 
of gelatin. The size of the particles depends on the speed of the emulsion ; 
in the fastest emulsions they may measure as much as one-hundredth 



272 


A TREATISE ON LIGHT 


r 


o® 


' 4 &. 


o r9 


■A 


.o. • 

- V° . 

V° 

u> . \7 0,5 


3 


0 


f o' 




Fio. 234.—Fast emulsion. Uncxposcd. 
Magnification, 2000. 


of a millimetre across. Fig. 234 * shows the particles in the case of a fast 
emulsion, from which it maybe seen that they are of definite crystalline form. 

If the plate is exposed to light and fully developed, it is found that after 

_ development some of the 

r ^ particles are completely 

* , reduced to metallic silver, 
2 as shown in Fig. 235, 
<9 while others are quite un- 
£ affected. A big " density ” 
• means a large percentage 
- of grains changed. If 
° development is stopped 
before it is fully completed, 
• the particles affected are 
only partially reduced to 
9 silver. At some time dur¬ 
ing its exposure each par¬ 
ticle which is developable 
undergoes a sudden change 
in its character. 

The question arises as 
to why some particles are 
taken and others left. We 
r j . , ., , . . . „ are here up against the 

fundamental problem of ionisation. Svcdberg showed that the selection 
depends neither on the size of the particles nor on some being screened 
from the action of the light, and S. L. Silbcrstein suggested that instead 
of a continuous wave-front the incident light consisted of “ darts ” or 
bundles of energy, and 
that a grain became de¬ 
velopable if it was hit by 
one or more of these darts. 

Similar views as to the 
nature of light have, of 
course, been put forward 
from other quarters ever 
since the appearance of 
Planck’s quantum theory, 
but have not found accept¬ 
ance owing to their in¬ 
ability to explain the 
phenomena of interference. 

But further research 
showed that in photo¬ 
graphy the “ dart ” theory 
is untenable. 

By stopping develop¬ 
ment immediately after it 
is started there can be obtaiued on the grains minute particles of silver. 
These are scattered over the surface and along sharp edges. From these 

• Figs. 234 and 235 are from an article by F. C. Toy in “ Science Progress ” (John 
Murray), 18, p. 234. 
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Fio. 235. Fast emulsion. Exposed and developed 
fully. Magnification, 2000. 
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points as centres development spreads out. Sodium arsenite has an effect 
on the photographic plate similar to that of light, i.e. when the plate is 
developed after treatment by sodium arsenite, silver is deposited round 
certain centres. W. Clark showed that these centres have the same 
topographical distribution as the centres on which light acts. It is con¬ 
sequently natural to assume that they are the same points. Now sodium 
arsenite does not act on pure silver bromide. We therefore conclude that 
there is a substance in the grain which is not silver bromide, and it is 
this impurity on which both the light and sodium arsenite act.* There 
is thus an analogy with phosphorescence and fluorescence where the 
effect often depends on minute traces of impurity. Clark showed that 
the centres could be dissolved out of the plate with chromic acid, after 
they had become developable. 

It had been known previously that the crystals were not pure silver 
haloid but very complicated and heterogeneous systems, and that the gela¬ 
tin played a very important part in the sensitivity of the emulsion to light. 
Finally S. E. Sheppard, working in the Kodak laboratories at Rochester, 
showed beyond doubt that the sensitiveness was due to certain sulphur- 
containing organic bodies present in the gelatin, and that the “ centres ” 
are invisibly small specks of silver sulphide. 

The centres in an emulsion have not the same sensitiveness. In order to 
become developable some may require 200 times as much light as others. 

§ As was discovered by Stokes, glass absorbs the far ultra-violet 
light. The limiting radiation transmitted varies with the kind of glass 
and the distance traversed by the light in it; some flint glass prisms 
absorb almost to the end of the visible spectrum. Crown glass lets 
through more; a plate 2 mm. thick will transmit perhaps to 3200 A.U., 
and a plate of Vitaglass 2 mm. thick, according to my measurements, 
transmits easily to 2600 A.U. With a quartz prism and lenses the 
last line transmitted is the strong aluminium ohe at 1852 A.U. 
This line is best detected with a fluorescent ocular since, as is men¬ 
tioned above, ordinary gelatin plates do not go beyond 2200 A.U. 
Fluorite has been found by Schumann to transmit to 1000 A.U., 
while Iceland spar passes light up to 2150 A.U. 

Fluorite of optical quality is extremely rare, and the high bire¬ 
fringence of Iceland spar and the brittleness of its surfaces make it 
unsuitable, so that quartz is the material almost universally used for 
work in the ultra-violet. If a prism is made of a doubly refracting 
material such as quartz or Iceland spar, each incident ray is resolved 
into two when it enters the prism, the ordinary ray and the extra¬ 
ordinary ray, consequently in general there are two spectra produced, 
the ordinary and extraordinary spectra. If, however, the prism is an 
isosceles one and the optic axis is parallel to its base, the ordinary and 
extraordinary rays coincide for the wave-length that passes through 
the prism at minimum deviation and at this wave-length the ordinary 
and extraordinary spectra coincide accurately with one another. If 

* No. They act on the AgBr, but the impurity acts catalytically ; it concentrates 
the silver atoms reduced by light. If the concentration is great enough, the grain is 
developable. 
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the rays make a small angle with the optic axis in going thiongh the 
pnsm, then the images they form do not quite superimpose. The 
double refraction of quartz is so small that if the middle of the spectrum 
is set at minimum deviation, the whole spectrum from 7000 A.tJ. to 
2200 A.U. can be obtained sharp on one plate ; the want of coincidence 
at the ends of the two spectra is not sufficient to cause appreciable 
error. It is, however, otherwise for a substance with a high double 
refraction like Iceland spar. 

When a beam of light traverses a quartz prism in the direction of 
the optic axis, it decomposes into a right-handed and a left-handed 
circularly polarised beam, and these have slightly different velocities. 
It is this difference of velocity which causes quartz to rotate the plane 
of polarisation of a plane polarised beam traversing it in the direction 
of its axis. Now difference of velocity means difference of refractive 
index. Thus if an isosceles prism is made solely of right-handed 
quartz with the axis parallel to the base, it is impossible to set it at 
minimum deviation for any wave-length for the two circularly polarised 
components simultaneously. This error due to the optical rotation of 
the quartz is quite distinct from and exists in addition to the error due 
to the double refraction which was discussed in . the last paragraph. 
As shown by the calculation on p. 233 it is a small error, and it can 
be eliminated by using a prism of a special type known as the Cornu 
prism. This latter consists of two 30° prisms, one of right-handed 
quartz and the other of left-handed quartz, cut with the optic axes 
perpendicular to the faces in contact, and placed together so as to form 
a 60° prism. The difference of deviation between the two beams pro¬ 
duced on entering the first prism is removed on emerging from the 
second prism. 

In a quartz spectrograph, as an instrument used for photographing 
the spectrum is called, the lenses are generally single quartz lenses. 
They could be made achromatic by combining them with fluorite 
lenses, but it is not worth the cost. Now the index of refraction 
of quartz varies from 1-614 at 2313 A.U. to 1-539 at 7685 A.U., and 
consequently the focal length of an uncorrected quartz lens varies 13 per 
cent, over the same range. In a quartz spectrograph the collimator is 
adjusted so as to make the rays in the middle of the spectrum go 
through the prism parallel. The extreme ultra-violet rays are then 
convergent and the red rays divergent. Hence the distances of the foci 
of the extreme ultra-violet and the red from the object glass of the 
telescope differ by much more than 13 per cent., and to get the whole 
spectrum sharp at once the surface of the photographic plate must be 
inclined at an angle of about 20° to the axis of the telescope. The colli¬ 
mator and telescope lenses are cut with their axes parallel to the 
optic axis of the quartz, one out of right-handed quartz and the other 
out of left-handed quartz. 

Most spectrographs are made by A. Hilger, Ltd., London, and 
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Fig. 236 shows one of their types which has the large aperture ratio 

of f/5-7. The collimator is to the left, there are two glass prisms and 

the telescope is replaced by a wooden camera. The prism cover is 

not shown. The slide is very clearly shown ; it can be racked up 

vertically by a screw at the side so that several spectra may be taken 

above one another on the same 

plate. It is interesting to note, 

as illustrating the increasing use 

of science in industry, that 

although the quartz spectrograph iSSSs&B. 

was not used in industry until 

1911, by 1936 Messrs. Hilger had 

sold 1200 of them to industrial if? v : 

It is, of course, possible to fit I 
a small camera on to a telescope V \1 

in place of the eyepiece and by I u; • H fi 11 

this means take photographs of / B&W ^fjl \* 
small regions of the spectrum at l S &S&tt& ll 1 
a time. In this case, since the jV Jg *•' W /Yj ( * y 

regions are small, the photo- r / / 

graphic plate may be set at right \ jf f / J ^ 

angles to the axis of the tele- 

6C0 P e - <A=a4*ir 5 ? 


A Simple Means of Photo- 11 ill a i 

graphing Spectra. Any student j;||i if 

possessing an ordinary snapshot A TtlllL j j 

or stand camera can with a little _ j 

patience and ingenuity take quite / X 

good photographs of spectra with }Qff 

it. All that is required in addition m 
to the camera is a Thorp grating 1 

replica with about 14,000 lines 
to the inch costing 30 shillings. 

The grating is mounted immedi- ls| 

ately in front of the camera lens. 

No collimator is necessary. The 
source of light, an electric spark lBCy 

for example, is placed at a dis- wr 

tance of, say, 10 feet, and all the 

rays from it are parallel enough without the intervention of a collimator 
lens. Or instead of a spark the capillary of a vacuum tube may be taken, 
the thicker portions of the tube being screened off. The capillary acts 
then as a slit. The chief disadvantage of an apparatus like this is the 
shortness of the spectra. If in the formula \=e sin 6 we substitute 
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in succession 7 10-5 and 3-3 10-5 C ms. for ^ whic h would correspond 
to the limits reached with the usual panchromatic plate through a 
glass lens, we obtain 22° 48' and 10° 31' for 6. The focal length°of a 
quarter plate camera lens is about 5 inches ; hence the length of the 
first order spectrum in the case of a quarter plate camera would be 
10 x 5 

roughly ———, or about \ of an inch. Of course, a prism is less suitable 

than a grating owing to the dispersion of its spectrum being less than 
the dispersion of the ordinary grating spectrum. With the arrange¬ 
ment described here the exposures are seldom more than 30 seconds. 

Absorption Spectra. If light from a Pearl electric lamp is 
focussed on the slit of a spectroscope and a plate of blue cobalt glass 
placed in the path of the rays, the continuous spectrum of the lamp 
is seen to be crossed by three dark bands, a broad one with its centre 
at about 5300 A.U. and two sharper ones with their centres about 
5900 A.U. and 6500 A.U. These bands are said to form the absorp¬ 
tion spectrum of cobalt glass. Their position in the spectrum depends 
on the composition of the glass, and their width on the percentage of 
cobalt oxide present and the thickness of the plate. Generally speak¬ 
ing, the regions between the bands are not very transparent, though 
the red side of the band in the red is. The absorption spectrum of a 
solution can be obtained in the same way by putting it in a test tube 
and holding it in front of the slit. When examined in this way a dilute 
aqueous solution of cobalt chloride shows a broad band in the green, 
and a dilute aqueous solution of potassium permanganate shows five 
dark bands in the green. The absorption bands of solutions and solids 
are, as a rule, very broad and ill-defined, occupying large regions of the 
spectrum. Aqueous solutions of salts of didymium and erbium and 
the other rare earths, however, show comparatively sharp bands, as do 
also their crystals; the latter at the temperature of liquid air show 
absorption lines comparable with the emission lines of gases in sharp¬ 
ness. Glass coloured with didymium oxide has a very interesting 
absorption spectrum consisting of sharp bands in the yellow and green 
with transparent regions between. Gases and vapours show absorp¬ 
tion line and band spectra comparable with their emission spectra in 
fineness. % 

In mapping the absorption spectra of solutions it is usual to put 
them in cells with parallel sides such as are shown in Fig. 237. The 
best background for use in the visible spectrum is the incandescent 
mantle. Its image should be thrown on the slit with a lens, but 
slightly out of focus, so as not to show the detail of the mantle in the 
spectrum. If a metal filament lamp is used as source, and it is not 
of the Pearl or Opal type, it must be focussed on a ground glass 
plate, which is placed in front of the slit with just sufficient space 
between it and the slit for the cell with the solution. Without the 
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ground glass in this case the continuous background will not appear 
the same brightness the whole way up. 

There is difficulty in mapping the position of an ill-defined broad 
absorption band. One way of 
proceeding consists in moving 
the cross-wires into the band 
from one side until they can 
no longer be seen against the 
dark background and reading 
the position, then repeating 
the operation from the other 
side, and finally taking the 
mean of the two readings. It 
is found, however, when the 
breadth of the band is less, 
either owing to the solution being weaker or to the length of the 
path in it being shorter, that the readings taken in this way do not 
always give the same result. They do so only when the absorption 
increases at the same rate on both sides of the band. 

Hence much use has been made of a method introduced and used by 

Hartley, which depends on photography 
and is valid for the whole range of the 
spectrum to which photography is ap¬ 
plicable. This method is best explained 
by the consideration of a special case, 
and for this purpose one of Hartley’s 
diagrams is reproduced on Fig. 238. The 
curve represents the absorption of nitric 
acid. A standard solution was prepared 
by dissolving a certain quantity of the 
acid in water, and photographs were 
taken of a spectrum through layers of 
this solution 5, 4, 3, 2, and 1 mm. thick. 
The photographs were next examined 
and observations made of the positions 
of the edges of the regions which trans¬ 
mitted no light. These positions were 
then entered up in the diagram. They 
are represented by the abscissae and are 
measured in oscilation frequencies— 
Hartley used oscillation frequencies in¬ 
stead of wave-lengths—an oscillation 
frequency being the number of wave- 
Thus the numbers at the ends of the 
scale, 2850 and 4200, correspond respectively to wave-lengths of 
3*51 10"® cms. and 2*38 10~ 6 cms., and the region represented 
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lies wholly in the ultra-violet. The ordinates represent thickness 
of solution and the hollow in the curve represents an absorption 
band. Thus, when the solution was 5 mm. thick, there was an 
absorption band extending from 3087 to 3830 with a very narrow 
transparent interval at the latter point. When the solution was 4 mm 
thick the band extended from 3087 to 3674 and the transparent region 
from the second point to 3896. When the solution was 3 mm. thick 
the band extended from 3087 to 3647 and the transparent region 
to 3919. When the solution was less than 1 mm. thick the band 
ceased to be visible. To find the edges of the absorption band and 
transparent region for any thickness it is only necessary to erect an 
ordinate equal to it, and draw a horizontal line through its upper end. 
Its intersections with the curve are the required points. Thus the 
curve gives a satisfactory representation of the absorption. 

When the absorption of solutions of thallium nitrate and silver 
nitrate of equivalent strength to the nitric acid is represented in the 
same way, it is seen that they have absorption bands at the same place 
in the spectrum but very much blunter. A solution of potassium 
nitrate of the same strength gives exactly the same curve as nitric acid. 
Hence the absorption band must be due to the N0 3 radical, but its 
intensity is influenced by the atomic weight of the base to which the 
latter is attached. 

Ihe spectrum of the Pearl electric lamp does not go far into the 
ultra-violet, consequently as a background for absorption spectra 
in the ultra-violet it is necessary to use another source. Hartley 
employed the electric spark between electrodes made of an alloy con¬ 
taining lead, tin, cadmium, and bismuth. The spectrum of this alloy 
contains a large number of sharp lines with a faint continuous back¬ 
ground. The wave-length or oscillation frequency can be determined 

by recognising the lines. E. C. C. 
Baly, in applying the same method, 
has used the iron arc as back¬ 
ground. It has more lines and is 
much brighter, but owing to the 
complexity of its spectrum it is 
less easy to determine the wave¬ 
length in it. Fig. 239 represents 
an arrangement used by E. C. C. 
Baly, known as the Baly tube, for 
varying the thickness of liquid 
examined. The one tube slides 
inside the other, and a broad 
rubber band is slipped over the junction at D in order to keep it 
water-tight. At present such tubes are made entirely of fused sUica 
and ground to a sliding fit, thus eliminating the rubber joint and 
making them suitable for all solvents. 
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Hartley’s method has been applied in much detail to the absorption 
spectra of organic compounds. It is found that these spectra are 
additive but with a strong constitutive influence. They have been of 
the greatest service in many cases in elucidating chemical constitution. 
But, in spite of all the work done, it has hitherto been impossible to 
form a clear physical picture of the connection between absorption 
bands and chemical constitution. 

Wedge Spectrograph. Another method of examining absorption 
spectra is to put the solution in a cell shaped like a wedge with the 
edge pointing downwards. Then the thickness of solution passed 
through by the light increases from the bottom to the top of the slit, 



Ordinary Plat* 



Orthochromatic Plata 



Panchromatic Plata 
Fio. 240.—Wedge Spectra. 


consequently the absorption bands are broad and heavy at the top and 
narrow and light at the foot, and the strength of the absorption can be 
measured by the depth to which the band descends. 

If when we are examining a continuous spectrum, a wedge of 
neutral tinted glass is placed in front of the slit, the strength of the 
light varies as we go up the slit. Consequently if the spectrum is 
photographed, we obtain results similar to Fig. 240. The light is 
weakest at the top of the diagrams, and it is only in the middle regions 
that the plate is able to record the light there. The numbers°give 
wave-lengths, and are obtained by fixing a transparent wave-length 
scale in the plate holder in front of the plate : the light thus prints the 
numbers on the plate. The figures, which are taken from the Ilford 
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Manual on Panchromatism, show the ranges of an ordinary, an ortho- 
chromatic, and a panchromatic plate respectively; the orthochromatio 
plate has obviously a minimum of sensitiveness in the blue-green. 
This method of testing the colour sensitiveness of plates was developed 
by C. E. K. Mees. ^ 


The Infra-Red. In 1800 Sir William Herschel moved a sensitive 
thermometer along a spectrum and found that the temperature reached 
a maximum at a point some distance beyond the red end. He thus 
proved the existence of heat rays, which did not excite the seusation of 
light. In 1830 Melloni made his first thermopile. If two wires of 
dissimilar metals, say copper and iron, are joined at both ends and a 
galvanometer is placed somewhere in the circuit, say in the middle of 
the copper wire, and if the one junction is kept at a constant tempera¬ 
ture, for example, the temperature of melting ice, and the temperature 
of the other junction is greater than this, a current flows round the 
circuit. The direction of the current in the iron is from the hot to the 
cold junction, and the magnitude of the current is proportional to 
the difference of temperature between the two junctions, provided that 
the latter is not too large. If instead of one iron wire and one copper 
wire we take ten pieces of iron wire and ten pieces of copper wire, join 
them up alternately in a circuit and arrange them so that every second 
junction is in the melting ice and that the other junctions are raised to 
the former higher temperature, the electromotive force in the circuit is 
multiplied ten times. The different wires are, of course, insulated so 
that there is no short circuit anywhere and the current has to run 
round the whole circuit. Such an arrangement is called a thermopile. 
If every second junction is exposed to the heat rays and the other 
junctions sheltered from the heat rays and left to take up the tempera¬ 
ture of the air of the room, the current in the circuit is a measure of the 
intensity of the heat rays. The magnitude of the electromotive force 
varies with the metals used for the wires ; Melloni employed antimony 
and bismuth, because they give a larger effect than copper and iron. 

The thermopile is much more sensitive than the thermometer, and 
Melloni employed it in a number of investigations. He found what 
percentage of the incident dark heat rays was transmitted by various 
solids. Of all substances investigated rock salt was most transparent 
to the heat rays. The percentage transmitted by other substances 
varied with the temperature of the source, but in the case of rock salt 
it was always the same. Melloni came to the conclusion that the dark 
heat rays and the light rays were of exactly the same nature, that light 
rays were merely a kind of heat ray that had the property of exciting 
the retina. This view is, of course, the correct one, but it was some 
time before it was universally accepted. Many experimenters believed 
that the light rays were of quite another nature from the heat ra^ and 
existed iD addition to them. • 
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Heat rays, then, can be reflected, refracted, and polarised in exactly 
the same way as light rays. Their reflection can be shown very easily 
to a large audience by means of concave metal mirrors. All metal 
mirrors reflect heat rays well even when they appear dull to the eye. 
If two concave spherical or preferably parabolic metal mirrors are 
placed some distance apart and facing one another and a copper sphere 
is heated in a bunsen flame to a dark heat and placed in the focus of 
the one mirror, there is a rapid rise of temperature at the focus of the 
other mirror. This can be measured with an ordinary thermometer. 
It will be noticed that if the thermometer is moved out of the focus 
there is no effect. The percentage of energy transmitted by a glass 
plate can be found by merely placing it between the two concave 
mirrors and noting the change in the reading ; also the law of reflection 
can be verified by reflecting the rays at a metal mirror as shown by 
Fig. 241. 

Of course an ordinary thermometer would not make the effect visible 




to a large audience, and so in that case a thermopile and galvanometer 
or a differential air thermometer must be used. This thermometer 
consists of two glass bulbs connected by a thin U-tube, in which there is 
a coloured liquid. Alongside one vertical branch of the tube there is a 
paper scale. If the glass bulbs were clear some of the heat rays would 
pass through ; the bulbs are therefore blackened in order to absorb 
these rays and make all their heat go to raising the temperature of the 
air in the bulb. The instrument is placed with one bulb in the focus 
of the mirror and the other out of the way of the rays to the side. 
When the rays fall on the bulb, the air in it expands, the air in the 
other bulb contracts, and the end of the column of the coloured liquid 
moves up or down the scale. 

In connection with experiments on heat rays perhaps it will not 
be superfluous to add a word of caution about error from extraneous 
heat sources. The observer must be careful of the effect of the heat of 
his own body, also there must be no glow lamps or rheostats near the 
thermopile. 

TheJOfoid gelatin infra-red filter, which absorbs the visible spectrum ami passes 
the infra-red, is very useful for work on heat rays. 
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The thermopile as a means of detecting heat rays was greatly im¬ 
proved by Rubens. In his instrument the wires are of iron and con- 
stantan and have diameters of from 0-1 mm. to 0-15 mm. Constantan 
is an alloy consisting of 60 per cent, copper and 40 per cent, nickel. 
There are 20 junctions for receiving the rays ; these are soldered with 
beads of silver which are flattened into discs of about 1 mm. diameter 
so as to present a large surface to the rays. These 20 junctions are 
arranged along a straight line on a length of 2 cms., so that, when they 
are moved along a spectrum in a direction at right angles to this line, 
the radiation falling on them is approximately monochromatic. The 
chief improvement introduced by Rubens was in making the wires so 
fine ; he thus diminished the heat capacity and enabled a steady deflec¬ 
tion to be reached in a much shorter time. 

In the visible spectrum the thermopile is not nearly so sensitive as 
the eye. In the case of the spectrum of a bunsen sodium flame, for 
example, the energy in the D lines is quite insufficient to produce a 
measurable deflection. Consequently the galvanometer used must be 
as sensitive as possible. A very sensitive galvanometer with a good 
thermopile will in the most favourable circumstances detect radiant 
heat, when the rise of temperature is of the order 0-000001° C. 

§ In addition to the thermopile there are other instruments used 
for measuring the energy carried by a radiation. These are the photo 
electric cell, the selenium cell, the bolometer, the radiomicrometcr 
and the radiometer. The first two are selective in their action and 
will be considered in Chapter XVII. The bolometer depends on 
the principle, that if the temperature of a wire is raised, its resistance 
increases. The radiation is allowed to fall on a thin wire, the surface 
of which is blackened so as to make the reflection loss as small as 
possible. The wire forms one of the arms of a Wheatstone bridge, 
and the alteration of its resistance measures the intensity of the 
radiation. The bolometer was invented and its sensitiveness was 
brought to a very high pitch by Langley. It has been used more 
extensively than the thermopile, but it is not so easy to use as the 
latter. 

The radiomicrometer, which was introduced by C. V. Boys, is a 
combination of galvanometer and thermopile. It uses the principle of 
the moving coil galvanometer. A little coil is suspended by a quartz 
fibre between the poles of a stationary magnet; below the coil and in 
the same circuit with it is a thermojunction, the elements of which are 
antimony and bismuth. When the rays fall on the junction a current 
flows round the coil and it turns in the magnetic field, the rotation 
being proportional to the intensity of the rays. A mirror is attached to 
the moving system and the magnitude of the rotation measured by the 
motion of a spot of light on a scale. 

The radiometer as invented by Sir William Crookea consisted of 
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mica vanes mounted on a central spindle after the manner of the 
blades of a paddle wheel. The arrangement was mounted in an 
exhausted tube, and when a beam of light fell on the vanes they 
rotated. This was due to the pressure of the gas left in the tube. The 
rays warmed the surface of the vane on which they fell, and the gas on 
that side had its temperature and consequently its pressure raised, 
while the temperature and pressure of the gas on the other side 
remained constant. Thus there was a resultant thrust on the vane in 
the direction of the rays, and as long as the rays fell on the vanes 
they kept spinning round. Instead of fixing the vanes to a spindle 
E. F. Nichols suspended two by a quartz fibre so that they were free 
to turn about a vertical axis, and allowed the beam of light to fall on 
one of them. The system consequently rotated until the action of the 
rays was balanced by the torsion in the fibre. A mirror was attached 
to the system, and the rotation was measured in the usual way by the 
excursion of a spot of light on a scale. The rotation was found to be 
proportional to the intensity of the rays. The instrument in this form 
is thus admirably adapted for the measurement of radiation, and it 
has been widely used for this purpose, especially in America. But 
in the range for which it is sensitive, the photo-electric cell outclasses 
the other instruments for measuring radiation. 

As has been mentioned on p. 271 photographic plates can now be 
obtained suitable for.the infra-red. As infra-red rays penetrate fog and 
haze better than visible light does, striking results have been obtained 
with such plates in taking photographs at great distances. They also 
make grass and the leaves of trees white like snow, and the blue of the 
cky black. 

§The spectroscopes used for work in the infra-red have as a rule 
only a single prism, and instead of lenses they employ concave spherical 
silver mirrors. The material used for the prism is rock salt, sylvin, 
or fluorite ; rock salt is cheaper than fluorite, but like sylvin it is 
hygroscopic, and if not looked after carefully requires frequent re¬ 
polishing. Quartz is better than glass but not so good as the other 
materials. Glass transmits approximately to 2-5/x, quartz to 4/x, 
while fluorite transmits to lljz and rock salt and sylvin to 18/x.* The 
chief advantage of mirrors over lenses is that they do not require focus¬ 
sing. It is practically impossible to focus an infra-red spectrum; 
moving the thermopile through the spectrum tells us only about the 
position and intensity of a line but not about its sharpness ; besides 
most of the spectra investigated are continuous ones. But if the mirrors 
are focussed for the D lines, the spectrum will be in focus to the 
farthest infra-red. Another advantage of mirrors is their cheapness 
and the fact that they can be used into the farthest infra-red, where 
even fluorite and rock salt absorb. 

* In work in the infra-red wave-lengths are always naeasured in 1/x —10~‘ cn*. 
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A large number of the spectroscopes used in the infra-red are con¬ 
stant deviation ones. The reason for this is, that radiometers and 
radiomicrometers must remain stationary ; they cannot be moved 
along a spectrum, the different radiations of the spectrum must on the 
contrary be allowed to fall on them in succession. Also the condition 
of constant deviation ensures at the same time the condition of 
minimum deviation and consequently maximum definition. 

This will be made clearer by the description of a spectroscope which 
I have made and used in the infra-red, and which can be simply and 
inexpensively made by any amateur. This instrument uses a special 
case of the Wadsworth mirror-prism combination. The latter consists 
of a prism and mirror mounted together on a rotating table with the 
plane of the mirror and the plane that bisects the refracting angle of 
the prism intersecting in the axis of rotation of the table. It has the 
property that the rays which pass through the prism at minimum 
deviation and then fall on the mirror suffer a constant deviation. 

The special case of the combination used is shown in Fig. 243. CDB 


c 



is the prism, ED the mirror, and A the point through which the axis of 
rotation passes. FGHJK is a ray which passes through the prism at 
minimum deviation and is reflected by the mirror at J. The path of 
the beam through the prism GH is consequently parallel to the base 
of the prism BD and KJ is parallel to FG. From A draw AP, AN, and 
AM respectively perpendicular to FG, JH, and KJ. Then AN = AM by 
equal triangles and AN = AP by symmetry; consequently AP = AM. 
If the ray FG is white light, the constituent colour that suffers minimum 
deviation emerges along JK after passing through the system. If the 
system is rotated through an angle about A and the ray FG remains 
fixed, AM remains fixed and the position of JK is unaltered. But it is 
now a different constituent colour that suffers minimum deviation and 
emerges along JK. 

Fig. 244 shows how this property is taken advantage of in the 
construction of the spectroscope. S is the slit. The light diverges 
from S, falls on the concave mirror M, is then made parallel and 
passes through the mirror prism combination. After emerging it falls 
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on the mirror M' and is brought to a focus at T. If the thermopile is 
placed at T and the prism table rotated, the different colours in suc¬ 
cession pass across T and each colour comes into minimum deviation 
as it reaches T. This apparatus can, of course, be used also as a mono- 
chromatic illuminator in the 
visible spectrum. If a slit is 
placed at T and the prism 
system is rotated we have in 
succession monochromatic 
light of different wave-lengths 
emerging from this slit in a 
constant direction. Owing 
to the obliquity of the inci¬ 
dence the distances of the 
foci from their respective mirrors are given not by Jr but by Jr cos 0, 
where <f> is the angle which the principal ray of the beam makes with 
the normal to the mirror. 

The mirrors and prism are best mounted in a box with openings 
at S and T. This keeps off stray light; also if a dehydrating agent 
is kept in it and the openings closed when not in use, it helps to 
preserve the prism if made of rock salt. Silvered glass surfaces are 
used for the mirrors. The outside surface of the silver is used. As 
it is somewhat difficult for an amateur to get a good surface on this 
side of the mirror, it is better to get the silvering done by an optical 
firm.* 

Diffraction gratings have not been used in the infra-red owing to 
the overlapping of their spectra, also owing to the fact that it is impor¬ 
tant for the spectra to be as intense as possible and their spectra are 
fainter than prism spectra. 


Calibration of a Spectroscope in the Infra-Red. The indices of 
refraction of rock salt and fluorite are now known for the infra-red, and 
consequently the easiest method of obtaining the wave-length corre¬ 
sponding to a given position of the prism is simply by calculation. 
Or the scale may be calibrated by the use of known spectra. The 
absorption spectrum of water has been very thoroughly investigated 
by E. Aschkinass and is suitable for this purpose. It has well-marked 
absorption bands at 0-996, 1-500, 1-956, 3-02, 4-70, and 6-09/x. The 
band at 0-996/* shows up well when a layer of water 1 cm. thick is 
examined ; the others require much thinner layers, ^ mm. and less. 
A straight Nernst filament f is the best source to have as a background 
to this absorption spectrum. If a lens is used to project it on to the 
slit, the image exactly fits the shape of the slit, whereas with the 
crater of an arc much light is wasted. 

These methods were, of course, not available to the pioneer workers 

* Mirrors made by the new aluminium process last much better than silver mirrois. 
f A projector lamp with the filament turned edgeways does as well. 
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in the field. They used two methods. The first method was similar 
to Edser and Butler’s method of calibrating the visible spectrum ; it 
consisted in producing interference bands across a continuous spectrum 
and mapping their positions in the visible spectrum with the eye, and 
in the infra-red with the thermopile or similar instrument. The 
visible spectrum was previously calibrated by other means, and con¬ 
sequently the wave-lengths of the positions of the interference bands 
in it were known. Thus the path difference and the order of the 
bands could be determined, and hence their wave-lengths calculated 
for the infra-red. To produce the bands H. Becquerel caused the 
light from the source before entering the slit to be reflected by an 
“ air plate,” i.e. a thin film of air bounded by two plates of transparent 
material. The interference took place between the rays which were 
reflected from the two faces of the air plate. 

The second method was used and developed principally by Langley. 
It was first described in 1884. A spectrum of the sun was produced 
with a concave grating, and this spectrum was allowed to fall on the 
slit of the spectroscope to be calibrated. Suppose the D 2 line of the 
third order spectrum fell on the slit. Its wave-length is -589/x ; con¬ 
sequently superimposed on it was the wave-length -883^ of the second 
order spectrum and the wave-length 1-767/z of the first order spectrum. 
The telescope which carried the bolometer was then moved round 
until the deviations of these lines were found. By taking different 
points in the grating spectrum and proceeding in this way the deviations 
were obtained for other known wave-lengths, and so a calibration 
curve could be constructed for the spectroscope. 

§ The infra-red methods possess one advantage over visual observa¬ 
tion and photography, namely, the deflection is proportional to the 
intensity of the spectrum. In the visible spectrum we can easily tell 
when one line is brighter than another, and we can also easily say 
which of two lines on a photographic negative is the stronger, but we 
cannot state definitely that the one line contains so many times more 
energy than the other. But if both lines fall in succession on a thermo¬ 
pile, and if the receiving surface of the latter is broader than they are, 
then the ratio of the deflections is proportional to the ratio of the 
energy in the two lines. The receiving surfaces of thermopiles., 
bolometers, etc., are always blackened so that the energy of all radia¬ 
tions is equally absorbed and changed into heat, no matter what their 
wave-lengths are. Thus the infra-red methods are specially adapted 
for measuring the variation with the wave-length of the intensity of a 
continuous spectrum, and much important work has been done in this 
direction. 

Suppose, for example, that the continuous spectrum is received on 
a screen and we fix our attention upon that portion of it bounded by 
the wave-lengths A and X + dX. The rays, the wave-lengths of which 



287 


THE ULTRA-VIOLET AND THE INFRA-RED 

lie between A and A + rfA, bring every second a certain amount of 
energy to the screen ; let this amount of energy be denoted by E A rfA. 

Then E\ is a function of A. . _ 

In mapping an energy curve, i.e. in determining the function t*, 
certain precautions and corrections must be attended to. First of all 
care must be taken that no stray or diffuse heat gets to the receiving 
surface. Figs. 245 and 246 illustrate what is meant. In Fig. 245 the 

T 

Fio. 240. 

thermopile T is mounted at the end of a tube. The full lines represent 
the pencil of rays falling on T, the intensity of which is to be measured. 
The dotted lines show another pencil of rays which have a different 
wave-length and leave the prism in another direction, but are reflected 
from the side of the tube and fall also on the thermopile. Now this 
second pencil may be much more intense than the first, and even a 
dead black surface reflects well at grazing incidence ; consequently 
this may be a serious source of error. Fig. 246 shows how by mounting 
screens in front of the thermopile the error may be entirely elimi¬ 
nated. i # 

The usual way of taking readings is to have a screen in front of the 
slit and set the spectroscope for the required radiation, then the 
observer watches the spot of light on the scale, and, when it is steady, 
removes the screen by pulling a cord or by some other arrangement. 
The spot of light, at once makes a deflection on the scale and this 
deflection is noted. When the deflections have been taken for different 
points in the spectrum they may be plotted against the wave-lengths 
as absciss®, but the curve obtained is not the energy curve. What is 
known as the “ slit width correction ” must first be made. Owing to 
the fact that the dispersion of the prism is not normal, the range of 
wave-lengths falling on the thermopile at different points in the spec¬ 
trum, i.e. dX, is not always the same. Since the deflections are propor¬ 
tional to E A dA, in order to obtain the variation of E A we must allow 
for the variation of dX. Let s denote the reading on the divided 
circle of the spectroscope, and plot 5 against A, i.e. draw the calibra¬ 
tes 

tion curve of the instrument. Determine graphically from this 

dX 

curve. Then, if for any point on the spectrum the deflection is multi¬ 
plied by the value of for that point, the result is proportional to 

dX 

E\ds. Consequently, as ds is always the same, as the receiving surface 
has always the same width, it is this result that is taken as the ordinate 
of the energy curve. Of course, in the region of the spectrum where 
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the material of the prism absorbs, correction must be made for loss of 
energy from this cause. 

The first energy curve studied was that of the sun, which Langley 
investigated several times with bolometers. His papers on the sub¬ 
ject date from 1883 to 1900. He found that the solar spectrum could 
be followed to A =18/*, although it became faint after 5/z. The solar 
spectrum is very much brighter than that of any terrestrial source, and 
so he was able to work with an extremely narrow receiving surface • 
and obtained more detail than has ever been obtained by this method. 
In one of his arrangements the rock-salt prism was turned by clock¬ 
work and at the same time the deflections of the galvanometer were 
recorded by a moving light spot on photographic paper ; the photo¬ 
graphic paper was kept in motion by the same clockwork. This 
arrangement was sensitive enough to show the nickel line between the 
D lines in the solar spectrum. Langley was able to map the positions 
of 700 Fraunhofer lines in the infra-red. 

Residual Rays. In 1896 E. F. Nichols working in Rubens’s labora¬ 
tory measured the reflecting power of quartz for various wave¬ 
lengths. The rays from a zircon burner were reflected from a polished 
quartz surface and then focussed by a rock-salt lens on the slit of the 
spectroscope. The latter had a fluorite prism. At 4/x, where it is 
transparent, the quartz was found to reflect 2 per cent, of the incident 
light. At 8-5/x there was a maximum of reflection, SO per cent, of the 
incident light being reflected there. 

This work was at once followed up by Rubens and Nichols. The 
rays from the heat source were made to suffer five reflections at 
polished quartz surfaces and then enter the slit of a grating spectro¬ 
scope. The grating was made by winding wire round a frame. The 
spectrum was investigated with a radiometer. It was found that it 
consisted of a double maximum with its peaks at 8-5 and 9-62/z and 
another maximum at 20-75 fi. Quartz has metallic reflection at these 
three regions, or, in other words, it reflects these radiations as well as a 
polished metal surface reflects visible light. The source contained 
radiations of all possible wave-lengths, but the other wave-lengths were 
so much weakened at each successive reflection that they produced no 
deflection. 

The monochromatic radiations produced in this way are called 
residual rays, and they have proved of great importance experimentally, 
because approximately monochromatic radiations of these wave¬ 
lengths cannot be produced by prisms owing to the material of the 
prism either absorbing them or not having a suitable dispersion. 
Fluorite has residual rays at 24-0ji and 31-6/x, rock salt has residual 
rays at 52-2^ and sylvin at 61-4/x. 

Another method, focal isolation, has also been used for the isolation 
of long heat waves. Rubens had found that quartz was transparent 
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for the longest residual rays previously known and had an index of 
refraction of about 2-2 for these rays. As source of light a Welsbach 
incandescent mantle without a glass funnel was taken, the focal 
length of a quartz lens was calculated for this index of refraction, 
two Bcreens, 0 and E, with holes in them were placed four times this 
distance apart, and the lens placed midway between them. Con¬ 
sequently the very longest heat rays from the source after diverging 
from the hole in B were brought to a focus by the lens in the hole in E. 
The shorter waves did not converge to the same extent, or in the case 
of the visible and ultra-violet rays even diverged slightly. Hence they 
fell on a wide area of the screen E, and in ordinary circumstances a 
small proportion of them would get through the hole. To prevent this 
a disc D was fastened to the centre of the lens with wax to block out 
these central rays. A second lens was used to focus the rays on the 
clement of a radiomicrometer. It purified the rays further. 



The wave-length of the rays isolated in this way was found to be 
107/x or more than one-tenth of a millimetre. 

Phosphorescence. Certain substances, after being exposed to 
light, emit light for some time afterwards when placed in a dark room. 
This phenomenon is known as phosphorescence. It is the violet and 
ultra-violet light that are most active in producing it. The duration of 
the emission after exposure to fight varies very widely. Balmain’s 
luminous paint, which is a sulphide of calcium, will shine for hours in 
the dark after exposure to bright sunshine, while other substances 
cease to emit in a few seconds. To detect the phosphorescence in 
these cases Becquerel invented an instrument called the phosphoro- 
scope, which consists essentially of two discs on the same axle. 
These discs are each pierced with the same number of circular holes 
arranged on a circle at equal distances the whole way round, but they 
are mounted out of step, i.e. the holes on the one wheel are half-way 
between the holes on the other. The substance to be investigated is 
placed between the two discs, the exciting fight comes from the oua 
side through the holes in the one disc, while the observer looks 
through the holes in the other disc. The observer does not see the 
6ubstaDoe when the exciting fight is falling on it but a short interval 

10 
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of time after, when it is cut off. How short this interval of time is 
depends on the speed at which the discs are rotating. When examined 
in this way all solid fluorescent substances are found to be phos¬ 
phorescent. 

The phenomenon is quite distinct from the faint greenish-white 
luminosity which phosphorus shows when exposed to moist air in the 
dark. The latter is due to the slow combustion of the phosphorus. 

It is a chemical change which takes place only in the one direction and 
is not reversed by exposure to light. In true phosphorescence we 
have a reversible change ; the exciting light throws into the substance 
the energy which is radiated away in the dark, and by exposing the 
substance to the exciting light it can be made to phosphoresce again 
and again. 

Effect of Infra-Red Rays on Phosphorescence. If a card, which 
has been coated with Balmain’s luminous paint, is made luminous by 
a short exposure to sunlight and then has an infra-red spectrum 
focussed on it, the parts on which the infra-red rays fall phosphoresce 
more brightly than the rest and then become exhausted, so that if the 
card is afterwards removed to a dark room they appear dark while the 
rest of the paint is still phosphorescing. Heat has exactly the same 
effect on the paint. This property of the rays of affecting phos¬ 
phorescence has been used for mapping infra-red spectra. 

Angstrom’s Pyrheliometer. The various instruments described on 
pp. 282-3, the thermopile, bolometer, radiomicrometer, and radio¬ 
meter measure the relative intensities of two radiations but do not give 
the intensity of any one radiation in absolute measure, i.e. they do not 
give the strength in ergs/sq. cm. sec. Angstrom has found that the 
Hefner lamp radiates 2-15 lO" 5 calories per square centimetre per 
second at a distance of 1 metre in a horizontal direction.* Hence by 
exposing any of the above instruments to the radiation from a Hefner 
lamp their readings can be standardised and converted to absolute 

measure. _ . . 

Instruments called pyrheliometers have been invented for giving 
the intensity of any radiation, especially that of the sun, directly in 
absolute measure. The most celebrated of these, Angstrom’s pyrhelio¬ 
meter, consists essentially of two metal strips blackened on one side 
and in every way similar. One of these strips is exposed to the radia¬ 
tion to be measured, while the other, which is screened by a double 
wall from this radiation, is heated by an electric current. The 
strength of the current is regulated so that the temperature of the two 
strips is the same, as read by a thermocouple and galvanometer. Then 
the energy expended by the current in the one strip is equal to the 
energy radiated into the other. Let q be the intensity of the radiation 
in cals./sq. cm. sec., I, b the length and breadth of the strip, r its 

• According to a recent determination by W. Gerlach this value should be 
2*25 X 10"‘. 
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resistance per unit length, a the fraction of the incident radiation it 
absorbs, and t the strength of the compensation current, ihen 



which gives 


r i 


;2 


9 4-2 ah’ 


The values of the constants a, 6, and r are determined once for all. 
The convection and radiation losses are the same for both strips and 
consequently do not require to be corrected for. The role of the 
strips is interchangeable. The strips are of platinum foil about 0-001 
to 0-002 mm. thick ; they are about 18 mm. long and 2 mm. wide. 


EXAMPLES 

(1) A quartz spectrograph has one 60° Cornu prism and the object glasses of 
collimator and camera are single lenses, the focal length of each being 30 cms. 
for Na light. The prism is set permanently so that light of wave length 3404 A.U. 
is transmitted at minimum deviation. Make an accurate drawing to scale of the 
curve along which the images of the different lines come to a focus. 

(2) Map the absorption spectra of solutions of potassium permanganate 
and cobalt chloride and determine the wave-lengths of the maxima of absorption. 
fUso determine the position of the absorption bands in cobalt glass. (All blue 
glasses are coloured with cobalt oxide ; the position and intensity of tho bands 
depend on the constitution of the glass to which the oxide is added.) 

(3) Make an experimental determination of the fraction of tho incident heat 
radiation transmitted by glass plates, mica plates, glass cells filled with water, 
etc., by letting the radiation fall upon a thermopilo and then placing tho sub¬ 
stance to be investigated in it* path. (Tho experimental details will depend 
on the resources of the laboratory, but it should be noted that a Ncmst lamp with 
a single filament is much the best sourco for work of this kind.) 

(4) A thermopile is placed in front of a Nernst filament and a wooden screen 
with a black surface placed between. When the screen is removed the galvano¬ 
meter is deflected. Tho deflection is due not to the radiation from tho filament 
but to tho difference of the radiations from the filament and from tho screon. 
How great is the error involved in ignoring the radiation from the screen T 
Assume that the thermopile is in an enclosure with black walls which are at a 
temperature of 15° C., and that the radiation enters through an aperture which 
subtends a solid angle of £ at the thermopile, that the filament subtends a solid 

angle of ■■ * - at the thermopile, that the screen is at 15° C., that behind tho 
300,000 

filament there is a black wall at 15° C., and that the radiation emitted from 
1 sq. mm. of filament is 2500 times the radiation emitted from 1 sq. mm. of black 
surface at 15° C. (The solid angle subtended by a surface at a point is numerically 
equal to the area intercepted on a sphere of unit radius with the point as centre 
by the infinite number of lines which can be drawn from the point to the edge of 
the surface.) 



CHAPTER XVI 

SPECTROSCOPY: LATER WORK 

By using a new principle Rowland succeeded in making a screw 
the pitch of which was accurate to 10~ 5 inch. This was much in 
advance of what had previously been accomplished. With this screw 
he built a dividing engine for ruling gratings and ruled gratings with 
as many as 43,000 lines to the inch, but found that better results were 
obtained with a smaller number, 14,438 lines to the inch. His first 
paper on the subject was published in 1882. The ruling point was a 
diamond. The glass gratings made were not so good as the metal 
ones and they wore down the ruling point more, so Rowland devoted 
his attention to reflection gratings ruled on metal surfaces. 

Besides greatly increasing the accuracy of the dividing engine 
Rowland, as has been mentioned in Chapter X, made the great advance 
of ruling the grating on a concave metal surface instead of on a plane 
one. Such a grating gives the spectrum in focus along the arc of a 
circle without the use of lenses. It thus eliminates all trouble due to 
absorption of light in the lenses; it also eliminates chromatic error 
and the consequent labour involved in focussing. Also, as concave 
gratings were made with radii of curvature as great as 21 feet, they 
enabled spectra to be taken on a scale quite unprecedented. 

It has been shown (p. 182) that the resolving power of a grating is 
N>i where N is the total number of rulings and n the order of spectrum 
observed in. The resolving power at any point in the spectrum is 
defined as A/c/A. where A and X + dX arc the wave-lengths of two lines 
which can just be seen apart. Rowland succeeded in ruling 110,000 
lines on a breadth of inches. In the second order this gives a 
resolving power of 220,000. In order to achieve the same result with a 
flint glass prism in the yellow part of the spectrum it would be necessary 
for the base of the prism to have a length of about 220 cms., which, 

of course, is not practicable. . 

The process of ruling the Rowland gratings required very much 
patience and skill.' It took months to make a perfect screw for the 
ruling engine and longer to find a suitable diamond point. Ihc 
dividing engine was kept in the base of the Physical Laboratory 
of the Johns Hopkins University in Baltimore. It was driven by a 
water motor. The plate was placed on the engine, then the experi¬ 
menter left the room, waited until the temperature which had been 
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disturbed by his entrance recovered its normal value, and then started 
the engine from outside. The room was not entered until the work 
was finished. When all went well it took five days and nights to 
rule a 6-inch gracing having 20,000 lines to the inch. 

Owing to the high cost of ruled gratings Thorp contact copies or 
celluloid grating replicas, as was mentioned on p. 178, are now used 
universally for ordinary laboratory work. Thorp even found it 
possible to mount his replicas on a spherical glass surface, ruled side 
next the glass, and thus make a concave grating. When mounted on 
glass such a grating is not suitable for the far ultra-violet, as the rays 
are absorbed in passing through the glass. Rayleigh has successfully 
copied ruled gratings by photography. 

With the concave grating as with other gratings the spectra of the 
different orders are superimposed. Thus, for example, in the case of a 
plane transmission grating on which the light is incident normally, the 
wave-length corresponding to the deviation 6 is given by n\ = e sin 6, 
and the D x line, which has a wave-length of 5896 A.U., coincides 
in the first order with a line in the second order which has a wave¬ 
length of 2948 A.U. With the plane grating the two lines are not in 
focus at the same time owing to the chromatic error of the lenses, but 
with the concave grating both lines are, and coincidences between lines 
of different orders can be determined with great accuracy. In this way 
Rowland determined the wave-lengths relatively to the Di line of lines 
in various parts of the spectrum. He then photographed the solar 
spectrum and by means of these lines he was able to attach a scale 
to the photographs giving the wave-lengths of the intermediate 
lines. 

All Rowland’s wave-lengths depend thus on the Dj line. Its 
wave-length was determined by Bell with two glass and two metal 
Rowland gratings by measuring the deviation and evaluating the 
grating space in terms of the standard of length. His result was 
5896-18 A.U. in air. Rowland corrected this value, and combining it 
with the results of previous determinations by other observers adopted 
5896-156 A.U. in air for his final value. He published a list of the 
wave-lengths of 1100 lines for all of which he considered the error to 
be less than -01 A.U. Rowland’s values superseded Angstrom’s and 
for a time were taken as the basis of wave-length measurement. 

It is mentioned on p. 151 that by means of his interferometer Michel- 
son evaluated the metre in terms of the red, green, and blue radiations 
of cadmium. His results give, of course, at the same time the wave¬ 
lengths of these lines. By means of their interferometer Fabry and 
Perot found the ratio of the wave-lengths of a large number of lines 
in the visible spectrum to Michelson’s standard radiations and thus 
determined the wave-lengths of the former. One of the lines measured 
in this way was the B 1 line. Their value for it was 5895-932 A.U. in 
air, which differs widely from Rowland’s value. Their values for the 
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other lines also differ from Rowland’s, and the ratio between theif 
result and Rowland’s result for the same line is not constant. 

This discrepancy aroused much discussion, and in 1904 Kayser 
attacked Rowland’s method of coincidences. Two of Rowland’s 
largest gratings were used and the ratio between the wave-lengths of 
two lines determined experimentally with each grating by means of 
the method of coincidences. If the one wave-length was assumed, 
the results for the other differed by -03 A.U., which is distinctly greater 
than would have been expected. The diffraction grating thus does not 
seem suitable for absolute work. Its use as a means of determining 
wave-length must in the future be confined to interpolation between 
lines the wave-lengths of which have been determined by interfero¬ 
meter methods. But as regards resolving power and convenience in 
working it holds the same place in our estimation as before. 

Spectral Series. A stretched string gives out different notes at the 
same time, the fundamental and its overtones, and the same is true of 
an organ pipe or a vibrating plate. In these cases mathematical 
relations are known to exist between the fundamental and the over¬ 
tones. For example, in the case of the stretched string their fre¬ 
quencies are in the ratio of the natural numbers. It seemed natural 
to expect that the different lines in the spectrum of an atom would be 
connected by a mathematical relation between their wave-lengths. 

At first investigators were misled by the acoustical analogue, but 
Schuster proved that these early results were merely chance coin¬ 
cidences. Progress was not made until the introduction of Rowland’s 
gratings, and the great increase in the accuracy of wave-length deter¬ 
mination which they rendered possible. The first to achieve a decisive 
result was Balmer. In 1885 he showed that the positions of the best 
known lines of the hydrogen spectrum can be represented by the 
formula 



where R is a constant and n is an integer greater than 2. The values 
3, 4, and 5 give the red, blue, and first violet lines respectively, v is 
the “ wave number ” or number of waves per centimetre of the line ; 
in the discussion of spectral series it is usual to specify a line in this 
way, and not by its frequency or wave-length. In dealing with 
wave-numbers it is always the wave-length in vacuo that is used. 
Theoretically there should be an infinite number of lines in the series, 
but they come closer and closer together as n is increased, and 
approach a limit given by v' = R/4. Evershed verified the formula 
for 31 lines, and found the agreement perfect within the limit of 
accuracy of the observations. 

There is another series of hydrogen lines discovered by Lyman m 
the extreme ultra-violet, and represented by the formula 
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Mn-A)- 


where n is any integer greater than 1. There are also three series 
hydrogen lines in the infra-red, one discovered by Paschen which is 
represented by 




where n is any integer greater than 3 ; another discovered by Brackett 
which is represented by 

where n is any integer greater than 4 ; and a third represented by 



where n is any integer greater than 5. Only the first line of this series 
is known. It was discovered by Pfund. In all five series R has the 
same value, and all five series can be summed up in the one formula 



R has the value 109,677'7. The first lines of the Balmer series 
have the wave-lengths 6563, 4861, 4340, and 4102 A, the lines getting 
closer and closer together as n increases. The limit, for which n 
is <», has the wave-length 3646 A. The first member of the Lyman 
series has’the wave-length 1215 A and its limit is 911 A. The limit 
of the Paschen series is 8204 A. Thus the Balmer series stands clear 
of its neighbours on both sides. But the Paschen series overlaps on 
the Brackett and the Brackett overlaps on the Pfund. 

Energy Diagram. The relation between the wave-numbers of the 
different series are shown very clearly by Fig. 248, which for reasons 
to be given later is known as an energy diagram. From AB as base 
lines are drawn at distances R/l 2 , R/2 2 , R/3 2 , etc. Then the numerical 
values for the wave-numbers of the first members of the series are 
given on the same scale by the lengths of the vertical lines indicated. 

Lithium and Sodium. There are series in the spectra of the 
other elements, but conditions are not so simple as for hydrogen. 
As an example, the arc spectra of lithium and sodium may be studied. 
These are shown in Plate V. Each has a principal series with 
the limit and all its members except the first in the ultra-violet, the 
first being in the one case the yellow doublet and in the other the 
familiar red line. In addition there is in each case a sharp and a diffuse 



296 


A TREATISE ON LIGHT 


series. The sharp and diffuse series have in each case a common 
limit, but this is not apparent from the photographs, because the scries 



Fio. 248. 


fade out before their limits. In the lithium photograph the lines 
2394, 2425, 2475, 2562, 2741, 3232 belong to the principal series, 
3794, 3915, 4132, 4603 to the diffuse series, and 3985, 4273, and 4972 
to the sharp series. These series were represented by Rydberg 
by means of the formulae 

n starting at 1 in the case of the principal series and at 2 in the case 
of the other two series. Later work showed that the first constant 
in the two lower formulae should be the same and the formula) may 
be written symbolically as 


, _ R /_i_ 

/p \(1 + S) 2 (n+P) 2 /- 

l '' 9=R ((rTpy 2_ (irrsp)’ 


n-l.2,3 
n=2, 3,4 
n=2, 3,4 
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They then represent in addition the series of sodium and many other 
elements. R is approximately the same constant as appears m the 
formula for the series of hydrogen; it is known as the Rydberg 
constant. The lines of lithium and sodium are really close doublets, 
and each of the three formulae above should be represented by two 
with slightly different values of the constants S, P, and D, but as a 
first approximation this can be neglected, and in any case a very 
high resolving power is necessary to separate the lithium lines. Fig- 
249 is the energy diagram for the lithium arc spectrum. 



Fio. 249. 


Ritz showed that Rydberg's formulae were only approximately 
true. Greater accuracy was given by 

v ' = " (("i+^+je/V)*" • 

The position of a line appears in the formulae as the difference 
of two terms, one of which is the limit to which the series converges. 
The word 44 term ” has consequently come to have a special meaning in 
spectroscopy : it means a wave-number which does not give a spectral 
line in itself but only when combined with another wave-number. 
Theoretically the terms are more important than the spectral lines 
themselves. In the scheme on p. 296 we have S and P terms occurring 
both as the limit and as the variable term. This result can be 
generalised: With certain restrictions terms from one series may be 
10 * 
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combined with terms from another series to produce spectral lines. 
This is known as the “ combination principle ” of Ritz. 

Doppler’s Principle. The position of a line in a spectrum can be 
altered by relative motion of the source and observer in the line of 
sight. The possibility of this was pointed out by Doppler in 1842. 
Doppler’s views on the subject were neither accurate nor clear and 
met with much opposition. He thought that the velocity of stars 
with a continuous spectrum could be determined from their colour, that 
those approaching rapidly should look blue and those receding rapidly 
should look red, while the others should appear white. This is not the 
case, because in a continuous spectrum, if some of the radiations move 
into the ultra-violet, others come out of the infra-red into the visible 
spectrum and so no change of colour occurs. The effect on the position 
of spectral lines of relative motion of observer and source in the line 
of sight was first treated properly by Fizeau, and the principle is 
thus often called the Doppler-Fizeau principle, especially in France. 

If the observer is at rest and a source with the period r is moving 
towards him with velocity v, then in one period the source approaches 
him by a distance vr. If V is the velocity of light in the medium in 
question, the ordinary value of the wave-length is Vr, but if the source 
is moving towards the observer each wave obtains a start on the pre¬ 
ceding one of vr and the wave-length is consequently reduced to 
Vr - vr or (V - v)r. It is thus given by 

(V-t>h 


where A is the value for no relative motion in the line of sight, and the 
lines in the spectrum of the source are consequently displaced towards 
the violet. If the source is moving away from the observer the sign 
of v is changed and the lines are displaced towards the red. The 
values of V and r are, of course, not changed by the motion. 

If the source is at rest and the observer moving towards it with 
velocity v it can easilv be seen by a diagram that he will meet v/A more 
wave-lengths in a second. If he were standing stiff he would receive 
V/A wave-lengths per second. Consequently he receives (V + u)/A 
wave-lengths instead of V/A, the frequency is apparently increased in 
the ratio V to V + v, the wave-length has the apparent value 

and the spectral lines are displaced towards the violet. If the observer 
is moving away from the source the sign of v alters and the lines are 
displaced the other way. 

The effect of motion of the source on the apparent frequency of a 
note is easily observed in acoustics. For example, if a railway engine 
passes an observer at the side of the line sounding its whistle, the 
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observer hears the pitch of the whistle fall as the ecgine pass^ 
Suppose that the true pitch of the whistle rs 500 and the speed of the 
engine 60 miles an hour or 88 feet per second. The velocity of sound 
is 1100 feet per second. The apparent pitch of the whistle when the 
engine is approaching is consequently 


1100 


1100-88 


500 = 


1100x500 

1012 


= 543, 


and the apparent pitch of the whistle when the engine is receding is 

} 500=463. When the engine is passing, therefore, the apparent 

pitch of its whistle suffers a very marked change. If we suppose 
that the whistle is stationary and the observer passes it at 60 miles per 
hour, then by the second formula the apparent pitch changes m 
this case from 540 to 460. The change is approximately the same in 
both cases. 

The velocity of light is so enormously greater than the velocity ot 
sound that a velocity of 60 miles per hour of the source does not alter 
the wave-length of spectral lines appreciably. The first decisive 
evidence that Doppler’s principle could be applied to spectroscopy was 
obtained from astronomy in the case of the rotation of the sun. It 
can be shown from the motion of the sun-spots on its surface, that the 
equatorial zone of the latter is rotating with uniform angular velocity, 
its apparent period as seen from the earth being 27-25 days. The 
period increases with the distance of the zone from the equator The 
sun’s visible surface does not rotate as a solid. There are currents on 
it like those of our atmosphere and ocean. The radius of the sun is 
433,000 miles, and the Linear velocity of a point on its equator is about 
1 -25 miles per second. If the spectrum of the point on the approaching 
edge is observed, all the Fraunhofer lines should be displaced towards 
the violet, and if the spectrum of the point on the receding edge is 
observed, they should be displaced towards the red. Then if dX is the 
change in the wave-length produced by the motion 

x j\ V-t\ v * 

A-aA=—A, or aA=—. 


This gives A = 1^229= 150,000 approximately, which is well within 


the resolving power of a large grating. By observations on sun¬ 
spots, then, we are able to calculate what the displacement of the 
Fraunhofer lines should be, and hence by direct measurement of the 
latter to verify the theory. The displacement of the Fraunhofer lines 
has been determined by several experimenters, the most accurate 
measurements being those made by Duner (Upsala). As a reference 
mark he took two telluric lines, two dark lines due to absorption in the 
earth’s atmosphere, and compared them with two iron lines close 
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beside them due to the sun’s reversing layer, using in succession the 
spectrum from the two edges of the sun. The difference in the distance 
between a telluric and a solar line in the two cases was found, as 
required by the theory, to be that due to a velocity of twice the value 
for the sun’s edge. 

The smallest velocity that can be determined by Doppler’s principle 
is about £ ml. per sec. In the yellow this means a shift of -008 A.U. 

Spectroscopic Binaries. One of the most interesting applications 
of Doppler’s principle has been to the discovery of double stars so close 
that no telescope can resolve them, but which are proved to be double 
by the behaviour of the lines in their spectra. Two cases occur. In 
the first case the lines of the spectrum exhibit a periodical shift about 
a mean position. This is caused by a bright star and a dark star 
rotating round one another. When the bright star is approaching the 
lines move the one way ; when it is receding they move the other way. 
In the second case the lines double and undouble periodically. This 
is caused by two stars of approximately equal brightness rotating round 
one another. When the lines appear double, one is approaching and 
the other receding. When they appear single, the one is in front of the 
other, and they are both changing the direction of their velocity in 
the line of sight. 

Such stars are known as spectroscopic binaries. Those of the 
second kind can be detected without using a collimator, by taking the 
star itself as slit and having the prisms in front of the object glass, as 
was done by Pickering. He used an eleven or fourteen-inch object 
glass with four large prisms in front of it, each large enough to cover 
the whole lens. The clockwork which makes the telescope follow the 
motion of the star is made to go a little fast or slow, so as to give the 
spectrum breadth. The refracting edges of the prisms lie east and 
west. With this arrangement the stars in the field appear as spectra 
upon the photographic plate. 

Many hundred spectroscopic binaries have been discovered. 

Doppler’s principle was applied successfully to the steady motion 
of single stars several years before the discovery of spectroscopic 
binaries. In 1867 Sir William Huggins showed the feasibility of the 
method for the case of Sirius. 

§ Comets have usually a faint continuous spectrum on which are super- 
imposed certain bright bands. The continuous spectrum is in part due to 
reflected sunlight. The bands are the same as those given by the blue 
cone at the base of a bunsen burner, which are always found when hydro¬ 
carbons are burned in air. They are termed the Swan spectrum. 

The spectra of stars were divided by Secchi into four classes : (1) 
those which are continuous but on the top of which the hydrogen lines 
appear very intense and reversed, i.e. black like the Fraunhofer lines; 
(2) those with a spectrum resembling the sun ; (3) those which are con¬ 
tinuous but with dark bands superimposed, the bands being sharply defined 
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at the more refrangible edge ; and (4) those which are continuous but with 
dark bands superimposed, the bands being sharply defined at the less 
refrangible edge. This classification has been superseded now by the 
elaborate Harvard classification, but it was simple and still possesses 

de in n i86rsIr a Wiilia m Huggins found bright lines in the spMtoa 
nebulas, thus proving that they were gaseous and not aggregations of stars. 
About half the nebula; show a bright hue spectrum, which is mu cases 
substantially the same and consists of two hydrogen lines and two lines in 
the bluish-green which belong to an element as yet undiscovered on the 

earth. 

Broadening of Spectral Lines. With an ordinary one prism spectro¬ 
scope the spectral lines are simply coloured images of the slit. I hey 
appear of a uniform brightness from edge to edge, and when the breadth 
of the slit is halved, their breadth is halved. In the case of a single 
spectral line all the radiations have not the same wave-length. If wo 
take for example, the green line of thallium, the wave-length of which 
is 5350*7 A.U., it may contain radiations with wave-lengths varying 
from 5350-5 A.U. to 5350-9 A.U. Thus, even if the slit were infinitely 
narrow, the line would still have a finite breadth itself of 0-4 A.U. 
Most single prism spectroscopes can just show the sodium lines double, 
and their difference of wave-length is 5-96 A.U., so that under ordinary 
conditions with such instruments the breadth of the line is much 
smaller than the breadth of the slit. 

It is quite otherwise with instruments of high resolving power 
such as the Rowland grating. In the photographs which they give 
the breadth of the line itself is greater than the breadth of the slit. 
Consequently the individual characters of the lines make themselves, 
visible and the lines are all found to be brightest in the middle and 
to decrease in brightness towards the edges and also to have widely 
varying breadths. 

When the pressure in the source is low the diminution of intensity 
towards the edge of the line is due to Doppler s principle. According 
to the kinetic theory of gases the vibrating particles have velocities 
of translation. The components of these velocities in the line of sight, 
or the radial velocities as they are called, have all possible values from 
zero to infinity. The number of particles with a given radial velocity 
diminishes rapidly with the magnitude of that velocity. Although 
the vibrations have all exactly the same period, this period suffers an 
apparent change owing to the radial velocity, and the ray is refracted 
to a slightly different point in the spectrum, the number of rays with 
a given deviation diminishing very rapidly with the magnitude of the 
deviation. According to Rayleigh the brightness of the line should be 
given by ^ 

where <j> is the distance from the centre of the line in angular measure 
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and & is a constant, k depends on the mean velocity of translation, 
diminishing with the temperature and increasing with the mass of 
the system. 

It has been shown experimentally by Michelson that, when the 
pressure in the source is higher than y^ooo atmosphere, the breadth of 
the lines is also increased by the impacts between the molecules. 
Between two impacts the source emits a regular train of sine waves. 
At the impact there is a sudden change of phase. It w’ill be shown 
in Chapter XXI that a train of sine waves with a constant period but 
irregular changes of phase is equivalent to the superposition of a 
number of perfectly regular trains, the periods of which differ slightly 
from the period of the irregular train. The broadening due to this 
cause does not require to be symmetrical. 

Stark’s Work on Canal Rays. In 1905 Stark made an important 
application of Doppler’s principle to vacuum tube spectra. 

If in a highly exhausted vacuum tube a perforated kathode is used, 
rays emerge from the holes in the kathode in the direction away from 
the anode. These rays are called canal rays. They are deflected by 
a magnetic and by an electric field. From the deflection it can be 
6hown that they consist of particles travelling with a high velocity, 
that their mass is of the order of the hydrogen atom, and that they 
carry a positive charge. 

Stark used a cylindrical glass tube of 4 or 5 cms. diameter. The 
kathode was an aluminium disc pierced with many holes 1 mm. broad. 
The gas in the tube was hydrogen. A prism spectrograph was pointed 
towards the end of the tube so that the canal rays came directly 
towards it. The canal ray particles have in general not all the same 
velocity ; hence if they emit a spectrum the displacement due to the 
radial velocity should vary with the magnitude of that velocity, and 
while the spectral fines should be displaced towards the violet, they 
should at the same time be widened out. This is what Stark found. 
The maximum velocity of the canal ray particles can be calculated 
from the potential difference they pass through in front of the kathode 
and the result agreed with that obtained from the displacement of the 
fines. 

If A„ is the wave-length of the fight emitted from the particles 
normally to their fine of flight and A,, the wave-length emitted parallel 
to their fine of flight, then from p. 298, 



where v is the velocity of the particles and V the velocity of fight 
This gives 

A. V 
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Stark found that the hydrogen lines %, H y . . . 

Doppler effect, and that the above expression was constant for all the 
lines of the series. They were thus all due to the sa“e Positively 
charged system. The band spectrum of hydrogen showed no Doppler 
effect and was hence due to an uncharged system. 

The velocities of the canal ray particles were very large, the 

maximum being 600 km./sec. 

Reflection of Light from a Moving Mirror. Let us suppose that 
light of wave-length A and velocity V is incident at an angle 0 on a 
plane mirror, and that the mirror is moving forward in the direction of 
its normal with velocity v. The component of the velocity of the 
mirror in the direction of the ray is v cos 0, the velocity with which the 
waves arrive at the mirror is consequently V + u cos 0, and the number 
of waves received per second is increased in the ratio of V to V v cos U. 
In the same way the reflected ray is only leaving the mirror with a 
velocity of V-v cos 0, the waves emitted by the mirror in a second 
are spread over a distance V - v cos 0 instead of a distance V, and the 
number of waves per unit length of the ray is increased in the> ratio> oi 
V - v cos 0 to V. Combining both effects we find therefore that the 
effect of the reflection has been to diminish the wave-length in the 
ratio 

V V - v cos 0 
V + v cos 0 V 


Since v is small compared with V, this reduces to 

1 /. v cos 6 


(i+^F) 


( v cos 6 \ 

V / 


V 

2v cos 9 


It can be shown by Huygens’s principle that owing to the motion of 
the mirror the angle of reflection is not exactly equal to the angle of 
incidence, but the difference is very small, and its effect on the change 
in the wave-length can be neglected. 

If instead of a mirror we have a rough surface, which diffuses the 
incident light in all directions, then the wave-length of the light 
scattered in a direction making an /_<f> with the normal can obviously 
be obtained by the above reasoning, if we substitute <f> for 9 in the 
expression for the velocity with which the ray leaves the mirror. 

The above theory was employed by Wien in deriving what is 
known as the Wien displacement law in the theory of complete radia¬ 
tion. It has been verified experimentally by Gahtzin and Wilip and 
has been applied in astrophysics to determine the angular velocity of 
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che planets. As Doppler’s principle is assumed in the above theory of 
the moving mirror, the verification of the latter is at the same time a 
verification of the former. 

Experimental Verification of Doppler’s Principle. Doppler’s prin¬ 
ciple was first verified experimentally in the laboratory by Belopolsky. 
He used multiple reflection from mirrors mounted on the rims of 
wheels which were revolved at a high speed. The verification was 
repeated in 1907 by Prince Galitzin and J. Wilip with the same appara¬ 
tus but with the substitution of an echelon spectroscope in place of 
Belopolsky’s spectroscope. The echelon spectroscope gave a much 
greater dispersion. Six reflections were used and the mirrors had a 
linear velocity of 30 metres per second. 

The Rotation of the Planets. The planets are dark bodies illu¬ 
minated by reflected light from the sun. Their spectra consequently 
show the Fraunhofer lines. Owing to their rotation the different 
parts of their surfaces have different radial velocities. If their spectra 
are observed, there will be a displacement of the lines depending on 
the part of the surface from which the light comes, and, if the displace¬ 
ment is measured for different parts of the surface, it will be possible 
to determine the angular velocity of the planet. 

This method has been applied amongst other cases to Venus and 
to Saturn’s rings. From observations of spots on its surface the 
earliest observers assigned to Venus a period of about twenty-three 
hours, but Schiaparelli considered that his observations make it certain 
that the rotation was very slow, and that it was probable that Venus 
like Mercury always kept the same face towards the sun, and had 
therefore a period of 225 days. The question has been settled by the 
spectroscope. The earlier spectroscopic observations seemed to point 
to the short period, but they did not stand investigation, and it is now 
certain that the long period is the correct one. 

The planet Saturn is surrounded by three thin flat concentric 
rings in the plane of its equator. The question arose as to the con¬ 
stitution of those rings. Two hypotheses were possible, one that they 
were solid, the other that they consisted of a swarm of small particles, 
each pursuing its separate course, packed so closely that they appear 
to be continuous. 

Clerk Maxwell showed in 1857 by a mathematical investigation 
that the first hypothesis was untenable, that thin solid rings would not 
be dynamically stable, that if they received a very slight displacement 
they would break up. In 1895 Keeler obtained spectroscopic proof 
that the inner edge of the rings rotated faster than the outer edge. 
This decides in favour of the second hypothesis, because if the rings 
were solid, their angular velocity should be constant, while if they con¬ 
sist of particles each particle would be kept in its orbit by the attrac¬ 
tion of the planet itself. The acceleration towards the centre, namely, 
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ufir, should thus be proportional to l/r* where r is the distance of the 
particle from the centre of the planet. This makes o> proportional to 
1 / r s/2 and consequently greater at the inner edge. The values of the 
velocities obtained spectroscopically agreed with the values required 
by the mathematical theory. 


The Pressure Shift. In 1895 Humphreys and Mohlcr discovered 
at Baltimore that, when a source of light is subjected to a high pressure, 
the lines in the spectrum are shifted towards the red. Their source 
of light was an electric arc enclosed in an iron cylinder with a quartz 
window. The pressure was increased by pumping air into the cylinder 
and the greatest pressure used was about fifteen atmospheres. Ihe 
spectrum was photographed with a large concave grating. The 
shift is directly proportional to the increase of pressure. It is also 
proportional to the wave-length of the line. Thus all shifts can be 
reduced for purposes of comparison to a standard pressure and wave¬ 
length. When they are reduced in this way to a pressure of twelve 
atmospheres and a wave-length of 4000 A.U. it is found that they 
range from 24 to 132 thousandths of an Angstrom umt. The value is 
the same for the lines of the same series. 

* The shift is independent of the temperature. The lines of those 
substances which have in the solid state the greatest coefficients of 
linear expansion have the greatest shifts. The converse is also true. 
Band spectra are unaffected by increase of pressure. 

Of course, when the density of the sodium in a bunsen flame is 
increased and the partial pressure of the sodium vapour consequently 
increased, the D lines broaden. The shift detected by Humphreys 
and Mohler is proportional to the absolute pressure and independent 
of the partial pressure of the vapour and the breadth of the lines. 


Structure of Spectral Lines. When spectral lines are examined 
with a high resolving power, many of them are seen to be complex. 
For example, the red hydrogen line is a doublet, the distance between 
the components of which is -14 A.U. Other lines have fainter narrower 
lines, usually referred to as satellites, close beside them. The green 
line of mercury, 5460-7 A.U., is a line of this type. Owing to the ease 
with which it can be produced, it has been investigated very often 
indeed. Fig. 250 is a photograph of it taken by Prof. J. C. McLennan * 
with an echelon spectroscope. 

The broad line in the photograph is the main component of the 
line. To the left of it is a strong satellite which appears double and 
outside that a fainter one; on the right there is a broad one which 
runs together with the main line and close beside it a fainter one. 
There is also another satellite on this side much farther out; it is at a 
distance of -243 A.U., or less than Jo of the distance between the D 

• Proc. Roy. Soc. A, 87, p. 276, 1912. 
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lines, from the central component. The other lines in the photograph 
belong to the spectrum of the next order. 

For the structure of a line to 
be revealed the vapour pressure 
in the source must be small. 

In the case of the mercury arc 
in air, for example, the central 
component of the 5460-7 lin«i 
would be broadened so much 
that all the satellites would be 
obscured. 

The Zeeman Effect. Faraday 
made an investigation on the 
possible effect of a strong mag¬ 
netic field upon a spectral line. 

A sodium flame was placed 
between the pole pieces of an 
electromagnet and the appear¬ 
ance of the D lines examined 
when the field was on and off. 
His results were wholly negative. 

This experiment was repeated in various wavs by successive observers, 
but positive results were not obtained until thirty-four years later, 
in 1896, by which time the resolving power of spectroscopic apparatus 
had greatly increased. In that year Zeeman used a large electro¬ 
magnet. the pole pieces of which were drilled so that observations 
could be made on the light emitted from the source in the direction 
of the lines of force, and he found at first that, when the field was on, 
the spectral lines were broadened. From theoretical considerations 
he expected that the magnetic field would change the line into two 
circularly polarised lines of slightly different wave-length and opposite 
direction of rotation, and that the line which was rotating in the direc¬ 
tion of the magnetising current would have the shorter wave-length of 
the two. To test this he placed a quarter wave plate and nicol in the 
path of the beam, and arranged them so that no right-handed circularly 
polarised light could get through. Then when the cross-wire was 
placed on the line and the direction of the magnetising current reversed, 
the line shifted. When the field was on and the line was viewed in 
the direction of the lines of force, he found thus that its two edges 
were circularly polarised in opposite directions and in the way required 
by theory. 

Later work with increased resolving power showed that the effect 
of the magnetic field was to change the original line into separate 
lines. In the simplest case, when viewed in the direction of the mag¬ 
netic field, instead of the original line two lines were seen, each of 
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which was circularly polarised, the direction of rotation of the more 
refrangible line being the same as the direction in which the magnetising 
current encircled the core of the magnet. In this same case when the 
light emitted by the source at right angles to the magnetic field was 
examined, the line was found to be divided into three separate lines. 
The two outside components had the same wave-length as the two 
lines seen in the direction of the magnetic field. They were equidistant 
from the middle component and were both plane polarised in a plane 
parallel to the magnetic field, while the middle component had the 
same wave-length as the original line and was plane polarised in a 
plane at right angles to the magnetic field. The line thus became a 
doublet when viewed along the lines of force and a triplet when viewed 
at right angles to the lines of force. As the latter is the easier way of 
observing the effect, it is employed much the more frequently, and this 
case is consequently referred to as the “ normal triplet.” 

In the majority of cases the resolution is more complex. Some 
lines when viewed at right angles to the field give, for example, 
doublets, quartets, and sextets. The separation of the components is 
always proportional to the field strength. Each member of a spectral 
series shows the same type of subdivision and, when measured in 
frequencies, the separation between its various components is always 
the same for the same field strength. 

A successful explanation of the Zeeman effect, as the phenomenon 
has been called after its discoverer, was given at once for the case of the 
normal triplet. 

Let us suppose that we have a particle of mass m carrying a charge e 
measured in electromagnetic units, and that this particle is vibrating 
about a point. Take the point as origin. Then, if in the usual way 
we consider each component of the particle’s motion separately, its 
equations of motion may be written 


d 2 x 

dt 2 


+ n 2 x=0, 





n 2 z = 0. 



We suppose that it is acted on by a force towards the origin pro¬ 
portional to the distance from the origin. The solution of these 
equations is, as may be found by substitution, 

x= A cos (nt- f-a), y=B cos ( nt+p ), z=C cos (w£ + y), . (2) 

where A, B, C, a, p, and y are constants all independent of one another. 
The solution thus represents three simple harmonic motions with the 
same period 27r/n but different amplitudes and different phases. It 
can be shown that the particle always moves on the surface of an 
ellipsoid and keeps to one plane, so that its orbit is an ellipse. 

Now suppose that a magnetic field of intensity H acts on the particle 
in the direction of the z axis. It is shown in books on electro¬ 
magnetism that when a current of strength i electromagnetic units is 
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flowing in a thin wire at right angles to a magnetic field of strength H, 
then on every element of length ds of the wire there is a force of mag¬ 
nitude Ht'ds at right angles both to the direction of H and the direction 
of the current. If the left hand be held with the thumb and index 
finger and middle finger at right angles to one another, then if the 
index finger gives the direction of H and the middle finger the direc¬ 
tion of i, the thumb gives the direction of the force. The rule does 
not hold for the right hand. A single particle with a charge e * and 
velocity v is equivalent to a current element ids ; hence it experiences 
a force Wev at right angles to H and to its line of motion. 

In the problem the velocity of the particle has three components, 

and ^. Their effects can be considered separately. The z 
dt dt dt 

component of the velocity is parallel to H and hence causes no force. 

The other two components cause forces He^ and - He—, if the rule 

of signs be considered, parallel respectively to the x and y axes. The z 
equation of motion remains unaltered, while the x and y equations 
become 

dt- m dt 


and 


e? + „’v=-H^ 


dr- 


in dt 


Try as solutions x= Di cos (n^-f <f>) and y= - D| sin (Wjf + <£). Th'/n, 
when the common factors are cancelled out, both equations reduce to 


-ni*+n*= -H-n|. 

771 


In the same way if wc try x=D 2 cos ( n 2 t + 0) and y-D 2 sin (n 2 t+d) 
both equations reduce to 


- No 2 + n 2 = + H~n 2 . 

771 


The first of these equations can be written 


- H-rij + 


m 


/He\ 2 =n 2+ 

\2 m) n \2w/ 


We lo+IWeV 
" n ’ ~ 2m~*1 n ~ + \2m.) 

Since the change produced in the period by the magnetic field is a very 
email one, can be neglected in comparison with rfi. 


Hence 


• In electromagnetic amt*. 
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n i = ±n + 2m 

But n x must have the same sign as n. We therefore obtain finally 
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W i = W+ 2m* 


Wo = n - 


He 
2 m 
He 
2m 



Fio. 251. 


Similarly 

Our first solution represents uniform motion in a circle of radius D, 
with a period of 2 t r/n,, and the second solution uniform motion m the 
other direction with a period of 2 tt/ n 2 in a circle of radius D 2 . lhe 
directions are marked in Fig. 251 * An electric current flowing in 
the direction of the n 2 rotation would produce a 
magnetic field with the same direction as H, and 
the n 2 rotation has the greater frequency, if we 
make the assumption that e is negative, that the 
charge on the particle is a negative one. The 
complete solution is obtained by adding the two 
solutions. Hence if we suppose that each of H 
these circular motions gives rise to a circularly 
polarised wave, then the doubling of the line as 
viewed along the direction of the lines of force is 

completely explained. . 

Suppose, now, that the observer is viewing the source at right angles 
to the lines of force, that, for example, he is looking at the particle 
from X. Light waves are transverse so that he sees only the Y and 7 
components. They are giveD by 

y= - D, sin (n x t+ </>), 

y= D 2 sin (n 2 £ + 0), 

and z= C cos (nt + y). 

He thus sees three lines, the periods of which are given by 2'nln li 2nr/n t 
and 2 t r/n 2 . The two Y lines, i.e. the outside lines, are only half the 
intensity of the middle line, because, when all the vibrating particles are 
taken into consideration, they were together equal to the Z line in 
intensity before the field was put on. If we assume, as is usual, that 
the particle vibrates at right angles to the plane in which the wave is 
polarised, the Y vibrations are polarised in the direction of the field and 
the Z vibration at right angles to this direction. 

If the velocity of light be denoted by c, the wave-lengths of the threo 
components are given by 


. 2lTC . 2770 

Ai —A-— 

n x n 


and Ao= 


2770 


n 2 


• Z is drawn outwards from the XY plane. 
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Hence - A—-2 t7c(— =.-—(» - tj x ) 

\w, n/ nn l 

_2nc He 

n 2 ' 2m* 


if the sign of e is neglected, since n x is approximately equal to n. 
Similarly we find that A-A 2 is equal to the same expression. If we 
write dA=Aj — A = A — A 2 we obtain from the last equation 


,v A 2 He 
<M= -— -— . 
27 tc 2 m 


Thus the distance between the components is proportional to H. 

The value of d\ is, of course, always very small. The Di line 
becomes a quadruplet in the magnetic field, and Zeeman found that for 
H =10,000 e.g.s. units the distance between the outer components of 
this quadruplet was only -fc of the distance between the D\ and D 2 
lines. By determining the average value for the normal triplets in the 
spectrum of mercury at a field of 24,600 e.g.s. units, Runge and Paschen 
foimd that e/m had the value * 1-6 10 7 . Other observers have found 
results in accordance with this. Now in electrolysis the ratio of the 
charge on the hydrogen atom to the mass of that atom is reoo 
this value. If we make the assumption that the charge is the same in 
both cases, the mass of the vibrating particle must be t*Vo times the 
mass of the hydrogen atom. The sense of the rotation of the two 
circularly polarised lines seen in the direction of the lines of force shows 
that the charge is a negative one. 

Negatively charged particles with approximately the same value of 
e/m have been found in other fields of investigation. The kathode rays 
are a stream of such particles, the rays of radium are a similar stream 
with a greater velocity, which is nearly equal to the velocity of light. 
The same particles are also emitted from metals under the action of 
ultra-violet light, and calculation shows that they are the cause of the 
absorption of light by certain colouring matters. They thus seem to 
be a unit of which the atoms are built, at least in part, and they have 
been given the name of electrons. 

The above theory at the time it was given confirmed the existence 
of the electron, and was for years regarded as very satisfactory. 
But it proved difficult to explain the quartets and other complex forms 
of resolution on the same lines. So now a quantum theory is accepted 
in its place ; it has not the same appeal as the former theory, but has 
the merit of covering the whole field. 

In order to produce the Zeeman effect a powerful electromagnet 
must be employed. The highest field worked with has been about 
33,000 e.g.s. units. To obtain this the pole pieces must be pointed and 
their tips brought close together with just room for the source of light 
between. As source of light the vacuum tube or electric spark has been 

•Modern value 1-76 10 7 e.m.u. gmr x 
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used The spark must pass in the direction of the field itself, other- 
wise the field deflects it and puts it out: The resolving power of the 
spectroscope must also be of the highest Concave gratmgs 1have been 
used, especially in the second order, but for the purpose of the study of 
the Zeeman effect and the structure of fine lines a number of new 
high-power spectroscopes have been designed. 


The Echelon Grating. The most important of these is the echelon 
erating spectroscope, which was invented by Michelson and described 
first in 1898. The resolving power of a diffraction grating is given 
by N n where N is the number of rulings and n the order observed in. 
With the usual concave grating n cannot be greater than 2 or 3, hence 
to increase the resolving power N must be made as large as possible. 
But there is a limit to the size of the area that can be covered with uni¬ 
form rulings. In the echelon grating N is small, seldom more than 30, 
but n is made exceedingly large. 

Fig. 252 represents an echelon grating. It is made ol ten plates 
all equally thick and arranged with each plate projecting the same 
distance beyond the one which comes after it. It is used with a tele¬ 
scope and collimator, the object glasses of which are large enough to 
fill the end face of the echelon completely with light. The arrows 
represent the incident and emergent rays. Let t be 
the thickness of the plates, s the width of each step, 
and /x the index of refraction of the glass. If we con¬ 
sider the emergent rays from any two successive steps, 
the one set has traversed the distance in air which the 
other set has traversed in glass. Hence they have a 
path difference of (/x - 1)/. But by Huygens’s principle 
every point on the faces of these steps can be considered 
as a secondary source. Thus all the steps can be 
regarded as sending out rays in all possible directions. 

If we consider the two rays represented by the dotted 
arrows, their path difference will be greater than (/z - 1 )t 
and the path difference will increase with the obliquity. 

If the light is of wave-length A, whenever the path 
difference is equal to nA, where n is an integer, the rays 
from the different steps reinforce, and we have a 
bright line just as in the case of the diffraction grating. 

But in the diffraction grating the smallest path differ¬ 
ence between successive rulings was 0. Here it is 
(li. - 1 )t ; hence if ^ = 1 *52 and i = 1 cm., which is its usual value, and the 
Dj radiation is under observation, the smallest value of n is 




fr* 1 H=- — -, = 8800. 

A 5-896 x 10- 6 


This is consequently the order of the first spectrum observed. A very 
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slight inclination of the diffracted rays is sufficient to increase the path 
difference by A; hence the successive orders are very close together. 
If the echelon has 30 plates, its resolving power in the neighbourhood of 
the D lines is 264,000. Many echelons have been made with approxi¬ 
mately this value ; they can separate lines which are apart only 
of the distance between the sodium lines. 

The great advantage of the echelon is, that since the width of each 
step, i.e. the distance s, is usually about 1 mm., the diffraction maximum 
for the light going through each step is a very narrow one (cf. p. 183) ; 
consequently most of the rays go straight through and all the light is 
thrown into one or two orders, and these very high orders. The spectra 
are consequently very bright. The disadvantage is, that the spectra 
overlap to such an enormous extent that the appearance in the field 
cannot be interpreted, unless an auxiliary spectroscope is used to purify 
the light before it falls on the echelon collimator slit. Fig. 253 repre- 
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sents a small echelon suitable for placing on the table of an ordinary 
spectrometer. 

All the plates in an echelon must agree in thickness to less than 
jfo of a wave-length. They are all cut from a single plate which is 
previously figured to the required accuracy. 

Determination of Difference of Wave-Length by the Echelon 
Grating. Let A and B be two corresponding points on successive 
steps. Consider the rays which make an /_B with the normal. Draw 
BC perpendicular to AC. The path difference is equal to 

jiBD-AC. 

By projecting the sides of the quadrilateral ACBD on AC we find that 

AC=BD cos 6- AD sin 6=t cos 6-s sin 6 = t-sd , 

since 6 is small. Substituting this value for AC in the expression 
for the path differenre and equating the result to nA, we obtain 

n\=pt-t + sd 
nA=(^-l)* + s0. 


or 
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Differentiate with respect to A. This gives 

dt l dd (3 

n=^+«jv. 

dX dX 

If ddy is the change in 6 in passing from the order n tc the order n -f 1 

(n + l)A = (^-l)* + s(0 + ^i)’ 

and on subtracting the second last equation from this we obtain 

X=sdd l . 

Jf we substitute sd8 l for sdd in (3) and then equate sd8 l to A, (3) 
becomes 

da X 
71 l dX + dX 


But n is approximately (/x - 1)*/A. Hence 

A dX^dX' 



This expression gives the difference i 
to the angle between the images 
of successive orders. Its value 
can be calculated for all parts of 
the spectrum from the constants 
supplied by the maker, and the 
difference in wave-length corre¬ 
sponding to any other angle 
obtained by simple proportion. 

Michelson’s Interferometer. 1 

This instrument has already been 
described on p. 150, and it was 
applied by Michelson to the study 
of the structure of spectral lines 
before the invention of the 
echelon grating. Fig. 255 shows 
how it would be used for this 
purpose. A spectrum is formed 
of the aource of light by an 
ordinary spectroscope. This 
spectrum falls upon a slit S which 
is placed so that only the line 
under investigation passes through i 


wave-length for an angle equal 

t 

C 

• i 

• • 

• • 



% 
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to the interferometer. The 
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light from the slit is then rendered parallel by the lens L, and passes 
through the interferometer, and the bands are examined by the 
reading telescope T. The lens L would not be necessary if the source 
of light were a broad one like a sodium flame. 

If the line under investigation is a doublet each component of the 
doublet produces its own system of fringes. If the mirror C is moved 
slowly out, the path difference of the two beams alters. For one posi¬ 
tion the systems superimpose and the fringes are very distinct; for 
another position the maxima of the one system fall on the minima of 
the other and the fringes cannot be seen. As C is moved out, the 
visibility of the fringes thus undergoes a periodic change, and from the 
travel of C the difference in wave-length of the two components can be 
calculated. If the line is a single one, there is no periodic change 
in tbe visibility of the bands. If the line contains more than two 
components there are more than two systems of bands, and the change 
in visibility is more complicated. 

When used in this way the interferometer is like a diffraction 
grating with two rulings, one corresponding to each beam, and the 
resolving power is obtained by dividing the path difference by the 
wave-length. 


Fabry and Perot’s Interferometer. This apparatus consists 
essentially of an air space bounded by two parallel half-silvered glass 
surfaces. A half-silvered glass surface is one that lets through as much 
light as it reflects. Rays from a source P fall on this air space and suffer 
multiple reflection between the silvered surfaces. Consequently to an 
eye on the further side they appear to come from a train of sources 
p, p It P„, etc., the first of which is brightest with the others gradually 

decreasing in intensity. 



If we consider a point Q 
on a screen S near the 
axis of the figure, the 
length of the paths to Q 
of the beams coming from 
P, P lt P 2 , etc., increases 
in equal steps. The 
sources will thus reinforce if these steps contain an integral number 
of wave-lengths. As Q moves up the screen, the length of the step 
decreases and the different beams interfere, then when the step again 
becomes equal to an integral number of wave-lengths they reinforce 
one another again. Thus the screen is covered with circular inter¬ 
ference fringes. As in this case there are a large number of interfering 
beams, the fringes are very sharp and the dark spaces between the 
fringes are much broader than the fringes themselves. Consequently 
when the spectral line used as source is not single but contains 
different components, and each of these components produces its 
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own system of fringes, the different systems are clearly seen super¬ 
imposed on one another, and from the distances between coincidences 
the ratio of the wave-lengths can be calculated. , 

Fig. 257 represents a Fabry and Perot interferometer; the two 
glass” plates are clearly seen, also the arrangement for altering the 



Fio. 257. 

distance between them. The latter can be increased up to 75 mm. 
and in some instruments to 200 mm. The steel ways on which the 
carriage slides are actually optically ground and polished. 

Lummer and Gehrcke’s Interferometer. This consists of a parallel 



Fig. 258. 

plate to which a small right-angled prism is cemented. The light 
enters through this prism and is reflected up and down inside the 
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plate; at every reflection a portion of the beam is refracted out into 
the air. It is obvious that every two successive refracted beams have 
the same phase difference. The angle of incidence inside the glass is 
near the limiting angle of total reflection and consequently the intensity 
of the successive refracted beams diminishes slowly. Hence when they 
are received by a telescope they are in a condition to produce very 
sharp interference fringes. 

The Stark Effect. Stark discovered, in 1913, that spectral lines 
were split into components when the source was placed in a strong 
electric field. The behaviour of different lines is different. The H a 
line, for example, when viewed at right angles to the electric field, 
appears decomposed into nine lines, the central line being coincident 
with the original one and the others arranged symmetrically on both 
sides of it. The six outer lines are polarised in the plane at right angles 
to the electric field, and the three inner ones in the plane parallel to the 
electric field. When viewed in the direction of the field, only the latter 
are seen and they are unpolarised. When a field of 100,000 volts is 
applied, the outermost of the components are displaced 11-5 A from the 
centre of the system; thus the effect is much larger than the Zeeman 
effect. 


EXAMPLES 

(1) Determine Rydberg's constant R from the four values for the hydrogen 
lines given on p. 253, and compare the result with the valuo given in the text. 

(2) An observer and a source which emits monochromatio radiation are 
moving towards one another with velocities of t; and u respectively. What 
effect has the relative motion on the wave-length as measured by the observer ? 

(3) Would the canal ray effect be visible in a spectroscope with a dispersing 
system of two large flint prisms ? 

(4) Prove that equations (2) represent motion in an ellipse. 

(5) If an electron is vibrating under an attraction towards a point proportional 
to its distance from that point as represented by equations (1), what effect on 
the motion has the superposition of a constant electrostatic field ? 

(6) Look for tho Swan spectrum in a bunsen burner and in an ordinary gas 
burner, and make a drawing of it. 



CHAPTER XVII 

X-RAYS AND PHOTO-ELECTRICITY 

Cathode Rays. If the electrodes of a vacuum tube are connected 
to the secondary of an induction coil and the pressure in the tube is 
Gradually reduced, the appearance of the discharge changes in a marked 
manner. At atmospheric pressure the tube either does not conduct or, 
if it does, the spark passes as a thin bright line between the electrodes. 
As the pressure is decreased, this line appears, if it is not already there, 
then widens out and fills the whole tube with a diffuse glow known as 
the positive column. The tube at the same time conducts much better 
and the discharge becomes smoother. When the pressure reaches 8 
or 10 mm. of mercury the cathode is covered with a soft glow, the 
negative glow, and between the negative glow and the positive column 
a dark space, the Faraday dark space, appears. As the pressure is 
reduced to about £ mm. of mercury, the conductivity of the tube 
begins to diminish, the anode becomes surrounded with a glow, and 
the positive column may break up into a number of bright and dark 
spaces, striae as they are called, as shown at E (Fig. 259). At the 
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same time the Faraday dark space D widens, the negative glow C 
detaches itself from the cathode, and a new luminosity, called the 
cathode glow forms there. The negative glow is separated from the 
cathode glow by a sharply defined dark space B, called the Crookes 
dark space or the cathode dark space. 

At higher rarefactions both the positive and negative glows become 
less definite and luminous, the resistance of the tube increases, and the 
cathode dark space grows in size until finally at a pressure of about Too o 
mm. of mercury it fills the tube. The sides of the tube shine then with 
a brilliant fluorescence, which is emerald green in the case of soda 
glass and blue in the case of lead glass. This fluorescence is produced 

317 










A TREATISE ON LIGHT 


318 

by rays emitted from the cathode impinging on the glass. The rays 
proceed in straight lines from the cathode, for if a screen is placed 
between the cathode and the walls of the tube, a sharp shadow of the 
screen is produced on the walls. When the tube is placed in a magnetic 
field, the rays are deflected in the same way as a flexible wire carrying 
a current from the anode to the cathode would be deflected. They 
are also deflected by an electric field in the same way as a negative 
charge would be deflected. By a measurement of the magnetic and 
electric deflections it has been shown that the rays consist of electrons 
and that their velocities range from 10® to 10 l ° cms./sec., i.e. from 
one-thirtieth to one-third of the velocity of light. When the rays 
6trike an obstacle most of their kinetic energy is dissipated as heat. 

X-Rays. It was discovered by Prof. W. K. Rontgen at Wurzburg 
in 1895 that when cathode rays encounter matter, it not only fluoresces 
aud rises in temperature but also emits an entirely new kind of radia¬ 



tion, Rontgen radiation or X-rays. These rays make many substances 
fluoresce, they travel in straight lines, and they have also the striking 
property of penetrating media that are opaque to ordinary light. They 
pass through paper, cloth, leather, and aluminium, but are stopped by 
the more dense metals, especially lead. Flesh is transparent to them, 
out the bones are opaque, and by their aid we can see the bones 
through the flesh. They thus have an important application in 

medicine. . 

Fig. 200 shows diagrammatically a tube used for producing X-rays. 
The cathode is concave and concentrates the cathode rays on the anti¬ 
cathode. The X-rays are radiated out from the anti-cathode and pass 
through the glass wall of the bulb undeflected. The fluorescence of 
the latter is caused by reflected cathode rays, not by X-rays passing 
through it. The anode is not essential to the working of the bulb 
but is supposed to steady the discharge. It is in conducting com¬ 
munication with the anti-cathode. The discharge is also made steadier 




Plate VI 



The voltages arc. in order. 30,000 (very soft), 40,000 (soft). 70,000 (medium), 
and 100,000 (hard). The limiting wave-lengths are 0 41 A, 0 31 A. 0'18 A, and 
0*124A. (Photo: W. E Schall.) 


AIK* 

i ot ot ot oc 



X-ray spectrum obtained by Bficklin with a high vacuum diffraction grating 
spectrograph. The A1 Ka line in five orders. The grating was ruled on glass 
and had 220 rulings per mm. 
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bv having the leading-in wires for the electrodes sheathed in glass 
tubes as g shown in the figure. The cathode and anode are usually 
made of aluminium. The anti-cathode is made of a metal such as 
platinum with a high atomic weight and high melting-pomt. In many 
bulbs there is an arrangement for preventing the anti-cathode from 

becoming too hot. r , 

X-rays produce fluorescence when they fall upon a screen of barium 
platino-cyanide. They also act on a photographic plate and on these 
two properties their practical application depends. If the object is to 
be examined visually it is placed between the bulb and a fluorescent 
screen and the radiograph or shadow picture produced is examined 
from the other side. Simple objects used for demonstration purposes 
are a purse with coins in it, a wooden box containing a set of brass 
weights for a balance, a resistance box, etc. The purse comes out 
transparent but the coins in it appear opaque. The sleeve of the arm 
holding the purse is transparent, but the sleeve-links or buttons are 
opaque. The brass weights in the box and the resistance coils are both 
visible through their wooden covers. If a permanent record of the 
radiograph is desired, a photographic plate is put in the place of the 
fluorescent screen. 

Further Properties of X-Rays. When an X-ray bulb has been 
run some time, it is said to become “ hard,” that is, a higher 
voltage is required to run the bulb. If E is the potential difference to 
which the cathode ray owes its velocity v, then 


\mv 2 = Ee, 

where e and m are the charge and mass of an electron. If e/?n is put 
= 1*77 x 10 7 and E is taken in volts and v in cm./sec., then 

E = 2*82 v 2 10-“ 
that is, v=5-95\/E 10 7 . 


Thus as the bulb becomes harder, the velocity of the cathode rays 
increases. 

At the same time the X-rays become more penetrating. This 
is shown by the radiographs of the hand on Plate VI. It is 
customary to specify the penetrating power of rays by their absorption 
in a sheet of aluminium of definite thickness. If l 0 is their intensity 
before entering and I their intensity after passing through a plate 
of thickness d cms., it is found experimentally that for homogeneous 
X-rays 

l = l 0 e -•*, 


where /x is a constant for the medium. This is the same law as holds 
for the absorption of light (cf. p. 364). /x is termed the linear absorp¬ 
tion coefficient of the rays. The smaller ft is, the more penetrating the 
ray. 
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According to Eve and Day the value of ft for “ soft ” rays in air, 
i.e. rays emitted from a soft bulb, is from 0-0010 to 0-0018, and for 
“ hard ” rays is about 0-00029. 

It is found that /z is not constant for the rays given out by an 
ordinary bulb, being greater for thin screens than for thick ones. This 
is due to the fact that such rays are not homogeneous but contain 
radiations with different values of \l , and the radiations with the greater 
values are naturally absorbed first. 

Only a very small proportion of the energy of the cathode rays 
reappears as X-rays, perhaps about yJo in the case of a platinum 
anti-cathode in a bulb of medium hardness. 

When X-rays enter a gas they ionise it, that is, negatively and 
positively electrified particles are formed, and the gas becomes able to 
conduct electricity. The view generally accepted of the formation of 
these ions is that an electron is removed from the molecule, leaving the 
latter with a positive charge. Both the electron and charged molecule 
then become nuclei of clusters of gas molecules, though at low pressures 
the electron is able to exist alone. 

The intensity of the X-rays can be measured by the number of 
ions they produce. One way of doing this is by means of an electro¬ 
scope ; the rays are sent directly into the electroscope, the gold leaf is 
charged to a high potential and the degree of ionisation measured by 
the rate of leak to the outer case. 

Characteristic X-Rays. When X-rays strike a substance, it gives 
off in general scattered X-rays, characteristic X-rays, and electrons. 
The scattered X-rays are similar to the exciting rays in quality 
and may be compared with the ultra-violet light scattered by a grain 
of fluorescein. The characteristic rays, on the other hand, are homo¬ 
geneous in quality and may be compared to the fluorescent green light 
sent out by the same grain. In order to produce the characteristic 
rays, the exciting rays must be harder than they are themselves. 
All the heavier elements give out at least two kinds of characteristic 
radiation, and Barkla called these the K and L radiations. The 
K radiation of every metal is much more penetrating than its L 
radiation. 

The characteristic rays are also emitted by the anti-cathode in an 
X-ray bulb, especially if the tube is a soft one. 

The Diffraction of X-Rays. For a long time there was considerable 
doubt as to the nature of X-rays. They were neither refracted 
nor reflected ; also experiments with a V-shaped slit did not give 
definite proof of their being diffracted. We know now that they are 
extremely short light waves, and that the early experiments failed to 
give a positive result on account of this shortness. 

A surface reflects and refracts light regularly only if the inequalities 
in it are small in comparison with the wave-length of the light, and a 




Plate VII 



X-ray spectra. The L series of four elements. Taken by Siegbahn and Friman by 
the rotating crystal method. The line on the right is the image obtained when the 
crystal is removed. It is remarkable that such sharp lines can be obtained without 
lenses. 



' Laue spots obtained with a zinc blende crystal. One of Friedrich and Knipping's 
original photographs. 
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diffraction grating forms spectra only if the irregularit.es in the ndings 
are small in comparison with the wave-length of the light Mow a 
the wave-length of the light in question is tooo of the wave-kngth 
Na light it will be of the same order of magnitude as the diameter of 
a, - be impossible lb. us by -y»-» 

whatever to prepare an artificial surface smooth enough to reflect and 
refract waves of this length, or to instruct a gratang^with the rulings 
close enough together to form diffraction images with light of thi. 
wave-length. But according to modern crystallography atoms in a 
crystal are regarded as forming a perfectly regular system of pornts 
in space. The systems formed by the different atoms interpenetrate 
the result being to form what is called a “ space-lattice. It occurred 
to M. I.aue, that if X-rays were of extremely short wave-length the 
regular structure of the crystal itself might act as a diffraction grating ; 
thus nature might supply us with a grating with a structure finer than 
can be made by artificial means. On Laue’s suggestion Friedrich and 
Knipping tested this point experimentally. The X-rays from a bulb 
were cut down by lead stops so as to form a thin parallel pencil. I his 
pencil then fell on the crystal, and a photographic plate was placed 
behind the latter at a distance of a few centimetres from it. 

The result of the experiment was a brilliant verification of Lane s 
idea. The photographic plate showed an intense spot formed by the 
undeflected rays surrounded by a number of diffraction images as shown 
on Plate VII, which is taken from a joint paper by Friedrich and 
Knipping and Laue, and shows the system of spots formed by a 
zinc-blende crystal. The pattern on the plate was altered by rotating 
the crystal. Exposures of some hours were necessary to bring out 
all the spots, since much the greater proportion of the rays was 
undeviated. The calculation of the positions of the spots is not 
simple; unlike an ordinary diffraction grating the crystal does not 
give a continuous spectrum, even though the rays contain a con¬ 
tinuous range of wave-lengths. 


§ Following on Laue’s work W. L. Bragg found that X-rays arc 
regularly reflected by cleavage planes in crystals ; such planes are rich 
in atoms and, of course, the atoms in them are arranged regularly. 
Also since the atoms are arranged in a series of planes parallel to the 
cleavage plane and equidistant from one another, when the rays fall 
on these planes, the crystal acts like a system of equidistant semi¬ 
transparent mirrors. If in Fig. 261 P is a source of X-rays and M 
the row of atoms in the first plane, the rays are reflected in the same 
way as a pencil of light would be reflected by a small glass surface. 
Now (Fig. 262) let Mj, M 2 , denote two successive planes of atoms 
Let d be the distance between them; d is called the crystal grating 
space. A and B denote incident rays from the source ; d is so small 
that they can be regarded as parallel. They are reflected as shown, 
11 
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and the one ray-gains a path difference 2CD=2d sin 9 on the other 
where 6 has the value indicated in the figure; 6 is referred to as the 




M, 

m 2 


glancing angle. Similarly the ray reflected from the next plane will 
have a path difference of 4 d sin 9 and so on. If 

2d sin 9=nX, 

radiation of this wave-length will reinforce in the direction 9 . 

An instrument using this property, known as the X-ray spectrometer, 
was used as early as 1913 by both W. H. Bragg and W. L. Bragg 
and by Moseley and Darwin. In it the collimator (Fig. 263) is 
replaced by a tube with lead stops. A crystal is mounted on the 

rotating table to reflect the rays, and the 
telescope is replaced by an ionisation 
chamber or photographic plate P The 
ionisation chamber has the advantage that 
it measures the intensity of the rays. 
When the photographic plate is used the 
table is rotated backwards and forwards; 
each line imprints on the plate whenever 
it makes the appropriate angle of incidence 
on the crystal. The spectra obtained in 
this way are quite as sharp as those given with an ordinary quartz 
spectrograph. Just as in the case of the ordinary diffraction grating 
there are spectra of different orders. By making assumptions as to 
the structure of the crystals employed it has been found possible to 
determine with certainty the wave-lengths of the different radiations. 
The greater part of the radiation from an ordinary X-ray bulb is analo¬ 
gous to white light and gives a continuous spectrum. Superimposed 
on this are the characteristic radiations which are analogous to spectral 
lines. The K and L radiations were known to be lines in the spectrum 
owing to the constant values obtained for their absorption coefficients; 
with the X-ray spectrometer these lines can be mapped in much greater 
detail than by absorption methods, as can be seen from the photo¬ 
graphs of Siegbahn and Friman on Plate VII. The wave-lengths of 
X-rays vary from more than 4 x 10- 7 to less than 3 x Kh 9 cms. The 
hardness or penetrating power of an X-ray depends on its wave¬ 
length, the ray being harder the shorter the wave-length. 
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The v rays of radium are of the samo nature as X-rays. Their 

wave-lengths range from 3 to 0*6 x 10 9 cms. , 

The discovery of the nature of X-rays has thus carried our know- 
ledee of spectra an enormous distance into the ultra-violet. To sh ° 
what a range of radiations we now have at our disposal, all the 
different kinds with the exception of the longer waves used in wireless 
telegraphy have been plotted logarithmically against their wave-lengths 

on page 324. 

Moseley’s Work on X-Ray Spectra. A classic investigation on 
X-ray spectra was made by H. G. J. Moseley. Reference was made 
on p 322 to the fact that the K and L radiations were analogous to 
spectral lines. In the years 1913 and 1914 Moseley produced the 
characteristic X-ray spectra of very many elements and photographed 
them by means of 
an X-ray spectro¬ 
graph. Fig. 264 20 Ca 

shows the nature of 21 Sc 

the results he ob- 22 Ti 

tained. 23 V 

The scale at the 24 Cr 

foot gives wave- 25 Mn 

lengths in A.U., i.o. 26 Fe 

the shortest wave- 27 Co 

length on the scale 2 8 Ni 

is about -ffoo °f 29 Cu 

the wave-length of 30 Zn 

yellow light. At 
the jdc are the 
symbols for calcium 
and zinc and the 
.line elements with atomic weights between calcium and zinc arranged 
in the order of increasing atomic weight, except for the transposition 
of cobalt and nickel; beside the symbol is the number of the element, 
counting from hydrogen as 1. Opposite the symbol of each element 
are two vertical lines showing the positions of the K a and lines for 
this element, i.e. part of the X-ray spectrum of the element. 

It will be noticed that the spectra gradually pass into one another, 
and if a certain spectrum were wanting, it would be possible to 
predict its nature by fitting it in between the one above and the one 
below it. The numbers on the left are referred to as the atomic 
numbers of the elements. In order to make the results for cobalt 
and nickel fit in with the rest it was found necessary to invert the 
order of the atomic weights; cobalt is 27 and nickel 28, while the 
atomic weights are 59*0 and 58*7 respectively. It was also necessary 
to invert the order of potassium and argon. In both cases it has 
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In the 6cale on this page the 
different kinds of rays known 
to us are arranged logarithmic¬ 
ally against their wave-lengths 
measured in centimetres. It 
will be seen that the range of 
the latter has grown enor¬ 
mously. 

Hertzian waves can be pro¬ 
duced up to wave-lengths of 
hundreds of miles' Broadcasting 
takes place on from 2000 to 170 
metres, short wave broadcasting 
down to 13 metres: 3 metres is 
“ ultra-short.” The wave¬ 
lengths used in television are 
about 7 metres. 

In radiology the range of 
wave-lengths utilised ranges 
from 0’3 A.U. (very soft) to 0 06 
A. U. (very hard). 
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been found that the chemical properties agree better with the spectro^ 

alsonece^M^to assun^'that^ertafn^lemente^ad^otb^en discovered^ 

for example" those with numbers 43 and 75. Uramum has the h.ghest 

of all atomic numbers, namely 92. 

Moseley found that the wave numbers of the K a lines are given by 


v -( 1 -^) R(N-a) * 

where R is the Rydberg constant. N is the atomic number, and a is a 
constant. 

Cosmic Rays. In 1903 McLennan and Burton showed that there 
must exist in the atmosphere a radiation capable of passing through 
30 feet of water. The nature of this radiation has been in recent years 
an important field of investigation. It is agreed that it comes from 
outer space, but it is not clear whether it consists of waves or particles 
Calculations made from the energy of the rays give them a wave-length 
considerably shorter than y rays. 

X-Rays and the Extreme Ultra-Violet. It has already been stated 
that the gelatine of the photographic plate absorbs strongly at 2200 
A U and that quarts does not transmit below 1850 A.U. Schumann, 
who first explored the region below 1850 and who used fluorite as 
the material of his prism and lenses, found that the air of the atmosphere 
absorbed the rays and that it was necessary to build a vacuum 
spectrograph from which the air was excluded. A layer of air 1 mm. 
thick at 76 cms. pressure absorbs entirely all the rays below 1700 A.U. 
By means of photographic plates containing silver bromide with 
just a trace of gelatin * Schumann found that of all the substances 
examined the spectrum of hydrogen extended furthest, reaching to 
about 1250 A.U. It was impossible to go further than this with a 
prism and lenses owing to the absorption of fluorite. 

In the Rowland concave grating, however, the spectrum is focussed 
sharply without the use of lenses. Lyman adapted this principle for 
use in the extreme ultra-violet, made a vacuum grating spectrograph, 
and by 1913 had reached 900 A.U., the short wave limit of the hydrogen 
series now known as the Lyman series. By 1916 he reached 600 A.U. 
By using specially ruled gratings, very high tension sparks, and very 
high vacua Millikan extended the limit to 136-6 A.U. 

By carrying the same methods further Siegbahn got the spark 
spectrum and the X-ray spectrum on the same wave-length. Thus the 
gap between the ultra-violet and the X-ray region is now completely 
bridged. 

It has also been found that X-rays incident on a surface are totally 


* It is dow usual for this region to use ordinary plates bathed in fluorescent oil. 
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reflected when the incidence is very oblique, that is, when the glancing 
angle is less than 30' or so, and by taking advantage of this property 
X-ray spectra have been obtained with an ordinary optical grating. 
Plate VI gives a photograph of the A1 K radiation spectrum taken in 
this way by E. Backlin in Upsala. Only one line appears, the K a 
line, but it is shown in five different orders. Its wave-length was 
found from the photograph to be 8-333 A.U. The dark region covers 
the “ white light image ” given by the path difference zero, and the 
image on the left is obtained when the grating is turned out of the 
path of the rays. 

Photo-Electricity. Photo-electricity deals with electrical changes 
produced in matter by the action of light on it. They may be pro¬ 
duced either on the surface, as in the case of metals, or throughout the 
volume, as in the case of liquids or gases. The light can either be 
infra-red, visible, ultra-violet, X- or y- rays. The effect was discovered 
by Hertz in 1887 ; he was working with a sparkgap, and found that, if 
the distance between the electrodes was made just sufficient to prevent 
the discharge, illumination by ultra-violet light from another spark 
caused the passage of sparks. It was the action of the light on the 
negative electrode alone which caused the discharge. , Lenard 
and J. J. Thomson discovered independently in 1898 that the action 
was due to the expulsion of negative electrons from the electrode 
caused by the absorption of light, or, in other words, to slow cathode 
rays leaving its surface. 

The nature of the effect will best be understood from the description 
of a particular experiment. Let us suppose that light falls upon 

an aluminium disc A of about 3 cm. diameter, 
situated in vacuo, and that the plate B is placed 
in front of it to receive the electrons (Fig. 265). 
If the plate B is at a lower potential than A, the 
electrons will be repelled by B: if it is at a higher 
potential than A, they will be attracted by B. Let 
us suppose that A and B are insulated, and that the 
currents from A and to B are measured for different 
potential differences. Then the results may be 
represented by the diagram opposite. 

There are five stages : 

Fio. 265. I. No current leaves A. The retarding potential 

is too great. 

II. Some current leaves A but none arrives at B. The field destroys 
the component of velocity in the direction of B, so the electrons escape 

to the sides. , ,, • * 

III. Some of the electrons get across, but others diffuse to the sides. 

IV. All the electrons that leave A get across to B. Some of the 
electrons produced by the light, however, do not leave A. 
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V The accelerating potential ia now so great that once an electron is 
freed it is carried across to B. The photo-electric current has reached 
a constant value, beyond which it does not increase, so long as the 

intensity of the light is kept constant. _ „ 

The point P on the scale of volts is particularly important Neg 
lecting the contact difference of potential between A and B it gives 
the potential difference which just prevents the fastest moving 
electrons from reaching the other plate. Let us denote this by V and 
the velocity with which the electron leaves the surface by t>. 1 hen 

kmv 2 = Ve. 


When V is known, t> can be calculated. Hence the practice has 
sprung up of expressing t> in volts. For example, if V is 1 volt or 10« 



quite indefensible, but nevertheless useful. 

Experiments have shown that while the number of electrons 
emitted per second is proportional to the intensity of the incident 
light, v is quite independent of it. This result was first obtained 
by Lenard. It has also been found that v 2 varies with the frequency 
of the incident radiation according to the law 


\mxP = h(v-VQ). 

v 0t the'limiting frequency, varies with the substance employed, but h 
has exactly the same value for all substances. 

The most accurate proof of this law is due to Millikan. He worked 
with the alkali metals, for which the effect begins in the visible 
spectrum and his observations extend into the ultra-violet. The 
experiments were made in a very perfect vacuum, and in order to 
obtain a clean surface, the surfaces were scraped in the vacuum itself 
by a cutter worked by an electromagnet outside. The law was found 
to hold perfectly, the value of k being 6*55 x 10~ 27 erg sec. 

Since hu 0 has the dimensions of energy, and varies from substance 
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to substance, the natural interpretation of the law is to assume, that 
each electron liberated by the light starts off with kinetic energy kv, 
and that Jivq is the work done by the electron in escaping from the 
surface. 

We shall now proceed to describe three different applications of 
photo-electricity to the measurement of light, the vacuum photo-cell, 
the rectifier cell, and the selenium cell. 

Vacuum Photo-Cell. The type described is the Osram cell (Fig. 267). 
The cathode plate measures about 4 x cm. 2 The anode is a gauze 
cylinder. They are enclosed in a vacuum bulb the overall length of 
which is about 15 cm., and which is provided with an internal guard 
ring close to the point at which the cathode lead enters. The light 
falls on the plate through the holes in the gauze. 

Fig. 268 shows the way the cell is used to measure weak lights. D 
is a Dolezalek electrometer two quadrants of which are earthed. By 



Anode lead I 


Fio. 267. 



Fio. 268. 


means of a battery the anode A is maintained at a high potential, 
perhaps 90 volts. The cathode K is connected to the other pair of 
quadrants. As the electrons leave the cathode, it and the electrometer 
acquire a positive charge, and the image moves across the scale. The 
cathode is then earthed by a key not shown in the diagram and is 
ready to acquire a fresh charge. If the current is large enough 
the electrometer is replaced by a galvanometer. 

As material for the cathode a potassium surface sensitised with 
hydrogen is used, or a molecular layer, i.e. a layer one or two molecules 
thick, of potassium or caesium. The action is selective, each material 
being sensitive to a different region of the spectrum ; if the source of 
light is the ordinary gas-filled lamp, the sensitivity varies from 0-2 to 
70 microamperes per lumen (cf. p. 371) incident on the plate, according 
to the material used. The guard ring is earthed; its function is to 
prevent a leak from the anode lead to the cathode lead along the 
surface of the glass. The sensitivity of the cell can be greatly increased 
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and Slse the current. But gas-filled cells are not so suitable as 
vacuum cells for accurate work. 

Rectifier Cell. The rectifier cell, which was put on the market m 
1935, consists of a disc of copper or other metal on the surface of 
which a thin layer of cuprous oxide or selemum oxide is formed Un 
the surface of this layer a thin semi-transparent layer of metal is 
deposited. The photo-electrons are produced at the surface of the 
copper, the light entering through the metal layer; they travel against 
the light. The metal disc and semi-transparent layer are each 
connected to a terminal, and these terminals are connected to a 
galvanometer. The current is proportional to the quantity of light 
incident on the cell. No accelerating potential is required, and the 
arrangement is as easy to use as a thermopile and has the advantage of 
much greater sensitivity. 

The Weston photronic cell, a rectifier cell in very wide use at present, 
when exposed to a white light is about 250 times as sensitive with a 
galvanometer of 150 ohms resistance as the Rubens thermopile at 
present on the market in England. It is also more sensitive than a good 
gas-filled cell, when the latter is used with a galvanometer. It is 
selective in its action, being sensitive to a somewhat wider range of 
wave-lengths than the human eye, the maximum of sensitivity being in 
the yellow. The sensitivity to white light is 120 /zA per lumen incident 
on its surface or 1-4 /zA per foot-candle. The rectifier cell is at present 
in use both as an illumination photometer and as an exposure meter in 
photography, the scale of the current^measuring instrument being 
graduated in the one case in foot-candles and in the other case in 
fractions of a second. 

Such cells are called rectifiers, because the combination copper, 
cuprous oxide, with a lead plate pressed down on it, was used at first 
as a rectifier, that is an arrangement that will pass current only 
the one way, and it may be verified by test, that the “ dark ” resistance 
of the photronic cell is much greater the one way than the other. 


Selenium Cell. Metallic selenium conducts electricity, and has 
the remarkable property that its conductivity is increased when light 
falls on it; the conductivity of a thin layer of selenium when exposed 
to diffuse daylight is about twice as great as when it is in the dark. 
The selenium cell is an arrangement for measuring the intensity of light 
by the change in conductivity of a layer of selenium. One of the best 
known modern cells is that made by Fournier d’Albe in 1911. It 
consists of a tablet of porcelain, which is covered with graphite, and 
then engraved in fine grooves from side to side. The whole is finally 
coated with molten selenium. 

If an ordinary telephone receiver is connected in series with a 
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selenium cell and a battery, a current will pass through the telephone. 
No sound will be heard in the telephone as long as the current is 
steady, but if light falls upon the cell its conductivity alters, and the 
current increases ; this makes a sound in the telephone. Thus the 
observer hears the light falling upon the selenium plate. If flashes of 
light are thrown upon the cell at a uniform rate, for example at 256 per 
second, a musical note is heard. 

The selenium in the various commercial cells is apparently made up 
of varying crystal structure, and is sensitive over the range 15,000 to 

1800 A. When this variation 
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in structure is eliminated, the 
response is found to be very 
selective. Fig. 269 shows 
results obtained by L. P. Sieg 
and F. C. Brown for an 
acicular hexagonal crystal. 
The horizontal scale gives 
wave-lengths measured in 
10 ~ 4 cms., so it starts at the 
violet end of the spectrum 
and goes a little way into the 
infra-red. The vertical scale 
represents the change of the 
electrical resistance produced 
by the illumination. The 
intensity of illumination as 
measured by a thermopile 
was the same throughout the 
spectrum. The conductivity 
of the crystal varied con¬ 


siderably with the pressure on it, so readings were taken for a high 
and low pressure, also for a low intensity of the incident light. 

When used to map a spectrum the selenium cell is connected to 
a high resistance galvanometer. For sensitiveness it is unequalled, 
outrivalling the eye both in contrast sensibility and threshold intensity. 
The initial rate of change is proportional to the intensity of illumina¬ 
tion, while the final change of conductivity is proportional to the 


square root of the intensity of illumination. The selenium cell is not, 
however, as reliable as the vacuum photo-cell. 


EXAMPLES 

(1) Tho wave-length of X-rays is 3 A. Calculate the minimum energy with 
which the electron must hit the anti-oathode in order to produce them, (i) in ergs, 
(ii) in electron-volts. (h = 6-55 x 10“ 17 erg sec. ; t— 1-59 x 10” 1 ® coulomb.) 

(2) An X-ray tube uses 20 milliampercs at 100,000 volts. Calculate the energy 
of the rays falling per sq. cm. per sec. at a distance of 50 cms. from the anti-cathode, 
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on the assumption that $ per cent, of the energy goes into X-rays and that the 

latter are emitted uniformlyever t:be hemisph.enu find the 

(3 ) Given that the wavejengb.of the Ka, tajof w ^ ^ ^. 

smaUest glancing angle at which ^ Fjnd als0 tho distance between 

Which will reflect the first order spectrum of the 

same line at a glancing angle of 8 connected to a Dolezalek electro- 

wave l^gth of maximum sensitivity is 435 m* calculate approximately in ergs 
‘'"^rThe'^ffidency^o^a^caesiunT'^acuum 1 photo-cell is 70 /iA per lumen (cf. 

ifessss 

Tho area of the cathode is 9 cm 2 . 



CHAPTER XVIIT 


QUANTUM THEORY 

Classical Theory. It is now necessary to consider the emission of 
light. When the wave theory of light was established in the early 
years of last century, it was natural to think of light waves as 
analogous to sound. Now the vibrating prong of a tuning fork pro¬ 
duces a wave in air and the details of the process can be followed out 
mathematically ; hence it was considered that the light wave must be 
produced by a vibrating particle in the atom. Since the wave was 
transverse, the medium in which it travelled, the ether, must be 
similar to an elastic solid. This was the view of Fresnel, and on it 
as a basis he was able to explain reflection, refraction, and crystal 
optics in a very satisfactory manner. There were difficulties, of course, 
concerned with the exact nature of the ether and its very contra¬ 
dictory properties ; it was rigid enough to transmit waves, and at the 
same time it opposed no resistance to the passage of the planets 
through space. But no one thought of questioning the statement that 
the source was a vibrating particle. It accorded very well, for 
example, with the explanation of the Doppler effect. 

In 1887-68 Hertz showed that Maxwell’s electromagnetic theory was 
true. According to Maxwell light is an electromagnetic wave. This 
theory is dealt with in Chapter XXII; here we shall only state that 
it replaced the oscillations of particles throughout the ether by a 
harmonic variation in an electric field strength and a magnetic field 
strength. At the same time the source of the wave became a quantity 
of electricity which surged backwards and forwards, something like 
the charge of a Hertzian oscillator (cf. p. 435), but very much smaller. 
When the electron was discovered at the end of the century, it was 
natural to assume that this charge was the electron, an assumption that 
received a striking confirmation in the explanation of the “ normal ” 
Zeeman effect. At the same time it was found that the dispersion of 
light by transparent bodies could be explained, if there were a great 
number of electrons in the body oscillating like pendulums about 
positions of equilibrium under the influence of the light wave, and the 
absorption of light in metals could be explained by assuming that the 
electrons were free to move about the metal against a frictional 
resistance. 

But the hypothesis of the oscillating electron had its limits. It 
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lated from other sources. FinaUy it was impossible to bring; it into 
relation with the quantum. So although m many instances the 
source or absorber of radiation simulates an osciUating electron 
and we make use of the resemblance, the conviction is now 
universal that the resemblance is superficial, and that processes m 
Xch the ether is concerned foUow laws quite different from those 
dealing with the emission of waves in matter. 

The Quantum. The quantum is a small quantity of energy which 
was discovered by Planck in the first year of the century in denvmg his 
formula for the radiation of black bodies (cf. Chap. XXV), and which 
has been of the greatest importance for atomic physics. It is specified 
by the formula hv, where v is the frequency of the radiation concerned 
and h is a constant known as Planck’s constant and equal to 6-m x 10 
ere see. It thus increases from the red to the violet end of the 
spectrum, one particular value being associated with every wave¬ 
length ; the following table gives its value both in ergs and in electron- 
volts for three particular wave-lengths : 


• Radiation 

Wave-length 

Quantum 

Ends of Visible . • 

8000 A. 

2-45 x lO -1 * erg 

1-53 electron-volta. 

Snoot rum . • • 

4000 A. 

4*91 x \0~ lt „ 

307 ,, 

X-ray Region 

i A. 

l-96xl0-« M 

12300 


The electron-volt is the work required to raise an electron through 
a potential difference of 1 volt; it is equal to 1 -CxlO-* 2 erg. 
According to the kinetic theory of gases the average kinetic energy 
of a molecule at 15° C. is only 5-8 x 10-“ erg, so the quantum is 
relatively a large quantity. 

The properties of the quantum can be learned best from photo¬ 
electricity and the production of X-rays. It was stated on p. 328, 
that the most natural interpretation of the facts of photo-electricity is, 
that each electron released by the light starts off with kinetic energy 
hv, i.e. the quantum appropriate to the radiation in question. The 
electrons start off immediately the radiation falls on the surface. 
The intensity of the radiation can be measured and the time required 
for an oscillating electron to absorb one quantum calculated. The 
calculation leads to quite impossible results. So according to 
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classical electromagnetic theory the electron emitted cannot acquire 
its energy from the incident radiation. 

It has been mentioned that X-rays are produced by the impact of 
rapidly moving electrons on a metal antikathode, and the greater the 
kinetic energy of the electrons, the harder, i.e. the greater the frequency, 
of the radiation produced. If the beam of X-rays is analysed into its 
constituent wave-lengths, there is always a continuous range with a 
sharp limit on the short wave-length side. If v is the frequency 
corresponding to this limit, and V the potential difference through 
which the beam of electrons falls, 

V e=hv. 

Now Ve is the kinetic energy with which the electron falls on the 
target, and it is equal to the quantum corresponding to the frequency 
in question. It is natural to assume that the equation holds not 
only for the limiting radiation but for all the frequencies, and that 
the smaller frequencies are due to the electron being slowed before the 
final impact. 

Thus when radiation of frequency v is transformed into the kinetic 
energy of an electron in the photo-cell, or when the kinetic energy of 
an electron is transformed into radiation of frequency v in an X-ray 
bulb, the exchange takes place in elements of amount hv. The result 
is a very striking one, and it caused Einstein to put forward the view 
in 1905, that radiation of frequency v consisted of units or corpuscles 
of energy of amount hv, and that these corpuscles were shot off from 
the source in all directions. When the unit was incident at one 
particular point on the photo-cell it released one electron at that 
point with the same quantity of energy. Thus the spreading front of 
the wave-theory was abandoned. The units have been termed light 
corpuscles, light quanta, light darts, and photons. 

We shall postpone consideration of Einstein’s hypothesis for the 
present and merely emphasise the fact that classical theory can give 
no reason why a quantity of energy hv should be associated with 
radiation of frequency v. 

The Rutherford Atom. It has for long been beyond doubt that 
the atom is a complicated configuration of electric charges. As a 
result of his work with alpha particles Rutherford came to the con¬ 
clusion, that the entire mass of the atom, with the exception of the 
negligible mass of the outer electrons, is concentrated in the positively 
charged nucleus, the diameter of which, 10“ 12 cm., is small compared 
with the radius of the atom given by kinetic theory, 10 -8 cm. The 
nucleus is surrounded by a shell of electrons which occupy a space 
equal to the volume of the atom. If the atom is electrically neutral, 
the number of electrons outside the nucleus is equal to the number of 
positive charges on the nucleus, and this number is identical with the 
atomic number which gives the place of the element in the periodio 
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classification. An atom which has lost an electron is a positive ion 
and one which has gained an electron is a negative eQ 

fjsssssr -—- 

, the electrons are able to move freely between the atoms. 

Bohr’s Theory of the Hydrogen Spectrum. By combining Planck’s 
quantum with the Rutherford atom Niels Bohr was able to 
explanation of the hydrogen spectrum which has proved the staring 
point of a great experimental and theoretical development The 
hydrogen atom consisted of a single electron and a nucleus with one 
nositive charge called a proton. Bohr supposed that the electron was 
circling round the proton, and that the centrifugal force was balanced 
by the electrostatic attraction. 

Let the velocity of the electron be v, the radius of the orbit be 
r let us suppose that the nucleus is relatively so heavy that its 
motion can be disregarded and assume for the ^ of generahty 
that the nucleus contains N charges instead of one. Then, putting the 
assumption in mathematical form, 

mv 2 Ne 2 
r r 2 

Bohr made the assumption, his second postulate, that the angular 
momentum of the electron, mvr , could not vary continuously. It 
could only have one of an infinite scries of definite values given by 

nh 

where n is an integer and h is Planck’s constant. 

If we eliminate v from the two equations, we obtain 

nVi 2 


r= 


47r 2 mNe 2 ' 


This gives the radii of all the orbits compatible with Bohr’s postulate, 
the stationary orbits as they are called. The potential energy of 
the electron is a maximum when it is at an infinite distance from the 
nucleus. Denote this maximum value by W 0 . Then the potential 
energy at a distance r is given by 

r 


The 


kinetic energy at this distance is 

i 9 Ne2 
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Hence the total energy is 



Hf 

r 



2nhntPe* 
* n 2 h 2 


on substituting the value for r. This orbit is characterised by the 
integer n, so we denote the energy in it by W„. 

Bohr made the fundamental assumption, that the system emits or 
absorbs radiation only when it changes from one stationary state to 
another, and that the frequency of the radiation emitted or absorbed 
is given by the equation 

w n -w ni 

where n and n x are the integers characterising the two states. If 
we substitute for W„ and W , this gives 

W„-W n 

V h 

_2ir*mNV/l 1\ 
h* Ui 2 nV* 


For hydrogen N = l. The expression is of the same form as the 
formula for the series spectrum of hydrogen. But the agreement is 
more than formal. v=cv\ where c is the velocity of light, so the- 
Rydberg constant R comes out as 

2 ir 2 met 
h*c ' 

On substituting for m, e , h and c this agrees with the value of the 
latter to per cent., which is as good as could be expected from 
the accuracy with which these quantities are known. 


Ionised Helium. The helium atom consists of a nucleus with a 
positive charge 2c round which circle two electrons. If the atom is 
ionised, it loses one electron. The spectrum of ionised helium should 
therefore be given by the foregoing reasoning, if N is made = 2, i.e. it 
should be represented by 



Now a series given by 



has been found by A. Fowler in a mixture of helium and hydrogen in a 
Geissler tube, and a series given by 
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So the 


has been found by Pickering in the spectra of many stars. 

‘‘r ionised, on* on. electron i, 

left which presumably circles about the nucleus in the same way 
as the hydrogen electron does. According to the preceding reasoning 
its spectrum should be represented by 

Two lines corresponding to this formula have been observed. 

The Motion of the Nucleus. In calculating the centrifugal force 
on the electron we assumed that the nucleus was at rest. I his is 
approximately true, since its mass is much greater than the mass of 
the electron. In order to obtain a more accurate formula let M and V 
be the mass and velocity of the nucleus, and let m and v as before 
be the mass and velocity of the electron. Both electron and nucleus 
are then circling round their common centroid, keeping at the ends of a 
straight line which passes through the centroid. Let r as before denote 
the distance of the electron from the nucleus, let r } be its distance from 
the centroid and let r 2 be the distance of the nucleus from the centroid. 
Then mr l = Mr 2t r = r l + r 2 , and on balancing the centrifugal force 
against the attraction 

mv 2_Ne2 

r\ ~ r 2 

which gives 

mu 2 /, m\ Ne 2 
The quantum condition is now 


.... 

mvr. + M Vr 2 = mvr = —, 

Z7T 


whence on eliminating v 


»*A* 


4n~mNe 2 

The potential energy of the system is 

W Ne2 

■ I co • 




The kinetic energy is 


\mv 2 + £MV 2 . 
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Since mv=MV, this becomes 
and the total energy is 



= Woo 


Ne 2 
2 r 


27r 2 mN 2 e 4 


On proceeding as before this gives for the Rydberg constant 

P 2nhne i _ R® 

if we denote the value of R for M = co by R«x>. The mass of the helium 
nucleus is 4/1*008 or 3*97 times that of the hydrogen nucleus, so R 
for helium should be greater than R for hydrogen. Accurate measure¬ 
ments of the wave-lengths show that it has exactly the value required 
by the formula. 

Heavy Hydrogen. It has been known for some years, that a large 
number of elements have two or more different kinds of atom. The 
nucleus of each kind has the same positive charge and in each there is 
the same number of extra-nuclear electrons. Thus the atomic number 
of each is the same. But the mass of the nucleus is different. Thus 
chlorine whose chemical atomic weight is 35*46 is a mixture of two 
kinds of chlorine, one of atomic weight 35 and the other of atomic 
weight 37. Substances like this with the same atomic number but 
different atomic weights are said to be isotopes ; thus chlorine has two 
isotopes. 

In 1932 Urey, Brickweddie, and Murphy made the sensational 
discovery at Princeton, that there is an isotope of hydrogen of atomic 
weight 2 mixed with ordinary hydrogen. This isotope has been named 
deuterium and the proportion of it present is very small, which is the 
reason why it waited so long for discovery. 

The wave-length of the H a line, the first line of the Balmer series, is 
given according to Bohr’s formula by 

1_ Roq /I 1\ 

A , m\2 2 3 2 / 

M 

where m/M = 1/1845, and has the value 6563 A. For deuterium tn/M 



QUANTUM THEOKY 339 

ha b its value halved. Hence the wave-length is diminished ^calcula¬ 
tion shows that the line should be displaced towards the blue by 179 A. 
It is found to be displaced this amount in accordance with theory. 

Energy Diagram. The empirical formula for the representation of 
the hydrogen spectrum was 

which may be rewritten 

Av=AcR(i- 2 -i). 

Bohr made the assumption 

A„=W n -W ni 

where W„ and W n are the energies of the electron in the two states. 
It is natural, therefore, to identify the terms of the formula for spectro¬ 
scopic series when multiplied by he with quantities of energy. Hence, 
if we consider Fig. 248, the vertical lines represent quantities of energy. 
When the electron is on the R/l 2 level its energy is a minimum ; by the 
absorption of suitable quantities of radiation it can be lifted up to 
any higher level. If it falls back, it emits the same radiation. If it is 
lifted to the level AB it escapes from the atom and the latter is iomsed. 
The work done in ionisation is consequently given by 
AcR = 6*55 x lO- 2 * x 3 x 10“> x 109,677-7 

= 2-156 x 10- 13 erg= 13-48 electron-volts, 

which agrees with the experimental value. 

The orbits in the case of other elements are more complicated than 
for hydrogen. Sommerfeld was prominent in working them out, and 
it was found that three constants or quantum numbers were necessary 
to specify each. Originally the orbits were regarded as existing in 
real space, but they are now considered to be only a pictorial way of 
characterising the energy levels, which have a real physical existence. 

The Spinning Electron. The electron describing an orbit of radius 
r with velocity v in Bohr’s model of the hydrogen atom is equivalent 
to an electric current of strength ev/{2nr), since v/(2nr) is the number 
of times per second it passes a point in the orbit. This current is 
equivalent to a magnetic shell of moment 


ev o evr 

- - X ITT 1 = — • 

2ttt 2 


But by the second postulate 
Hence the moment is 


nh 

mvr=- 


1 e nh 

2 m 2tt 
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It can increase only in steps of amount 

1 e^h 

2 m 2rr’ 

and an elementary magnetic moment of this magnitude is referred to as 
the Bohr magneton. 

The explanation of spectra has been much facilitated by the assump¬ 
tion due to Goudsmit and Uhlenbeck that the electron itself possesses a 
magnetic moment equal to one Bohr magneton and a mechanical 
angular momentum equal to 

1 h 

2 2tt* 

Thus the electron can be regarded as spinning about an axis and 
equivalent to a little magnet, and h receives a physical interpretation. 

Collision Processes. According to Bohr’s first postulate, then, 
an atom can exist only in a definite number of states, each of which 
is characterised by a particular amount of energy, the normal state 
being that of least energy. If an electron hits an atom, the energy 
lost by the electron is equal to the energy gained by the atom. The 
states of higher energy are of extremely short duration, so when an 
electron hits an atom, the latter is almost invariably in its state 
of least energy. If the velocity of the electron is small, the impact is 
wholly elastic, and owing to the mass of the atom being much greater 
than the mass of the electron the fraction of the kinetic energy of the 
electron transferred to the atom is extremely small. 

If the kinetic energy of the electron is equal to or greater than 
the energy necessary to raise the atom from its normal state to the 
state immediately above it, this change may take place. The impact 
is then no longer elastic, and in returning to the normal state the 
atom emits radiation according to the equation 

hv= Wj-Wq. 

Let us suppose that the kinetic energy of the electron is just sufficient 
to bring about this change, and that it is measured by the potential 
V necessary to produce it. Ve=imt> 2 . V is in this case called a 
resonance potential, and the radiation emitted a resonance line. 

If the energy of the impact is sufficient to raise the atom to the 
state of energy W m , it may return to the normal state directly, emitting 
light according to the equation 

ftr=W H -W 0 

or it may fall in succession from level to level, each fall causing an 
emission of light according to the equation 

hv= W m -W„. 

The potential which accelerates the electron is in this case referred 
to as an excitation potential. 
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Jf the energy of the impact ia sufficient to expel the most loosely 
bound electron from the atom, the potential necessary to give the 
electron its velocity is called the ionisation potential of the atom. 

On further exciting the atom after the fii°t electron is gone, a 
second electron is raised to higher levels. When it falls back the 
spectrum of the ionised atom is emitted. The latter is referred to as 
the first spark spectrum, since the conditions for its production are 
better realised in the spark than in the arc, which gives principally the 
lines of the neutral atom. In the same way, after the second electron 
is removed, the second spark spectrum is produced. 

Atoms can be excited to radiation by the impact of ions m the same 
way as by the impact of electrons. In this case the theory of the 
impact is not so simple, because, owing to the mass of the ion being 
so much greater than the mass of an electron, the atom is set into 
motion. Much greater potentials are necessary to give the ions the 
requisite acceleration, and the results are not so definite as m the 
former case. But there is no doubt that energy is interchanged 
between ions and atoms according to the same laws in this case also. 
Light can also be excited by the impact of neutral atoms or molecules, 
for example, by the application of heat to a gas. 

Thus in place of the somewhat vague terms thermal radiation and 
luminescence of twenty-five years ago we have now a definite mental 
picture of the emission of light. 


An important application of the new views has been made by 
M. N. Saha, who has shown that the spectra of the reversing layers of 
stars correspond to different degrees of ionic dissociation, and has thus 
obtained important information about the temperature and pressure of 
these layers. 


Example of Excitation Potentials. The upper figure on Plate VIII 
represents two mercury spectra and two helium spectra produced by 
bombarding the gas with a stream of electrons. They are from a paper 
by G. Hertz. The figures on the right give the accelerating potentials 
in volts to which the electrons were subjected, and the figures in 
brackets after the wave-length of each line the potential in volts 
theoretically necessary to produce the line. It will be noticed that in 
the case of mercury all the lines brought out by 8-7 volts required 
potentials of less than 8 volts, and that tliis potential failed to bring 
out lines of 8-8 and 9*2 volts. Similarly in the case of helium 23-b 
volts failed to bring out lines of 23-9, 24-0, and 23*7 volts, all of which 
were produced by 24-4 volts. None of the lines indicated is a resonance 
line, so the photographs are a direct verification of Bohr’s W m - W n 
assumption. 

Fig. 270 shows diagrammatically the arrangement used. F is a hot 
filament, G a grid, and A an anode which is connected with the grid. 
The electrons emitted by the filament are accelerated by the potential 
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od the grid, and pass into the space between grid and anode in which 
there is no electric field. It is in this space that 
the gas atoms are situated. The distance from 
filament to grid is so small that at the pressure 
employed there are few impacts in it; hence the 
electrons pass the grid with the full velocity due 
to the potential on the latter. This potential is 
gradually increased, and at the same time the 
light emitted by the gas is examined spectro¬ 
scopically. 


G 


Fia. 270. 


Absorption ot Light. Optical Resonance. As has already been 
mentioned, when white light is passed through sodium vapour, and is 
then resolved by a spectroscope, the spectrum is crossed by dark lines 
corresponding to the D lines, and this was formerly explained by 
analogy with resonance in acoustics. But in the case of the hydrogen 
vacuum tube the analogy breaks down, for the latter does not absorb 
the Balmer fines, although it emits them. The difference is due to the 
fact that the D fines are emitted when the atom reverts to the normal 
state, whereas, when the Balmer fines are emitted, the atom is reverting 
to its second lowest state. This was verified by Ladenburg, who 
found that the H c fine was absorbed on passing white fight through a 
long tube containing hydrogen, which was glowing faintly from a weak 
discharge. 

The fight absorbed by a gas may reappear as fight of the same 
wave-length radiated in all directions. This phenomenon is known as 
optical resonance, and the classical experiment on the subject was 
made by R. W. Wood in 1912 on the mercury fine 2536 A. A beam 
of fight from a mercury lamp was directed on to an evacuated quartz 
tube containing a drop of mercury. If resonance took place, the 
beam traversing the tube should have been visible from the side as 
a bright band. At first the effect was not visible. This was due to 
the fight from the lamp being not sufficiently homogeneous; when 
the pressure of the vapour in the lamp was reduced, the effect took 
place. 


Fluorescence. The explanation of fluorescence on Bohr’s theory 
is very simple. If, when the atom is raised to a higher state by the 
absorption of fight, it returns to the normal state by stages, emitting 
fight in the process, fluorescence takes place ; owing to the nature of the 
process the emitted frequencies must be smaller than the absorbed 
frequency, and hence Stokes’s law is obeyed. 

An interesting case of fluorescence is the excitation of the Na fines 
5890 and 5896 A by radiation of the Na wave-length 3303 A as 
described by Rayleigh (son). Here the atom takes the level 5890 or 
5896 as an intermediate stage on its passage to the normal state. 




Plate VIII 



Mercury 


volts 


8'7 volts 


-r 

>o 


» »r* 

*o r» *r 

« co 

~r -r -r 



The production of spectra by electronic bombardment. Photographs by G. Hertz. 
Opposite each line is given its excitation potential, and on the right is the 
accelerating potential to which the electrons were subjected. 



Incident Spectrum. 



Benzene Scattering. 

RAMAN EFFECT. 


(Proc. Roy. See. A. VoL 122) 
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Raman Effect. In 1928 C. V. Raman discovered at Calcutta that 

when monocliromatic light is scattered in a transparent medium, be it 
eas vapour, liquid, amorphous solid or crystal, the diffused radiation 
ceases to be monochromatic, and several new lines or sometimes bands, 
associated in many cases with a continuous spectrum, appear in the 
spectra of the diffused radiation. Further, the new radiations are in 
general strongly polarised. They are much fainter than ordinary 
fluorescence. They also differ from fluorescence in being emitted by 
transparent bodies. To produce fluorescence or optical resonance the 
incident light must fall upon an absorption band. 

In investigating the effect the light of a 3000 candle-power mercury 
arc was concentrated by an 8-inch condenser on dust-free liquid in a 
bulb of 500 to 600 c.c. capacity. All the lines of the incident spectrum 
except 4358-3 were cut out by a filter. The scattered light fell on the 
slit of a spectrograph, and exposures of 25 or 40 hours were necessary. 

The photographs on Plate VIII show the nature of the results. The 
upper one shows part of the incident mercury spectrum, the very bright 
line being A = 4358-3 A. The lower one gives the corresponding part of 
the spectrum of the light scattered by benzene ; five new lines will be 
noticed to the right of the bright one. The brightest of the five is 
A = 4555-1 A. The wave number of this line is 21947 cm.- 1 and the 
wave number of the exciting line 22938 cm.- 1 . The difference of 
these numbers or shift produced is 991 cm.- 1 . Raman considers that 
this shift must coincide with a frequency in the infra-red. Now 991 
cms. corresponds to a wave-length of 10-09/x, and a line with this 
wave-length has been observed in the infra-red spectrum of benzene. 


Light Quanta. As has already been mentioned, in order to explain 
the phenomena of photo-electricity Einstein put forward the view, 
that light of frequency v consists of quanta of energy of magnitude h> 
and that these are radiated out from the source in all directions. When 
a quantum struck an electron in the cathode of the photo-cell, that 
electron was released with kinetic energy equal to hv. This was not a 
reversion to the corpuscular theory of Newton ; Newton’s corpuscles 
were particles of matter, whereas Einstein’s quanta do not possess 
mass in the ordinary sense of the word. The difficulty of Einstein’s 
theory is to explain interference. He said, “ I think of the quantum 
as a singularity surrounded by a vector field which differs little 
from the field of the ordinary theory.” But the general feeling has 
been that a quantum could only interfere with itself, and that if the 
quantum was to be wide enough to reach the two mirrors of Michelson’s 
stellar interferometer and narrow enough to concentrate on a single 
electron, it was being assigned rather contradictorj properties. 
Also, after it began to be criticised, the theory of the uniformly 
spreading wave was extended to take in the whole region of X-ray 
spectroscopy. So attempts to supplant it or to spatially localise 
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quanta at certain points in the wave-front have been dropped. At the 
same time it is admitted that there is no satisfactory way of explaining 
the emission of photo-electrons on classical lines. If their energy is to 
be acquired from the wave-front, quite impossible times of accumulation 
are required. Attempts have been made to get round the difficulty 
by assuming that the light wave exerts merely a trigger action, but on 
this explanation the frequency of the emitted electron should depend 
on the atom and not on the light, and a large number of different 
atoms would be required. So the explanation has received little 
support. 

Compton Effect. The difficulties have been crystallised in con¬ 
nection with an effect discovered by A. H. Compton in 1923. 

It has already been mentioned that if monochromatic X-radiation is 
allowed to fall on a scattering substance such as a block of paraffin, 
radiation is scattered in all directions. If the radiation scattered 
to the side is examined with a spectroscope, the original line is found 
to have a companion on its long wave side, the separation between the 
two depending on the angle between the primary ray and the direction 
of scattering. This is the Compton effect. The frequency v of the 
secondary line can be calculated if we regard the process as due to 
the collision of a photon ” with a free electron. The mass of the 
incident photon (cf. p. 503) is taken as hv/c 2 and its momentum as 
hv/c. The energy equation 

hv=hv' + Jmv 2 

and two component momentum equations are written down exactly as 
if we were dealing with the impact of particles, and the correct value 
for v comes out—in spite of the remarkable assumptions made. 

Theory of Compton Effect. The two component momentum equations 
are, from Fig. 271, 

hv hv' , - 

— — — cos d> + mv cos o, 
c c 

~ hv . . . * 

U = — sin 0 - mu sin o. 
c r 

If we eliminate 8, we obtain 

m 2 u2 = v' 2 - 2w' cos <f>). 

Let us assume that v-v is much less than v , an assumption which is not 
true for y-rays. Then 

*>« 2A*v* .. 

m-u 2 = (1 - cos (p). 

If we eliminate c 2 by means of the energy equation 

AV 


whence 
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v-v= 


2h* . 0 <f> 
—3 sm 2 
me- 2 


If we write dX for the change in wave-length produced 


j\ edv 
d\=- v 


2h . 9 <f> 
— sin 2 J 
me 2 


= 4-6x10-10 sin 2 ^ 
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in centimetres. As has been mentioned, this formula gives the variation 
with direction of the change in wave-length of the scattered radiation 



correctly. The equations also give the directior and velocity of the lecoil 
electron in a satisfactory manner. 

' The change in wave-length -046 A. is within the power of an echelon 
spectroscope in the visible spectrum, but no application of the formula has 
been detected here, either in the case of reflection from metals where 
some of the electrons are free, or elsewhere. But the Doppler effect can 
be explained on a quantum basis by similar 
reasoning. 

Quantum Theory of Doppler Effect. Take 
first the case of a ray incident at an angle <f> on / 

a plane mirror which is moving in the direction 
of its normal with velocity v. Represent the 
mirror by an electron moving with velocity v, 
and the ray by a photon (Fig. 272). Let v' be 
the velocity of the electron after the impact, 
let v and V be respectively the frequencies of 
the photon before and after the impact, and 
suppose that the angles of reflection and 
incidence are equal. Then 

hv + Jmv 2 = hv' + imv 2 



and 


hv , hv. 

— cos d> - mv --cos <6 — mv. 

c r c r * 


whence 


v + v' 


2c(v-y / ) 

(v + v) COS (ft 
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This can be simplified to 


+ 2 t> cos <f> 

v c 


when we remember that the changes in t; and v are small. This formula 
agrees with the result on p. 303. 

Let us now consider the emission of a photon by an electron which is 
moving with velocity v in the direction of the emission. We make the 
assumptions that the emission takes place by a kind of explosion, and 
that the energy liberated is the same, no matter whether the electron is 
moving or at rest. Let v' and v be respectively the frequencies when 
the electron is moving and at rest, and let v' be the velocity of the electron 
after the emission. Then the energy and momentum equations are 
as follows: 

hv—hv- jtn(u 2 - u'2) 

hu' , , v 

— = m {v-v). 

If m is eliminated and t>' put equal to v, these give 

-,~ 1 -- 
v c 

as required. It is not necessary for the above proofs that the body in 
question should have the mass of an electron; any mass will do. 


Diffraction of Electrons. In 1927 Davisson and Germer in the Bell 
Telephone Laboratories at New York projected a beam of electrons at 
known speed against the face of a nickel crystal. The intensity of 
the reflected beam was a maximum for the direction which made the 
same angle with the normal as the incident beam did, and when the 
velocity of the electrons was varied, the intensity of the reflected beam 
went through maxima and minima. That is, for a fixed direction some 
velocities gave a much stronger reflection than others. 

Davisson and Germer explained the result by assuming that the 
electrons behaved like a pencil of X-rays of wave-length A, in which 
case the reflections from different planes in the crystal reinforce, if 

2 d sin d=nX. 


d was the distance between the planes, 6 was the glancing angle, and 
the wave-length varied with the speed of the electrons. The matter 
was carried further by G. P. Thomson, who passed a beam of high-speed 
electrons through extremely thin layers of metal. This method was 
essentially the same as that used by Laue and his colleagues when they 
proved the wave-nature of X-rays. Thomson obtained rings on a 
photographic plate 30 cms. away and these rings were deflected by a 
magnetic field, which showed that they were caused by the electrons 
and not by secondary X radiation. The diameter of the rings varied 
also with the speed of the beam. So the fact that a beam of electrons 
behaves in some cases like a beam of light is now regarded as established 
beyond all doubt. 
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Wave-Mechanics. In 1926 a revolution took place in the theoretical 
treatment of the quantum. The new method was initiated by 
Louis de Broglie and worked out by Schrodinger. 

Large scale phenomena in light can be explained by geometrical 
optics, but when it is a case of narrow slits or small apertures diffraction 
cannot be ignored, and we must use the equation for wave-propaga¬ 
tion. In the same way, according to the new standpoint, while the 
motion of comparatively large pieces of matter can be treated by 
ordinary dynamics, we must work out the behaviour of moving 
electrons by means of a wave equation of a special nature. Hence 
the method is known as wave-mechanics. An account of the method 
is quite beyond the scope of the present book, but one result must be 
mentioned, namely, that a particle of mass m and velocity v has 
associated with it waves which have a length given by 



—» 

mv 


where h is Planck’s constant. This is in agreement with the experi¬ 
mental results of Davisson and Germer and G. P. Thomson. 


The Wave and Particle Aspects of Light. We have seen that the 
phenomena of photo-electricity cannot be explained on the basis of 
the uniformly spreading wave-front, and that no corpuscular theory of 
light can account for interference. According to the view in favour at 
present, light and matter have each a wave aspect and a corpuscular 
aspect. When we are dealing with interference or diffraction we must 
use the wave aspect of light; when we are dealing with interchange 
of energy between light and matter we must use the corpuscular aspect. 
It is impossible for the two aspects to be involved in the same problem ; 
hence we are never in confusion as to which of the two theories to use, 

It would be too much to say that this view is generally accepted. 
The employment of two different contradictory theories is equivalent 
to assuming that light is neither waves nor corpuscles, but that we 
make it into waves or corpuscles by the means we use to investigate 
and describe it, or that, according to the lines on which our minds 
work, we cannot describe a motion otherwise than by particles or waves. 
This is an advance more revolutionary that even the adoption of the 
principle of relativity and it will have repercussions far outside 
physics. It will be a long time before its implications are worked 
out, and the discussion of the matter is outside the scope of the present 
book. 

In opposition to the revolutionary view it may be argued that the 
wave theory will eventually be able to explain photo-electricity, that 
its difficulties are due to a temporary exhaustion of the constructs 
of the intellect, that if we admit the wave nature of matter, it is not 
necessary to postulate a corpuscular nature of light, because the 
difficulties were due to the assumption that matter always behaved 
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like charged particles, and, in short-, that there is a case for the 
suspension of judgment. 

It must be admitted, however, that the phenomena themselves seem 
to divide into two well-defined classes. For example, in 1920 Schro- 
dinger obtained interference between beams of light diverging from an 
extremely thin incandescent platinum wire, when the directions 
of divergence made angles as great as 57° with one another. If we 
use a quantum theory, the obvious interpretation is that each quantum 
fills a cone of at least 57° vertical angle. But we must not think of 
quanta in connection with experiments such as this. - 

PVxr ?< ther hand ’ in investi g atin g phosphorescence Lenard excited 
a Ca S Bi phosphor ” to as great an extent as possible, and measured 
the total quantity of phosphorescent light emitted. It was four 
quanta per atom of bismuth, the interpretation being that on excitation 
four electrons left the atom and were stored in the neighbourhood, and 
that the energy was radiated when they fell back. Incidentally 
according to Lenard it is not the electrons that absorb the light 
that leave the atom, and the atom “ catches ” light from an area which 
may be 100 times the area of its own cross-section. Such experiments 
are the field of the quantum theory. 

A Caution. It is perhaps not out of place here to mention, that Newton 
states in the first sentence of the Optxcks, that his design is not to explain 
the properties of light by hypotheses, but to propose and prove them by 
reason and experiments. This is the ideal that should be adopted by 
students of light. I accept the new standpoint myself, but am con¬ 
vinced that students should not devote attention to it, until they have 
trained their instinct by going through the mill and mastering the ground¬ 
work of the subject. 

Band Spectra. Band spectra differ from line spectra in having 
the lines much more numerous and closer together; also, while series 
fade out before the limit is reached, the “ heads ” of bands are often 
very prominent features of the spectrum. The explanation of band 
ppectra is based on the same formula 

hv= W m -W n 

as is used for line spectra, where W m and W„ denote the energies 
associated with two states of the emitting system. But as the latter 
is a molecule in this case and not an atom, the expression for the 
energy is more complicated ; thus the greater complexity of band 
spectra is accounted for. 

Let us confine our attention to the case of a diatomic molecule. 
In addition to the energy of the electrons the energy of the system 
can consist of rotation about an axis normal to the line joining the 
two nuclei and oscillations of both nuclei along this line. 

The simplest case is that of a pure rotation band, i.e. when the 
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molecule has only energy of rotation. Let K be its moment of inertia 
and 6 its angular velocity. Then we assume that 

K6=f 

2n 

holds for the stationary states where n is an integer. This gives 
for the kinetic energy of the molecule 


W, 


n 2 A 2 


8tt 2 K 


According to wave mechanics n 2 is replaced by n(n + l), where n 
has the integral values 0, 1, 2, etc. We suppose that n changes only 
by one unit at a time. Then 


/w= 8^ ((n + 1)(B + 2) ~” (n + 1))l 


which gives 




Series of this type have been observed in absorption spectra in the 
far infra-red where the wave-lengths are of the order 0*1 mm. The 
rotational levels are consequently much closer than the electronic 
levels met with in line spectra. 

We next assume that the state of oscillation also experiences a 
change. The resulting bauds are known as rotation-vibration bands. 
If v\ denotes the frequency of the oscillation the energy equation is 

*v=m*i.,:fcg£L((»+1)(»+2) - n(n+1)), 

where m is an integer. If m = l we have for the frequencies of the 
fundamental band 

""±43k<* +1 >- 


The first term on the right-hand side is greater than the second, and 
vibration rotation bands, though still in the infra-red, are of much 
shorter wave-length than rotation bands. 

If in addition to the transformations already considered there is 
a change in the electronic energy, the band falls in the visible spectrum 
or the ultra-violet. Owing to the displacement of the electron there 
is & change in K. The alteration in rotational energy is consequently 

(n±l) 2 A 2 n 2 A 2 
87r2K 8 tt 2 K' 

_ , 2A 2 A 2 /1_ 1_\ f 

87r 2 K :r 87r 2 K n + 87r 2 VK"’ ’ 
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If the change in electronic energy is hv 2 , the energy equation gl rea 

h , h .hi 1 1 \ „ 

+ v ' + Mk ± 4M n + " *T‘ 

which simplifies to 

v= AiB/i+ Cn 2 

if we consider only changes in rotational energy. Many bands can 
be represented by this parabolic formula. The frequencies given by 
the plus sign are said to belong to the positive branch of the band, 
and those given by the minus sign to belong to the negative branch. 
Under certain circumstances it is possible for B to be zero. 

The frequencies of individual lines can be obtained graphically by 
a diagram due to Fortrat. Assume that n varies continuously and 
that B is positive. Then we obtain the parabola represented in Fig. 273. 



But it is only the points whose ordinates are whole numbers that 
correspond to spectral lines. We therefore cut the curve by the lines 
n=l, n = 2, etc. The absciss© of the points of intersection give 
the frequencies. The cases of B negative and B zero can be treated in 
the same way. 

Selection Principle. Although the wave number of every spectral 
line corresponds to the difference between two energy levels, the con¬ 
verse is not true. Only certain energy levels can be combined. 
But an account of the principle which states which combinations are 
permissible would lead too far. The theory of spectra is now a 
science in itself, and is more closely connected with mathematical 
chemistry and the theory of atomic structure than with light. 



CHAPTER XIX 


PHOTOMETRY AND ILLUMINATION 

A point source of light radiates equally in all directions. Consequently 
if a sphere is drawn with the source as centre, the quantity of energy 
received per unit area is the same all over the surface of this sphere. 
The quantity of energy radiated through the surface of the sphere 
is always the same no matter what the area of the surface is. The 
quantity received per unit area must therefore vary inversely as the 
area of the surface, 4ttt 2 , or, in other words, the illumination of a 
surface varies inversely as the square of its distance from the source. 
This relation, which is known as the inverse square law, enables us to 
compare the intensities of different sources, and thus forms the basis of 
photometry. 

We shall now proceed to describe some of the principal photometers. 

The Rumford or Shadow Photometer. This consists of a rod of 
the shape of a lead pencil, which is mounted vertically before a screen. 
Fig. 274 represents a plan of the arrangement; R is the rod, AC the 
screen, and L 1 and L 2 the 
two sources the intensities 
of which are to be com¬ 
pared. BC is the shadow 
of the rod formed by Lj Fio. 274. 

and AB the shadow of the 

rod formed by L 2 on the screen. The distances of Li and L 2 from the 
screen are adjusted so as to make these shadows equally dark, and 
at the same time R is placed so that the shadows just touch at B. If 
they overlap, or if there is a bright space between them, the comparison 
of their intensities cannot be made so accurately. 

All parts of the screen outside the regions AB and BC are illuminated 
by both sources. The region AB being in the shadow of L 2 is illuminated 
solely by Lj, and the region BC being in the shadow of L 2 is illumin¬ 
ated solely by L 2 . Consequently if the shadows are equally intense, 
the illuminations produced by the two sources at B are equally great, 
and the intensities of the two sources are simply as the squares of 
their distances from B. 

The screen should have a rough, unglazed surface so that nothing 
of the nature of regular reflection takes place ; it may be made of white 
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drawing paper or tissue paper or ground glass. In the former case it 
is observed from the front, i.e. from the side on which the light sources 
are situated. In the latter case it is observed from the back. 

One great advantage of the shadow photometer is that the accuracy 
of its results is not affected much by the presence of another source of 
light in the room. For this third source produces a shadow of its own 
on the screen, which can easily be recognised, and it is only necessary 
to take care that the edge of this third shadow does not fall on B. 

The Bunsen or Grease Spot Photometer. This consists of a piece 
of white unglazed paper in the middle of which a small portion has 
been rendered translucent by a drop of grease. It is placed between 
the two sources and in the same straight line with them. It possesses 
the advantage of simplicity, but it is difficult to make a grease spot 
with a very sharp boundary, and, of course, it is impossible to detect 
slight inequalities in the illumination when the areas are not sharply 
divided. As a substitute for the grease spot a disc of tissue paper 
may be used. The latter i.s made by placing two sheets of paper on 
the top of one another and with a sharp knife cutting a star-shaped 
opening in both of them at the same time. The tissue paper is placed 
between them, and they are then stuck together with the stars 
accurately superimposed. 

The theory of the grease spot photometer is usually given as follows : 
When unit quantity of light falls on the grease spot, let the fraction 
6 be diffusely reflected and let the fraction 1 - b be transmitted ; 
when unit quantity of light falls on the white paper, let the fraction 
a be diffusely reflected and let the fraction 1 - a be transmitted. Let 
us suppose, now that the distances of the sources have been adjusted 
so that they produce equal illuminations at the photometer. Then, 
if we look at the grease spot, the amount of light coming through 
it is proportional to 1 - 6, the amount of light reflected by it is pro¬ 
portional to 6, and the total amount of light received from it pro¬ 
portional to 1-6 + 6 = 1. Similarly the amount of light reflected by 
the white paper will be proportional to l-o + o=l. Consequently 
the grease spot will appear the same brightness as the surrounding 
paper. Thus to use the photometer we should adjust the distances 
until the grease 6pot disappears ; then the intensities of the sources 
should be as the squares of their distances from the photometer. 

In practice, however, it is found that the grease spot seldom dis« 
appears for the one position, when viewed in succession from both 
sides of the screen. This is partly due to the fact that the grease spot 
and white paper do not usually absorb the same fraction of the incident 
light, and absorption is entirely neglected in the preceding theory, but 
it is caused principally by the light reflected by the white paper being 
scattered more than the light transmitted by the grease spot. The 
relative intensity of the two surfaces depends thus on the angle at 
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which they are viewed. The more obliquely they are viewed, the 
darker appears the grease spot. 

Thus in general in working with the grease spot we set it so as to 
obtain the same relative intensity of the two areas when viewed from 
both sides, or in other words, we adjust, 
not for disappearance, but for the same 
contrast effect. For this purpose it is 
an advantage to be able to see both 
sides at once, not one after the other, 
and so two mirrors AM and AN are often 
used as shown in Fig. 275 ; G is the 
grease spot and the dotted line gives 
the direction of the two sources to be 
compared. The eye E observes from 
the side, and the distances are adjusted 
until the images of the grease spot seen 
in the two mirrors show the same contrast against their respective 
backgrounds. 

Stray light seriously affects the accuracy of the grease spot photo¬ 
meter, making the source on the side from which it falls appear too 
intense. This error can be eliminated by interchanging the positions 
of the two sources, the correction being analogous to the correction for 
unequal length of the arms of a balance by double-weighing. 

The Wedge Photometer. The use of this photometer, which is 
sometimes called the Ritchie wedge, is shown in the adjoining Fig. 276. 

Sx and S 2 are the sources. The 
wedge is arranged so that its faces 
make equal angles with the line 
joining S 1 S 2 . The faces are rough 
and reflect the incident light dif¬ 
fusely. The observer looks at the 
edge of the wedge from the side at 
E, and adjusts the distances of the sources so that the two faces 
appear equally bright. The intensities of the sources are then as 
the squares of their distances from the edge. 

A scraped surface of plaster of Paris forms the best diffusing surface, 
but instead ox this a wooden wedge may be used and a sharply folded 
piece of unglazed paper placed over it and fastened at the back A with 
a drawing pin. The sharper the fold, the more accurately can the 
setting be made. I have also found it an advantage to have a sighting 
arrangement attached to the wedge so as to make sure that the ed"e 
is viewed at right angles to the axis of the bench. 

Joly’s Diffusion Photometer. This consists of a rectangular block 
of paraffin wax cut into two equal blocks, which are then placed to¬ 
gether again with a sheet of tinfoil between. The light from the 
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sources enters into the blocks and is scattered inside them. Con- 

sequently they appear lumi- 

S,o -1-1-|--o s 2 nous when viewed by an eye 

E situated on the same side as 

Fio. 277. E. The positions of the 

sources are adjusted until 
both halves of the block appear equally luminous. Then their 
intensities are as the squares of their distances from the photometer. 

The Lummer-Brodhun Photometer. This instrument employs the 
same principle as the grease spot photometer but in a much more 
refined form. Fig. 278 is a plan of the arrangement. A is a diffusing 
screen which is placed between the two sources, the direction of the 
latter being indicated by the dotted line. B and C are mirrors. P and 
Q are totally reflecting prisms, and E is an eyepiece which focusses on 
their hypotenuse surfaces. The hypotenuse surface of Q is plane 
and that of P is curved. Consequently they are in contact only over a 
small area. This area is in focus in the centre of the field of the eye¬ 
piece, and is illuminated by light diffused from the left-hand side of 
A and then reflected by B ; the rest of the hypotenuse surface of Q 
is illuminated by light which is totally reflected on that surface and 
which comes from the right-hand side of A and is reflected at C. The 
area in contact is thus analogous to the 
grease spot, but unlike the latter it trans¬ 
mits all the light that falls on it and 
reflects none, while the surrounding part 
of the hypotenuse surface is analogous to 
the white paper surrounding the grease 
spot, but unlike the latter it reflects per¬ 
fectly and does not transmit or absorb at 
all. Since a very thin air layer is sufficient 
to cause total reflection the area in contact 
is very sharply defined. As the two Fio. 278. 

sources are moved along the dotted- line 
to and from A, the relative intensity of the central spot and sur¬ 
rounding area alters, and, when the illumination of both sides of A is 
the same, the central spot disappears. The intensities of the two 
sources are then in the ratio of the squares of their distances from A. 

This photometer although usually accredited to Lummer and 
Brodhun was nevertheless invented very much earlier by Swan. But 
as there was no need for accurate photometry in his time, it was for¬ 
gotten, and not brought into use until invented independently by 
Lummer and Brodhun. 

In addition to the disappearance photometer Lummer and Brodhun 
have also invented a contrast photometer which is the most sensitive 
of all photometers. Fig. 279 shows the appearance in the field. The 
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latter consists of two parts, each with a darker patch in its centre, and 
the distances of the two sources are adjusted until the two halves A and 
B have the same intensity and at the same time the 
patches a and b stand out in equal contrast to their 
backgrounds. Fig. 280 shows how this result is attained. 

Instead of making contact at one spot the prisms make 
contact in the manner shown. The half A of the field 
and the patch a are illuminated by light from the one 
source, only the light from the patch a goes through a 
glass plate D before reaching the prisms. This has the 
effect of diminishing its intensity by about 8 per cent. The half B of 
the field and the patch 6 are illuminated by light from the other 

source, the light from the patch b being simi¬ 
larly weakened by passing through a glass plate 
before reaching the prisms. Thus, when bal¬ 
ance is attained, the dividing line between A 
and B disappears and at the same time the two 
patches appear 8 per cent, darker than their 
surroundings. The intensities of the sources 
are as the ratio of the squares of the distances 
from the diffusion screen just as in the case of 
the other Lummer-Brodhun photometer. 







B A 
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Photometry . Any of the photometers described in the preceding 
sections may be placed together with the light sources on the top of a 
table and the distances between them simply measured with metre 
sticks. But the results obtained in this way would not be accurate. 
The photometer and light sources are usually mounted on pieces which 
slide along a bar about 3 metres long. This bar carries a scale on 
which the distances between the pieces can be read. The bar and the 
sliding pieces should be blackened to prevent their reflecting light to 
the photometer. The ceiling of the rooms and the walls, particularly 
the parts behind the light sources, should also be blackened. If this 
is not possible, the error due to stray light can be eliminated by mount¬ 
ing diaphragms with dead-black surfaces on the photometer bar in 
such positions that they transmit all the direct rays from the source to 
the photometer but stop light reflected from the walls of the room. 

The inverse square law holds rigorously only for point sources, 
hence care must be taken that the distance between source and photo¬ 
meter is always large in comparison with the linear dimensions of the 
source. 

Generally speaking, in photometry an accuracy of 1 per cent, in the 
final result is very good, but under the most favourable circumstances 
1*0 per cent, can be attained. But in fitting up a photometer and taking 
readings for the first time the accuracy attained is always very much 
less than this. Some of the readings diverge widely from the mean, 
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and I have found that the temptation to students to throw these away 
and use only the “ good readings ” is a very strong one. This should 
never be done. The “ bad ” readings keep the average straight. If a 
setting is made carelessly, the numbers should not be read, but once 
they are read and noted down on paper they should contribute their 
share to the final result, unless, of course, there is something obviously 
wrong about them. 

A photometer bench can be used to measure the fraction of light 
transmitted by a glass plate. In order to do this two lamps are 
balanced against one another. Let the distance from the photometer 
of one of these lamps be d\. Place the glass plate in the path of the 
rays from this lamp ; owing to the loss due to absorption in the plate 
and reflection at its surfaces the lamp must be moved nearer the photo¬ 
meter in order to restore balance. Let d 2 be its distance from the latter 
when balance is restored. Then the fraction of the incident light 
transmitted by the plate is obviously (djdx) 2 . 

The Standard Candle. This is the historical unit of intensity of 
a light source. It has always been customary to express the intensity 
of a light source in candle-power. The British standard candle is a 
spermaceti candle, $ inch in diameter, weighing six to the pound, and 
burning at the rate of 120 grains per hour, but the brightness of a 
candle flame varies with the length and shape of the wick. It is thus 
very unsatisfactory as a standard, and consequently in modern British 
practice the unit of intensity is taken as one-tenth part of the intensity 
of the Vernon Harcourt 10 candle-power pentane lamp, burning at a 
pressure of 760 mm. mercury in an atmosphere containing 8 parts in 
1000 by volume of water vapour. This lamp burns an inflammable gas 
formed of the mixture of pentane vapour and air. Pentane is a volatile 
hydrocarbon (C 6 H 12 ). The mixture is formed in a carburetter and is 
supplied to an Argand burner. The flame is fed with preheated air. 

Violle suggested as a standard the light emitted normally by one 
square centimetre of a platinum surface that had been heated to its 
melting-point, but his suggestion has not been taken up. 

The Hefner Lamp. In Germany and some other Continental 
countries the unit of light intensity is the Hefner lamp, which burns 
amyl acetate and the intensity of which is exactly -090 of the intensity 
of the Vernon Harcourt 10 candle-power pentane lamp. The intensity 
of the lamp is thus rather small for practical purposes, and the colour of 
the flame is redder than that of most light sources, but on account of its 
simplicity and cheapness and the fact that it can be bought certificated 
by the Reichsanstalt the lamp has found a wide use. It is represented 
in Fig. 281. 

In using the lamp the wick is cut level with the top of the tube. 
Then after the lamp is lit the height of the flame is adjusted by screwing 
up the wick. It should extend exactly 40 mm. above the top of the 
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tube. The sighting arrangement on the top of the lamp to the right 
is for getting this height right; it consists of a horizontal tube with a 
horizontal diametral steel plate. To an observer 
looking through the sighting arrangement the 
bright core of the flame should appear just to 
touch the lower surface of this plate, and the 
faint luminous sheath of the flame should almost 
reach J mm. above the upper surface of the 
• 

is necessary to wait at least 10 minutes 
after lighting the lamp before making measure¬ 
ments. An error of 1 mm. in the height of the 
flame means an error of 3 per cent, in the 
intensity. 

The lamp is provided with a cap for the 
wick tube when it is not in use and a gauge 
for checking the difference in level between the top of the tube and 
the sighting arrangement.* 

Definition of Solid Angle. Let S be a surface which is not necessarily 
plane. In order to measure the solid angle subtended by S at a point P 
draw a sphere of unit radius with its centre at P. Let straight lines be 
drawn from P to every point on the boundary of S. Then these straight 
lines form a cone and this cone intercepts a certain area on the surface of 
the sphere. The solid angle subtended by S at P is numerically equal to 
the area intercepted by the cone on the sphere. Thus if S is a closed 
surface and P is inside it, the solid angle is in. 


plate 

It 



An Object appears Equally Bright at All Distances. Let s be the 
area of a small plane surface which is at right angles to the line joining it 
to the eye. Let d be its distance from the eye, and let a be the area of the 
pupil of the eye. Let 5 be emitting light normally at such a rate, that if the 
emission were uniform in all directions the quantity of light emitted per 
second would be equal to L. Then the quantity of light entering the pupil 
of the eye per second is 

aL ? 

The solid angle subtended by the object at the eye is 

s 

d 2 


and the size of the retinal image is proportional to this solid angle, 
the brightness of the object as seen by the eye is proportional to 


qL /£_ aL 

ind 2 / dr 4775 


Hence 


* The Bureau Internationale des Poids et Mesures adopted a new primary standard 
as from January 1st., 1949, based on the freezing point of platinum. It is called the 
“ Candela ” and differs about 1 per cent in value from the old International Candle. 



358 


A TREATISE ON LIGHT 


and is independent of d. An object consequently appears equally bright 
at all distances from the eye. 

This is, however, only true if the object is an extended one. If it is so 
small that its image on the retina falls wholly on one cone,* it is a point 
source as far as the eye is concerned and its apparent brightness varies 
inversely as the square of its distance from the eye. 

Star Magnitudes. Stars are point sources of this kind, and the word 
magnitude in connection with stars has nothing to do with their 6ize but 
refers solely to their brightness. The stars visible to the naked eye were 
divided by Hipparchus and Ptolemy into six magnitudes, the sixth magni¬ 
tude containing the faintest and the first the brightest stars. Owing to the 
invention of the telescope a vast number of additional stars has been 
rendered visible ; the classification has been extended to take these in and 
has been refined ; we say now, for example, that a star is of the magnitude 
3*4. When there is a difference of unity in the magnitude of two stars, the 
one emits 2-5 times as much light as the other ; thus a star of the first 
magnitude emits (2-5) 6 times or approximately 100 times as much light as a 
star of the sixth magnitude. There are special photometers for measuring 
the magnitude of stars ; these depend either on visual observation or photo¬ 
graphy. In one of the visual instruments, the Zollner photometer, the 
star is compared with an artificial star, the intensity of which is varied by 
means of a rotating nicol. 

The brightness of the sky is not increased by a telescope, but the bright¬ 
ness of the stars is. Hence by using a telescope bright stars can be made 
visible *t daytime. 

Brightness of Image formed by a Lens. Suppose that a lens is 
used to form an image of the small plane surface mentioned in the second 
last section, and that this image lies on the straight line joining the small 
plane surface and the eye, and has an area of s x . Then by the reasoning 
of the same section the brightness of this image is given by 

oLt_ 

4t rs/ 

where L x would be the light emitted per second by the image, if its emission 
were the same in all directions as it is in the direction of the eye. Let u t v, 
and l be the object distance, image distance, and radius of the lens. Then 

f i _ * 

t U 2 * 

The lens subtends at the object a solid angle proportional to f 2 /u 2 , and at 
the image a solid angle proportional to P/v 2 . The light falling on the lens 
is proportional to (f/u) 2 L, and the light falling on the image and issuing from 
it on the other side is proportional to (l/v)*Li. Neglect the absorption and 
reflection losses caused by the lens and equate these two expressions. 
Then 


(Z/uPL-lf/fpLi or L/u 2 = L 1 /v 2 . 
• Ci. p. 378. 
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Thus the expression for the brightness of the image 

all _ at 
47 TSi ins* 

whioh was the expression for the brightness of the object. This result has, 
however, been obtained on the assumption that no light was lost either by 
reflection at the surfaces of the lens or by absorption in its material. In 
practice the brightness of the image is consequently less than the brightness 
of the object. The same may be shown to be true with regard to the image 
formed by a mirror. Hence an image of an extended object formed by a 
lens or a mirror can never appear brighter than the object itself. 


Spectrophotometry. So far nothing has been said about the colour 
of the light. If the difference in colour between two sources is slight, 
they can be compared with an ordinary photometer. If the difference 
in colour is pronounced, the comparison must be made by means of 
auxiliary sources of intermediate tints, the one source being compared 
with a second, this with another, and so on, the colour of these inter¬ 
mediate sources being gradually altered until finally it is not much 
different from the colour of the other source under comparison. Con¬ 
sistent results are obtained in this way, provided that the observers 
have normal colour vision. Sources of widely different colour can also 
be compared directly by means of the flicker photometer which is 
described on p. 394. 

The most satisfactory way of comparing the intensities of two 
differently coloured light sources is to resolve their light into spectra 
and measure the relative intensities of these spectra wave-length by 
wave-length. The instruments used for this purpose are called 
spectrophotometers ; a great number of different types of spectro¬ 
photometer have been made, although few of them have been much 
used. They differ among themselves chiefly in the means used to 
vary the intensities of the two spectra. This may be done by pro¬ 
ducing the two spectra from separate slits and altering the widths of 
these slits, or by the use of rotating sectors or wedges of neutral tinted 
glass, or finally by the use of polarised light. The difficulty in the way 
of regulating the brightness of a spectrum by altering the width of the 
slit is, that not only the intensity but also the purity of the spectrum 
is being altered, and, if the slit is opened very wide, we obtain a dis¬ 
tinct change of colour. Also, when the slit width is small, owing to 
diffraction effects the intensity is not strictly proportional to the width 
of the slit. 


In the rotating sector method an opaque disc cutting the path of 
the one beam of light at right angles is rotated at a high speed by means 
of a motor. The disc consists of sectors which can be pushed one 
behind the other, and consequently an open sector of variable angle 
formed. The disc is rotated so fast that no impression of flicker is 
produced and the intensity in the field is perfectly steady and is 
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proportional to the angle of the open sector. The disadvantages of this 
method are that it cannot produce very small diminutions of intensity, 
because there must always be a sector of appreciable angle left to 
shove the others in behind, also the motor is a complication. 

Wedges of neutral tinted glass are always of small angle, and are 
cemented to wedges of equal angle made of transparent glass of equal 
index of refraction, so as to form a plane parallel plate. This plate is 
placed in front of the slit with the edges of the wedges parallel to the 
latter, and the intensity of the beam diminished by moving it at right 
angles to the slit, so as to bring a greater thickness of absorbing glass 
and a smaller thickness of transparent glass in front of the slit. The 
plate does not deviate the rays in any way ; it only absorbs them. 
The disadvantages of this method are that it is not easy to get a per¬ 
fectly neutral tinted glass, i.e. one that absorbs all the colours of the 
spectrum in the same degree, also that it is not an absolute method ; 
the wedge has to be calibrated by other methods. 


§ Much the most popular method of comparing the intensities of the 
beams has been by plane polarising them at right angles to one another 
and then altering their relative intensity by the rotation of a nicol. I 
have had considerable experience in the use of spectrophotometers 
and have designed and made one that employs this principle. This 
instrument wastes no light, gives as great accuracy as other instru¬ 
ments, and has in addition the advantage of great simplicity. 

The only points in which it differs from an ordinary spectrometer 
are (1) that there is a nicol mounted in the eyepiece, which rotates 

together with the eyepiece 
about the axis of the tele¬ 
scope and the position of 
which can be read on a 
divided circle, and (2) that 
there is a prism of peculiar 
construction in front of the 
slit. This prism is repre¬ 
sented in Fig. 282. The 
part ABC is made of glass for which fi D = 1*526, the sides AB, BC, CA 
being each 2 cm. long. It is cemented to a prism of Iceland spar, 
BDEC cut with its axis perpendicular to the plane of the paper. The 
angle D is 127° 12', E is 115° 49', and BCE is 64° 11'. 

The action of the prism may be better understood by supposing 
the beams of light to go in the reverse direction—from the object glass 
of the collimator to the slit. The beam qr is broken into two by the 
Iceland spar prism, cd being the ordinary beam and ab the extra¬ 
ordinary. The beam pq is broken into two, but only the extraordinary 
tf emerges, the ordinary being totally reflected at the surface CE. 
The beams ef, cd meet 15 cm. out in an elliptical spot of light measuring 
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2-0 era. by 2-4 cm., the long axis being vertical. The beam ab is quite 
2 cm. clear. 

If, now, we have as source of light an incandescent mantle behind 
a screen with an aperture at the proper place not much larger than 
2-0 cm. by 2-4 cm., and if we look into the eyepiece, we see two spectra, 
one above the other, polarised at right angles to one another. The 
ordinary component of the lower beam misses the slit entirely, while 
the extraordinary component of the upper beam misses the object 
glass of the collimator. The relative intensity of the two spectra is 
altered by the rotation of the nicol eyepiece. 

In order to measure the fraction of light transmitted through a 
piece of coloured glass or a glass cell containing a solution, it is placed 
in the path of the upper beam and the intensities of the spectra 
matched in two adjacent quadrants. Let the difference of the readings 
on the divided circle be 2 a. It is then placed in the path of the lower 
beam and the intensities again matched in the same two quadrants. 
Let the difference of the readings on the divided circle be in this case 
2/3. Then the fraction of the light transmitted is either 


tan a tan B 

-x or - 

tan p tan a 


whichever is smaller than unity. 

To prove this, suppose the piece of glass is taken away, let 0A and 
OB be the directions of vibration in the two halves of the field, and let 
a and b be respectively the amplitudes 
of the upper and lower beams before 
they fall on the eyepiece nicol. a is 
not equal to 6, because, although the 
light emitted by the source is not 
polarised in any way, yet the two 
beams suffer different reflection losses 
in traversing the instrument. 

Let the piece of glass now be placed 
in the path of the upper beam. It 
diminishes the amplitude 0A to OF. 

Let 0F=/a. If the nicol is set to make the intensities equal, the 
direction of vibration after emerging from the eyepiece must be OP 
or 0P X , where /_P0P l = 2a. OP and OPj are respectively perpendicular 
to FB and FBj and 0Bi = 0B. Consequently 



OP = 6 sin a=af cos a 


af 

or tana=Y 
b 


(4) 


When the piece of glass is placed in the path of the lower beam, 
OB and OBj are diminished to 0G and OGj, where 0G = 0G 1 = 6/‘, and when 
the nicol eyepiece is set to match the intensities, the direction of 
12 * 
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vibration of the light after emerging from it is given by OQ and 0Q lt 
where Z_QOQi=2/3. Consequently 

0Q=y sinj8=a cos/3 or tan/3=^,. • • (5) 

Combining (4) and (5) we obtain 


tana_fl/6y_ jf2 
tan/3 b a 


f 2 is, of course, the fraction of the incident light transmitted by the 
piece of glass, l.e. the ratio of the intensity after transmission to the 
intensity before incidence. / is the ratio of the amplitude after 
transmission to the amplitude before incidence. 

After f 2 has been determined for one point in the spectrum, the 
position of the telescope is shifted and f 2 determined in succession for 
other points. The results can be shown in a curve giving f 2 as a 
function of A. There are screens in the focal plane of the eyepiece 
for pushing in from the sides so that only a narrow strip of the spec¬ 
trum remains visible; these screens are very useful when f 2 varies 
rapidly with A. 

To compare the distribution of intensity in the spectra of two 
sources with this spectrophotometer one of the sources is made to 
illuminate a piece of ground glass measuring 2’0 cm. by 2*4 cm., 
which is placed 15 cm. out, while the lower beam from this piece of 
ground glass is stopped by a screen and replaced by a beam from a 
second piece of ground glass, this second piece being illuminated from 
the side by the second source. 


A Simple Means of Spectrophotometry. Most laboratories do not 
possess a spectrophotometer, and the object of this section is to 
describe how rough spectrophotometry may be done with the simplest 
apparatus. All that is required is a spectroscope with a total reflection 
prism in front of the slit, one of these prisms which are used to observe 
two spectra, say the solar spectrum and the Na spectrum, at the 
same time ; with such a prism the solar spectrum is viewed direct and 
occupies one-half of the field, while the rays from the sodium flame come 
in from the side at right angles and are totally reflected into the slit, 
and the sodium spectrum occupies the other half of the field. 

Fig. 285 shows how this apparatus is arranged for spectrophoto¬ 
metry. S is the collimator slit, and G 2 two exactly similar ground 
glass plates, and and L 2 the two sources of light under comparison. 
The total reflection prism is shown in position immediately in front 
of the slit. The rays from the ground glass G t pass to the slit either 
over or under the prism. The rays from the ground glass G 2 pass to 
the slit by reflection in the prism. The intensities are matched simply 
by the inverse square law. If for a certain colour the intensities of 
the two spectra are equal, then the ratio of the intensities, as far as 
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fight of this colour is concerned, is given by the ratio of the squares 
of the distances from their respective ground glasses, after a correction 
ha 3 been made for the reflection loss (8 per cent.) suffered by L 2 in 
the prism. This reflection loss can be checked by interchanging the 
positions of the 
sources. The dis¬ 
tance of each source 
from its ground 
glass is measured by 
a metre stick not 
shown in the dia¬ 
gram. 

If the fraction of 
light transmitted by 
a coloured glass 
plate is to be deter¬ 
mined, the best way of proceeding is to place it in the position 
shown by the one dotted plate (Fig. 285) and determine the ratio of the 
distances of the two sources, then place it in the position shown by 
the other dotted plate and again determine the ratio of the distances. 
The smaller ratio divided by the larger one gives the fraction of the 
light transmitted. 

For let / be the ratio of the amplitude of the light transmitted by 
the plate to the amplitude of the light incident on it. Let lj and l 2 
denote the intensities of the sources and L 2 , and let r a and p a denote 
their distances when the plate is in the position A, and r b and p b their 
distances when the plate is in the position B. Then when the plate 
is in the position A 

r * Pa 2 * 

and when it is in the position B 

ujtT 

Dividing the first of these equations by the second we obtain 

■i M 2 

rf/n* Pa 2 / Pi? 
f 2 r b 2 

V 

which gives, on extracting the square root. 




Fio. 285. 
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The chief source of error in using this simple apparatus is stray 
light. Each ground glass must be illuminated by its own source and 
by nothing else, and to ensure this it is necessary to mount a number 
of dead-black screens. The positions of these screens will depend on 
the apparatus employed, the lighting of the room, etc., and must be 
left to the skill of the experimenter. It is possible to obtain results 
right to 2 per cent., but this degree of accuracy requires much skill and 
experience. Indeed, there is hardly a better test of experimental 
ability than to measure the fraction of light transmitted by a piece of 
coloured glass throughout the spectrum by this method. The 
apparatus is of the simplest and the fitting up and arrangement can be 
done by any amateur, but, although the knowledge required does not 
go beyond the elementary principles of optics, still there are numerous 
sources of error to be explored. 

Spectrophotometric Results. Suppose that an aqueous solution of 
salt of concentration c measured in gram molecules per litre is placed 
in a parallel-sided glass cell of internal thickness d, and the quantity 
f* is measured for this cell, then it includes (1) the loss due to reflection 
at both of the glass-air surfaces; also (2) the loss due to reflection 
at the glass-water surfaces; (3) loss due to possible absorption of 

light in the glass; and finally (4) loss due to 
absorption of light by the solution. If, how¬ 
ever, when we place the glass cell with the 
solution in the path of the one beam, we place 
a similar glass cell filled with water in the 
path of the other beam, the first three losses 
are approximately the same for both cells, and 
consequently the quantity f 2 represents only 
the ratio of the intensity on the plane Q to the 
intensity on the plane P. The planes P and Q are inside the solution 
but as close to the surface as possible. It is found experimentally that 
in this case f 2 can be represented by 

10 - A *.( 6 ) 


P 0 
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where c is the concentration of the solution as already specified, d is 
the distance between the two planes, and A is a constant which varies 
with the wave-length. This fact is sometimes referred to as Lambert’s 
law. A is called the molecular extinction coefficient of the dissolved 
substance. 

If we increase d by a small increment 5, then the fraction trans¬ 
mitted is 

10-AcW + S) or 10 -A^ 10 -Ac8 


The additional thickness 8 transmits the same fraction 10” Ac ® no 
matter what the value of d is. 

If in (6) we double c and half d t or treble c and decrease d to one- 
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third of its value, then their product remains constant, and according 
to a law known as Beer’s law the fraction transmitted should remain 
the same. This law is not always true, for in certain cases A varies 
with c, and consequently in these cases the product A cd does not 
remain constant, even if the product cd does. 

The absorption spectra of many inorganic salts possess in very 
£iany cases an additive character. That is, they can be resolved into 
parts due to the acid and due to the base. Ostwald and other physical 
chemists maintained that this can be explained, where it occurs, by 
assuming that in dilute solutions the salts are resolved into ions, and 
that the spectrum of the solution is the sum of the spectra of the ions. 
In dilute solutions the colour is due solely to the colour of the ions. 
It is impossible here to go into the evidence on the matter, but it 
should be stated that Ostwald’s views are wrong. In some cases, e.g. 
salts of the rare earths, the spectra do not become additive even at 
great dilution. In some cases where the spectra are additive at great 
dilutions, they are still approximately additive, when the solutions are 
concentrated and consequently not ionised. The theory of electrolytic 
dissociation has been of no use in the interpretation of absorption 
spectra. 

Another source of error that has retarded knowledge almost as 
much as the theory of the colour of the ions has been the statement 
known as Kundt’s law. Kundt in 1874 dissolved substances that 
produced absorption bands, using different solvents, and found that 
the position of the band varied with the solvent. He came to the con¬ 
clusion that the greater the refraction and dispersion of the solvent, 
the farther was the band displaced towards the red. This statement 
is not true ; the band moves as often the one way as the other, and 
generally there is a marked change in intensity and shape, in com¬ 
parison with which the shift in position can be neglected. 


Nutting Spectrophotometer. Fig. 287 is a plan of the optical system of 
the Nutting photometer, as made by Hilger, which converts any spectro¬ 
scope into a spectrophotometer. It is shown arranged for comparing the 





absorption of light in two liquids. Light from a source S passes through 
prisms P from which it emerges as two parallel pencils. These pass through 
the absorption tubes A and B into the photometer through the openings 
indicated. They are plane polarised in planes at right angles to one another 
by the square-ended nicols N, and are then combined to form closely juxta¬ 
posed fields by the rhomb R. The lenses L focus the dividing line across 
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the slit of the spectroscope. The fields are matched by rotating the 
square-ended nicol G. The instrument is, of course, used without the tubes 
A and B and prisms P, when different light sources are to be compared. 

This photometer is in wide use. It has the advantage that it involves no 
change in the spectroscope or spectrograph it is combined with, but has 
the disadvantage of being somewhat elaborate. 

Distribution Curve of an Illuminant. No sources radiate light 
equally in all directions. When the intensity of a source is compared 
with the intensity of a standard such as the pentane standard or the 
Hefner lamp, it is always the light radiated by the latter in a horizontal 
direction that is used. In specifying the performance of an illuminant 
it is necessary not only to give its candle-power, but also the directions 
in which it sends out most light. This is done by a distribution 

diagram. Fig. 288, for 
example, gives such a dia¬ 
gram for a bare inverted 
incandescent mantle. In 
the figure the radii give 
candle-power and the 
angles directions. Thus we 
see that in a downward 
direction at an angle of 
45° with the vertical the 
intensity of the source is 
about 70 candles. Owing 
to the burner getting in 
Fio. 288 . the way little light goes 

in an upward direction. 
Of course, it may happen that the distribution of light is different in 
different vertical planes, in which case, unless specially designated, 
the distribution curve is taken to represent the mean of all the 
distribution curves in the different vertical planes. 

There is a widespread impression that the area of the distribution 
curve is proportional to the total quantity of light emitted by the 
source. This is not the case, but if the distribution curve is rotated 
about its axis, then it is easy to see that the volume of the solid thus 
formed is proportional to the total quantity of light emitted by the 
source. The true measure of the performance of a source is not its 
intensity in any particular direction but its mean spherical candle- 
power, that is, the intensity which it would have, if the light it actually 
does radiate, were radiated equally in all directions. 

Determination of Mean Spherical Candle-Power from Distri¬ 
bution Curve. As the distribution curve has never an exact 
mathematical form, this has to be done approximately. 

Let I be the intensity in a direotion 0, 6 being measured from the 
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horizontal. Divide the whole surface formed by rotating the distribu¬ 
tion curve into n horizontal zones of angular width 7r/n, and suppose 
that the value of I is constant throughout each zone. The solid angle 
subtended by a zone is equal to the area which the radii from the 
origin to the edges of the zone intercept on a sphere of radius unity. 
The area intercepted on the sphere is equal to the length of the arc 
multiplied by the mean circumference, or 

-2tt cos 9, 
n 

where 9 gives the position of the mean circumference. The radiation 
through the zone multiplied by the solid angle subtended by the zone is 
consequently 

2n 2 \ cos 9 
' • 
n 


Calculate this expression for each of the n zones, take the sum and 
divide by in, the solid angle subtended by all the n zones. The 
result 


1 cos 9 

;-2 - or 

47 t n 


21 cos 9 
2 n 


is the mean spherical candle-power. 

The calculation is much facilitated by always using the same zones 
and working in tabular form. 

A distribution curve can be obtained step by step on an ordinary 
photometric bench by gradually inclining the lamp and so getting the 
intensity at different angles. There are, however, instruments called 
integrating photometers, which by means of reflectors placed round 
the source give the mean spherical candle-power at one operation. 


Subsidiary Standards. In the photometry of artificial illuminants 
it is not usual to compare them directly with primary standards such 
as the pentane or Hefner lamps, as these latter are not convenient for 
rapid operation, but we employ instead intermediate standards which 
have been calibrated in terms of a primary standard. Carbon or 
tungsten glow lamps are used as such intermediate standards, but they 
have first to be seasoned by running them for 100 hours, as in this 
first period of their use the intensity varies irregularly. Also when 
they have been used as standards for 100 hours or thereabouts 
they ought to be checked with a primary standard. A 5 per cent, 
variation from the normal voltage means 28 per cent, variation in the 
candle-power in the case of a carbon glow lamp and 18 per cent, varia¬ 
tion in the case of a tungsten lamp. As the voltage of a city lighting 
circuit varies considerably about its normal value, glow lamps when 
used as standards should be run off a storage battery. 
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Diffusing Globes. Through the experience of ages the eye has 
become accustomed to light coming obliquely from above. Intense 
light coming from any other direction, for example, sunshine on snow, 
produces irritation and discomfort. When the eye is exposed to a 
bright light the diameter of the pupil contracts automatically, but this 
power of accommodation is limited. The intrinsic brilliancy of the 
crater of the arc is 100,000 candles/sq. inch and of a tungsten lamp 
filament 1000 candles/sq. inch ; an incandescent gas mantle gives 
20 or 25 candles/sq. inch. These values are all too high for comfort, 
so these sources must all be used with diffusing globes so as to bring 
the intrinsic brilliancy down. Diffusing globes act either by having 
their surfaces sand-blasted or etched, or owing to fine particles held 
in suspension in the glass, or owing to their surfaces being ribbed, so 
that they refract the rays like prisms of variable angle. Diffusing 
glasses do not scatter the transmitted light equally in all directions 
but principally in the direction of the incident light. Since the fight 
sources are always placed above the heads of the people in a room, 
it is necessary that the globes should be constructed so as to send 
the greater proportion of fight down. Instead of using globes and 
reflectors the same end can be attained by having naked fights and 
the ceiling and upper portions of the walls white, and screening the 
fights so that their direct rays do not reach the eyes; then the white 
walls and ceiling act as a reflector. 


Diffuse Reflection. The degree of illumination of a room depends 
not only on the fight sources but also on the colour of the walls. All 

walls reflect the incident fight diffusely. 

Let MS be a section of a wall, and 
let i be the angle which the incident 
fight makes with PN, the normal at P. 
Let I be the intensity of the incident 
fight, i.e. the quantity of energy re¬ 
ceived per sq. cm. per sec. Then if a 
straight line PQ be drawn of length r, 
making an angle e with PN and not 
necessarily in the plane NPM, and an area dS be isolated on the surface 
of the wail at P, the intensity of the radiation from this area received 
at Q is 

cldS cos i cos e 



where c is a constant. This expression is known as Lambert’s cosine 
law of diffuse reflection. 

Let us find the total quantity of fight radiated out by the area dS 
in unit time. Suppose the angle e increases by de and the point Q con¬ 
sequently moves to Q'; then QQ'=rde. Suppose now that QQ' is 
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rotated round PN as axis. The area swept out is 

2ttNQ x QQ' = 2t7T 2 sin e de. 

The total light received by this area is 

elds cos i cose x 27rr2 siu e de = 7rC |^s cos i x 2 sin e cos e 

r 2 


= nc\dS cos i sin 2 e de. 


de 


The total light radiated out by dS in unit time is consequently 

n 

ncldS cos t sin 2 e de=nc\dS cos i, 

.'o 

and the light received by dS is IdS cos i. The ratio of the light radiated 
to the light received, or the albedo, as it is called in astronomy, is con¬ 
sequently 

7TC. 


Some values of this quantity for ordinary daylight are given in the 
following table :— 


White cartridge paper.-80 

Ordinary foolscap.*70 

Yellow wallpaper.-40 

Emerald green paper • . • • . *18 

Black cloth . . • • • • .*012 

Black velvet ...... -004 


It is obvious from the table that gas and electricity can be saved by 
choosing a light wallpaper. 

Lambert’s cosine law is obeyed very well by a scraped surface of 
plaster of Paris, but with varying degrees of approximation in the case 
of other surfaces. The usual case is to have some regular reflection 
and diffuse reflection occurring simultaneously such as, for example, 
in the case of glazed paper. 

According to Lambert’s law the quantity of light received at Q, per 
unit of area at right angles to PQ, is 

cldS cos i cos e 

7 2 # 

Owing to its being seen obliquely the surface dS appears at Q to have 
the area dS cos e. The surface dS has thus the apparent brj *htness 

cl cos i 
r 2 ’ 

which is consequently independent of the angle e. This is the physical 
basis on which Lambert’s law rests. If the eye is moved round the 
dotted circle in Fig. 289, dS appears always equally bright. 

A luminous sphere, for example, a red-hot copper sphere heated by 
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holding it in tongs over a bunsen flame, appears as a disc of uniform 
brightness. The apparent brightness of the different elements on its 
surface is the same, no matter what angle the normal to the element 
makes with the straight line joining the latter to the eye. The radia¬ 
tion from an element of the surface in a direction making an angle e 
with the normal to that element must consequently be proportional to 
cos e. 

Illumination Photometry. The photometers described earlier in 
the chapter are used for measuring the intensity of a light source in the 
laboratory. It is often necessary to measure in foot-candles or metre- 
candles the degree of illumination of a surface in a room or in the 
street, and for this purpose instruments called illuminometers have 
been devised. The foot-candle is the illumination received on a 
surface facing a light of 1 candle-power at a distance of 1 foot, and the 
metre-candle the illumination received on a surface facing a light of 
1 candle-power at a distance of 1 metre. Illuminometers usually 
contain a small electric lamp which is run off accumulators.* This 
lamp illuminates a matt surface inside a dark chamber, and the 
brilliancy of this matt surface can be regulated by means of an adjust¬ 
able diaphragm or otherwise. The eye looking into the instrument sees 
through a hole close beside this comparison surface the surface whose 
illumination is to be measured, and the comparison surface is adjusted 
to the same degree of illumination by means of the adjustable diaphragm 
or by the insertion of smoke glasses. The instrument is calibrated by 
the use of surfaces of known illumination. The degree of accuracy 
aimed at in the use of such instruments is not high. 

The illumination of an object in ordinary daylight is roughly 1000 
foot-candles. From 1 to 4 foot-candles is sufficient for office desks,f 
schoolrooms, etc., and probably 0*1 foot-candle would be the average 
illumination in a well-lighted street at night. Of course, in illuminating 
a street it is a mathematical problem in itself to choose the distance 
apart of the lamps and their height above the ground, so as to com¬ 
bine uniformity of illumination with brilliancy. If the lamps are too 
high, the illumination on the reference plane, which is usually taken as 
4 feet above the level of the street, will be uniform but weak ; if they 
are too low it will be very unequal. 

Efficiency of an Illuminant as an Energy Transformer. Let us 

suppose that R is the total quantity of energy radiated by a source in 
ergs per second—this includes infra-red, visible, and ultra-violet— 
and that L is the total quantity radiated per second the wave-length 
of which lies between 4000 and 7600 A., the commonly accepted limits 

• Cf. p. 329. 

t Higher standards are coming into use now. The writer requires 20 foot-candles 
on his desk. The table on the back of the Weston Lightometer recommends 6-10 
foot-candles for stairs and passages, 10-20 foot-candles for retail stores and class¬ 
rooms, and 20-30 foot-candles for drawing offices. 
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of the visible spectrum. Then L/R may be defined as the radiant 
efficiency of the source. Besides the loss due to radiation the source 
also loses energy by conduction and convection. If we take this loss 
into consideration and let Q denote the total quantity of energy con¬ 
sumed by the source per second, L/Q may be defined as the luminous 
efficiency of the source. . Since Q includes R, the luminous efficiency is 
always less than the radiant efficiency. 

The radiant efficiency can be determined by using a spectrometer 
equipped with a thermopile and reading the deflections throughout the 
spectrum. Then if the deflections are graphed against the scale 
reading of the spectrometer, the area of that portion of the curve 
above the visible spectrum divided by the whole area gives the result. 
An allowance has to be made for the radiation absorbed by the spectro¬ 
meter. 

The radiant efficiency of the acetylene flame is 0*039. The value 
for a candle flame will be practically the same as the value for the 
Hefner lamp, which has been found to be 0*0096. 

We can calculate the luminous efficiency of the Hefner lamp in the 
following way : The total radiation from a Hefner lamp as determined 
by Angstrom with his pyrheliometer is 2*15 10~ 6 cal. per sq. cm. per 
sec. at a distance of a metre. Hence in a second the flame radiates 
Air x 10 4 x 2*15 10~ 6 = 2*7 cals. The quantity of amyl acetate 
consumed by the Hefner lamp in 1 sec. is 0*002678 gm., and the heat 
given out by the combustion of 1 gm. is 7971*2 cals., consequently the 
heat given out by the lamp per sec. is 7971*2 x 0*002678 = 21*35 cals. 
The ratio of energy radiated to energy consumed is therefore only 
2*7/21*35 = *126, the greater part of the energy consumed being 
lost by convection and conduction. Hence since the radiant 
efficiency of the Hefner lamp is 0*0096, its luminous efficiency must be 
0*0096x0*126=0*0012. The efficiency of the Hefner lamp as an 
energy transformer is consequently not much better than per cent. 
No flame has a luminous efficiency much greater than this. 

Watts per Lumen. The radiant and luminous efficiencies as defined 
above, while interesting in themselves, do not specify the efficiency of 
the illuminant as an illuminant, because the eye is not equally sensitive 
to all the radiation lying between the ends of the visible spectrum. 
It is not only how much energy falls in the visible spectrum but also 
where it falls, that matters. Consequently practical men are accus¬ 
tomed to specify the performance of a light source in watts per candle 
or watts per lumen. Thus the carbon glow lamp is said to take 3J 
watts per candle, the tungsten glow lamp 1J watts per candle, the 
gas-filled tungsten lamp £ watt per candle and so on. Naturally 
the numerical value depends on whether we measure the candle- 
power in a horizontal direction or use the mean spherical candle- 
power, so to avoid ambiguity the other expression is being used 
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nowadays. A source which is radiating with the intensity of one 
candle in all directions is said to emit 477 lumens. Thus the lumen 
has the dimensions quantity of light per second. With the lumen 
are associated two other photometric units; an illumination of 
1 lumen per square metre is known as the lux , and the unit of bright¬ 
ness called the lambert corresponds to the brightness of a perfectly 
diffusing surface reflecting 1 lumen per square centimetre. Hence tho 
lux is another name for the metre-candle. The terms lux and lambert 
are little used. 

The clear gas-filled tungsten lamp when it was first introduced 
was referred to as the “ half-watt lamp,” because it was supposed to 
require only a half watt to produce one candle in a horizontal direction, 
though I have never found it quite as good as this. If we ignore the 
blocking effect of the holder and assume that it has this efficiency in 
all directions, it would give 477 lumens for a half watt or about 25 lumens 
per watt. The makers’ catalogues give at present an average of about 
12 lumens per watt as the actual performance of this class of lamp. 
Now the sensitivity of the human eye for yellowish-green light—the 
colour to which it is most sensitive—is 668 lumens per watt. If all 
the electricity consumed were radiated as light of this colour, the 
lamp would be 56 times as efficient. It would have then a green colour, 
and the addition of red and blue to correct the colour would bring down 
the efficiency, but even then the lamp might be 25 times as efficient as 
at present. Progress in lighting has consisted in diminishing the 
proportion of useless dark heat radiated, but the above figures show 
that there is ample scope for further improvement. 

We shall conclude this chapter by giving an account of the artificial 
illuminants that have been used. 

Flames. Flames are the simplest and historically the first means 
of producing light. As different stages in their development we have 
the primitive pine torch, the oil lamp of the ancients, the rush-light 
of the middle ages, the different kinds of candle from the tallow dip to 
the modern paraffin candle, the burning whale, seal, or bear fat of the 
Esquimaux, the Argand lamp, ordinary coal gas and acetylene gas. 
The action in all these cases is fundamentally the same—hydrocarbons 
are burned in air—and the spectrum is in every case the continuous 
spectrum of the incandescent carbon particles with the discontinuous 
spectra of water vapour and carbon dioxide and other gaseous products 
of combustion superimposed upon it. 

As typical of the various flame illuminants we may consider the 
case of the ordinary paraffin candle. In the candle the flame melts the 
wax at the foot of the wick forming a cup there. The melted wax is 
sucked up the wick by capillary attraction and vaporised and burned 
as a vapour in the flame. The upward draught of air to the flame 
keeps the sides of the candle cool and prevents the edge from melting. 
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The war, of course, prevents the flame from burning too far down the 
wick The top of the wick bends over into the edge of the flame and is 

^ThTtrlnspIrent region of the candle flame which surrounds the 
wick consists of unburnt vapour. Below this the flame has a blue 
edge. This blue edge gives the Swan spectrum, which is due to the 
carbon molecule. Above and surrounding the transparent region is 
an opaque luminous sheath which gives by far the greater part of the 
liaht of the flame. Its light is due to incandescent solid carbon 
particles which are formed by the decomposition of the vapour and 
have not yet combined with the oxygen of the atmosphere to form 
carbon dioxide. In the bunsen flame the oxygen combines with the 
carbon before it has time to radiate ; if there is not enough oxygen 
to combine with the carbon the flame smokes. The bright opaque 
luminous sheath that gives the chief light of the flame is surrounded 
by a faint luminous mantle, which is difficult to see. 

The Welsbach Mantle. The principle of this light is that a mantle 
of organic material is impregnated with a mixture of thorium oxide 
and cerium oxide in the proportion of about 1 part of the latter to 
99 parts of the former. As soon as the mantle is fixed in position the 
organic material is burned off. The oxides remain and give out a bright 
light when they are heated in the colourless bunsen flame. The pro¬ 
portions of the oxides must be nearly right, otherwise the light is much 
dimmer. The inventor, Auer von Welsbach, did not come upon the 
discovery of the mantle suddenly but as a result of systematic experi¬ 
ments with different substances. 

There was some doubt at first as to why the Welsbach mixture gave 
such a bright light, but, when the matter was fully investigated, it was 
found to be due solely to the energy spectrum of the mixture itself. 
The mantle is in a state of thermal equilibrium. It gains heat from 
the flame and loses it by conduction, convection, and radiation. Now 
the respective values of these losses are approximately the same, no 
matter what the mantle is impregnated with, but the proportion of the 
radiation loss falling in the visible spectrum differs from substance to 
substance. The Welsbach mixture is distinguished by the fact that 
it possesses what is known as selective radiation, that a very large 
proportion of its radiation falls in the visible spectrum in the green and 
yellow. The radiant efficiency of the mantle is only 2 per cent. 


Carbon Glow Lamps. The carbon glow lamp has been in use for 
more than fifty years. Its invention was due principally to the labours 
of Thomas Alva Edison and J. W. Swan. It consists of a carbon 
filament inside an exhausted glass bulb. The filament is heated to 
incandescence by the passage of an electric current. A platinum wire 
was tried at first instead of the filament but was not a success, for the 
platinum had to be raised nearly to its melting-point in order to give 
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light economically, and an accidental variation of the current was then 
sufficient to cause the wire to burn through. 

The bulb of the glow lamp is exhausted for two reasons, first to 
prevent chemical action between the filament and the air, and second 
to prevent loss of heat by conduction and convection from the filament 
to the bulb and consequently to the outer atmosphere. If the lamp is 
filled with hydrogen or nitrogen, gases which do not react with the 
filament, much more energy must be supplied to the lamp in order 
that it may give the same amount of light. 

Carbon filaments are prepared by squirting a viscous solution of 
cellulose through a fine hole, so as to form it into a thread, and then 
carbonising this thread. The carbonised thread is then subjected to a 
process called flashing, which consists in raising it to incandescence in 
an atmosphere of hydrocarbon vapour ; the heated filament decomposes 
the gas, and a hard lustrous coating of graphite is deposited on the 
surface of the filament. ' Flashing improves the durability of the fila¬ 
ment and renders its cross-section and conductivity uniform. Carbon 
possesses two advantages as a material for filaments, namely, its ability 
to stand high temperatures and its high specific resistance. It 
possesses the disadvantage, that after a time a black deposit forms on 
the inside of the bulb due to the evaporation of carbon from the fila¬ 
ment, and this black deposit diminishes the candle-power of the lamp. 
When the latter has diminished to about 80 per cent, of its initial value, 
it is cheaper to replace the bulb by a new one. The time required for 
this diminution is said to constitute the useful life of the lamp and is 
roughly about 800 hours. 

Metal Filament Lamps. If the voltage on a carbon glow lamp is 
increased much above its proper value, the temperature of the filament 
is increased, and the lamp gives much more light for the same energy, 
but is soon burnt through. This led to a search for a filament that 
would stand a higher temperature than carbon without burning through, 
and in 1902 a lamp employing osmium as a material for the filament 
and using H watts per candle was put successfully on the market. 
It was succeeded by the tantalum filament lamp in 1905, and the latter 
was immediately followed by the tungsten filament lamp, which latter 
under the various names of Osram, Mazda, etc., at present holds the 
field. The osmium lamp is no longer made, as it is less efficient than 
the tungsten lamp. 

The tungsten filaments were at first made from a paste by squirting 
the latter through a small hole in a diamond under high pressure, and 
were then very easily broken. They are now, like the tantalum fila¬ 
ments, wire-drawn and consequently much stronger. The specific 
resistance of tantalum and tungsten is very much less than the specifio 
resistance of carbon, consequently the filaments have to be much 
thinner, the diameter having, for example, the value *03 mm. There is 
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also another difference; the resistance of tantalum and tungsten 
increases with the temperature, while the resistance of carbon possesses 
a negative temperature coefficient and decreases with rise of tempera¬ 
ture and increase of current. Tungsten lamps are recognised as re¬ 
quiring 1 or U watts per candle. Their superiority over the carbon 
lamp is due partly to their higher temperature and partly to selective 
radiation, to the fact that they radiate a smaller proportion of infra¬ 
red dark heat. 

The Nernst Lamp. The filament of this lamp is a combination of 
oxides of cerium, thorium, and zirconium. It does not react chemically 
with the atmosphere, and hence does not require to be enclosed 
in a vacuum. The Nernst filament or glower, as it is called, does not 
conduct at low temperatures and must be warmed before the lamp is 
started. In the first lamps this warming was done with a match, 
but afterwards the lamps were provided with an electric heater, which 
out out automatically whenever the lamp started. As the resistance 
of the glower decreases rapidly with rise of temperature it must be 
provided with a ballast resistance. The conduction in the Nernst 
filament is electrolytic, and its light has a reddish tint. It has never 
been widely used in this country principally owing to the advent of 
the metal filament lamp. 


The Arc Lamp. The arc is the oldest electrical illuminant. Formerly 
only the arc passing between carbon electrodes was used for lighting 
purposes. These electrodes are made from a mixture of powdered 
coke and pitch, which is moulded under heavy pressure and then 
baked at a high temperature to drive off volatile matter and harden 
them. To start the arc it is “struck,” i.e. the two electrodes or 
carbons which are at a difference of potential of 70 or 80 volts are 
suddenly brought into contact and then pulled apart. This causes an 
electric discharge characterised by intense light to pass between them. 

After the discharge has passed some time, the end of the positive 
carbon or anode becomes hollowed out and the end of the negative 
carbon or kathode becomes pointed. Both the carbons are consumed 
by the arc, the positive one twice as fast as the negative one. There 
is a luminous vapour between the electrodes, and the ends of both 
carbons give off a bright light, 85 per cent, of the total light coming 
from the hollow or crater on the positive carbon. If the current is too 
large, the crater becomes too large to occupy the end of the carbon and 
the lamp begins to hiss. The carbons of the arc lamps used for street 
illumination strike and feed together automatically, but in the arcs 
used for projection work this is usually done by hand. 

In recent years the arc has been improved in different directions. 
It has been enclosed in a tightly fitting glass globe so as to restrict the 
supply of air and lengthen the life of the carbons. Then, instead of 
mounting the carbons coaxially, they have been inclined to one 
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another with the anode pointing downward; the crater can then 
radiate freely without being obscured by the negative carbon. Also 
the electrodes have been impregnated with salts of strontium, calcium, 
barium, and titanium. This has the effect of making the luminous 
vapour between the electrodes develop into a brilliant flame, yellow in 
the case of calcium salts, red in the case of strontium salts, and white 
in the case of barium and titanium salts ; this flame gives the greater 
portion of the light. The flame arc is the most efficient of all illumin- 
ants, requiring only J watt per candle. 

The Pointolite is a vacuum tungsten arc which is much behind the 
carbon arc in intrinsic brightness of the anode. But it is very steady 
and is consequently much used for experimental work. 

§ Much experimental work is being done at present in perfecting new 
lamps, and there are some very efficient high-pressure mercury arcs, 
but it would be going too far to give an account of them. In the 
case of optical resonance the atom has 100 per cent, efficiency as an 
energy transformer, and in the case of the high frequency discharge— 
the production of light in an electrodeless tube by means of electrical 
oscillations of ultra short wave-length—the efficiency is also very 
high. I think we can expect great developments in the future. 
For we have now the proper theoretical background, and know that 
there are more efficient ways of exciting atoms than the clumsy one 
of heating them, so that they bump together with sufficient violence. 


EXAMPLES 

(1) The distance between two incandescent lamps of 8 and 16 candle-power 
is 6 feet. Show that there are two positions on the line joining the lamps in 
which a screen may be placed so as to receive equal illumination from each of 
them, and determine these positions. 

(2) If the light of the full moon is found to produce the same degree of illumina¬ 
tion as a standard candle does at a distance of 4 feet, what is the equivalent in 
candle-power of the moon’s light ? The moon is distant 60 times the earth’s 
radius. 

(3) Two stare of the fourth magnitude are so close together that they appear as 
one. What is the magnitude of the two stare combined ? 

(4) If the naked eye can just see a sixth magnitude star and the diameter 
of the pupil of the eye is 3 mm., what is the magnitude of a star which is just 
visible with the Yerkes telescope, the diameter of the object glass of which is 
40 inches ? 

\ 5 ) The star Algol undergoes a periodical partial eclipse, during whioh its 
intensity sinks to J of its usual value. The eclipse lasts altogether about 8 J hours 
from start to finish, and the time that elapses between two successive eolipses 
is 2 days 21 hours. The phenomenon has been explained as due to a small dark 
star rotating round a bright one (two bright ones rotating round one another 
would give two minima). Calculate the ratio of the radius of the dark star to 
the radius of the light one. Assume that they are both spherical, and that the 
disc of the bright one is uniformly bright. As the intensity remains constant for 
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about 20 minutes at the minimum, it may be assumed that the one disc falls 

wholly inside the other one at the minimum. ._ OT1 nr Hinarv 

(6) Determine the distribution curve of a carbon glow lamp ? 

photometer bench. The lamp can be held in a clamp and its inclination measured 

W *(7)^CalcuJate^he mean spherical candle-power of the same lamp by the method 

8 *Tg? Calculate the mean hemispherical candle-power of the same lamp. (Pro¬ 
ceed as in example immediately above, but use only the zones on the hemisphere 

which does not contain the holder.) . . ,. a . 

(9) Measure experimentally the amount of light reflected diffusely in different 
directions by a square of white cardboard of 2 inches side. (Use the square of 
white cardboard in place of one of the lamps on the ordinary photometer bench 
and balance it against a weak source. Illuminate it by a beam from an arc lamp 
used for projection ; remove the projecting lens and have the cardboard beyond 
the image of the crater formed by the condenser, and far enough into the diverging 
cone to prevent the illumination changing owing to the arc wandering, btray 
light must be very carefully guarded against and readings taken rapidly and 

° f n0) ) Measure in foot-candles the illumination in a room on a piano 2£ feet 
above the floor. Improvise an illuminometer for the purpose, using as com¬ 
parison source a four-volt lamp. ... .... 

(11) Determine the candle-power and calculate the intrinsic brilliancy in candles 
per sq. inch for different light sources with and without diffusing globes. 

(12) Invert a carbon glow lamp, di>» it into a glass beaker containing clean 
water and note the rise of temperature in five minutes. Repeat the experiment 
but mix ink with the water so that the lamp cannot be seen through it. In the 
first caso the water is heated by all the heat emitted except the visible and near 
infra-red radiation ; in the second case these are absorbed also. Hence the 
difference of the rises divided by the larger rise gives a rough measure of the 
luminous efficiency. (The experiment docs not give definite results unless very 
carefully carried out. Criticise it from the point of view of the light internally 
reflected in the beaker.) 



CHAPTER XX 

THE EYE AND COLOUR VISION 


The Eye. The eye consists practically of a spherical chamber with 
a circular opening in the front; by means of a system of lenses the 
light entering this opening forms an image on the back of the chamber 
just as in the case of a photographic camera. 

Fig. 290 represents a section of the human eye. It is surrounded 
by a coating S called the sclerotic. The front portion of this coating, 

C, is transparent and is called the 
cornea. L is the crystalline lens, which 
is attached to the walls of the eye by 
the ciliary muscle. In front of the 
lens is a diaphragm, I, called the iris, 
which is coloured ; it is the colour of 
the iris that is meant when the colour 
of an eye is referred to. In the centre 
of this diaphragm there is a circular 
aperture called the pupil. The space 
A between the lens and cornea, i.e. the 
anterior chamber, is filled with a watery 
liquid containing a little salt in solution, which is called the aqueous 
humour. The space V behind the lens, i.e. the posterior chamber, is 
filled with a transparent gelatinous substance termed the vitreous 
humour. 

After passing through the cornea, aqueous humour, lens and 
vitreous humour the rays fall on the retina R. The retina consists 
principally of a network of nerve fibres connected with the brain by the 
optic nerve 0. In the retina there are two kinds of vision cells termed 
rods and cones. In the retina directly behind the pupil is the yellow 
spot Y, or macula lutea, which has a depression in the centre called the 
fovea centralis ; here vision is most distinct. There are no rods in the 
fovea centralis. The point in the retina at which the optic nerve 
enters is not sensitive to light and is called the blind spot. 

Usually when the eye is at rest it is adjusted so that the image of 
a distant object is in focus on the retina. If then it is turned to a 
nearer object, its pose must be altered, it must be accommodated to the 
nearer object in order that the latter may be clearly seen. This is 
done by a forward motion of the lens and an increase in curvature of 
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both its surfaces. The range of accommodation of the eye is limited. 
The normal eye sees small objects best when they arc at a distance of 
25 or 30 cms. This distance is called the distance of distinct vision 
because, if the object is nearer, an exertion is required to focus it and 
if it is farther away, although quite as sharp it is smaller and the 
detail cannot be seen so well. Helmholtz found that when the focus 
of the eye was changed from infinity to the distance of distinct vision, 
the radius of curvature of the front surface of the lens changed from 
10 mm. to 6 mm., and the radius of curvature of the back surface from 

6 mm. to 5-5 mm. . - 

The crystalline lens is biconvex and colourless, and consists ot 
manv layers of different density. The outmost layer is soft, the inmost 
one harder. The index of refraction of the outmost layer is 1*405 of 
the middle layer about 1-429, and of the inmost layer 1-454. Ihe 
indices of refraction of the aqueous and vitreous humours have about 
the same value, 1-34. When the cornea is adjusted for distant vision 
its radius of curvature is about 7-8 mm. 

The index of refraction of the cornea is nearly the same as that 
of the aqueous humour. Consequently rays entering the eye suffer 
refraction mainly at three surfaces, the outer surface of the cornea and 
the two surfaces of the lens. There is in addition to this the con¬ 
tinuous refraction experienced in passing from layer to layer of the 
lens. The eye thus consists of a system of coaxal spherical refracting 
surfaces and the theory of Chapter III can be applied to it. As the 
initial medium is air and the final medium vitreous humour, the nodal 
points do not coincide with the principal points. The positions of the 
cardinal points for the average eye focussed for parallel light are, 
according to Listing, as follows : The first principal point is 1-7 mm. 
behind the front surface of the cornea, and the second principal point 
is 2-1 mm. behind the same surface. They are thus both situated in 
the anterior chamber of the eye. The first principal focus is 13-7 mm. 
in front of the cornea, and the second principal focus is on the retina 
22-8 mm. behind the cornea. The first nodal point is situated in the 
lens 0-2 mm. in front of its back surface, and the second nodal point 
is situated in the posterior chamber 0-12 mm. behind the back surface 
of the lens. The optical axis of the system does not pass through the 
centre of the yellow spot. 

The ophthalmometer is an instrument used for measuring the 
curvature of the cornea. The principle it employs is that described 
on p. 72 for obtaining the radius of curvature of a convex mirror. 
The formula in that case was 


r= 


2JD 


L- 21* 


where L was the length of an object placed in front of the mirror, D 
was the distance of the object from the mirror, and l the length of the 
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image formed in the mirror. In measuring the curvature of the cornea 
l is always much smaller than L, and hence can be neglected in com¬ 
parison with the latter. The formula therefore becomes simply 

2JD 

T L' 

The image in the eye is regarded through a double-image prism and 
is thus seen double. The length L is altered until the two images just 
touch ; l is then known from the construction of the instrument and 
D can be measured. 

For an object to be seen clearly its image must fall on the middle 
of the yellow spot. Then two points can be distinguished when they 
subtend an angle of 1' at the eye, that is, when their images are 0-005 
mm. apart on the retina. Rays falling on the peripheral regions of 
the retina form blurred images, and the objects emitting them cannot 
be seen distinctly. 

The image formed on the retina is, of course, an inverted one, but 
this causes no confusion since the impression it produces is always 
associated mentally with the upright position of things. 

The normal eye suffers both from spherical aberration and chro¬ 
matic aberration. The presence of the former can easily be shown. 
If a piece of cardboard is pierced with a pinhole and this pinhole held 
close up to the eye and a page of printing looked at through it, it is 
found that the printing can be read easily when closer to the eye than 
the near point. The focal length is thus less for the axial rays than 
for the marginal rays, the opposite to what happens in the case of the 
single convex lens, or, in other words, the eye is over-corrected for 
spherical aberration. 

When the eye is adjusted for parallel light the focus of the violet 
rays lies 0-43 mm. nearer the lens than the focus of the red rays does. 
This difference of focus can be shown very well with certain kinds of 
cobalt glass which let through only the blue and violet and the extreme 
red end of the spectrum. If we look through such a piece of glass 
at the filament of an electric glow lamp we see two images superim¬ 
posed, a red one and a blue-violet one. If the filament is at a great 
distance, the eye focusses involuntarily on the red image, which 
consequently appears surrounded by a blue-violet haze. If the 
filament is so near that the eye cannot focus on the red, the blue-violet 
image is seen surrounded by a red haze. 

Defects of Vision. There are four defects of the eye of frequent 
occurrence, which are remedied by the use of spectacles. These are 
(1) Myopia, or Short Sight; (2) Hypermetropia, or Long Sight; 
(3) Presbyopia ; (4) Astigmatism. 

In myopia, or short sight, the focal length of the eye is too small and 
parallel rays are brought to a focus in front of the retina. Con- 
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sequently distant objects cannot be seen distinctly. Near objects ca.i 
be seen quite weU, and the distance of distinct vision is less than in the 
ease of the normal or emmetropic eye. The defect is corrected by the 
use of a concave spectacle lens. 

In hypermetropia, or long sight, the focal length of the eye is too 
great, and, when the eye is relaxed, parallel rays are brought to a focus 
behind the retina. By an act of accommodation the focus can be 
brought on to the retina in the case of distant objects and consequently 
they'can be seen clearly. But, even when the lens is curved as much 
as possible, the images of near objects still fall behind the retina and 
appear blurred. In the hypermetropic eye the distance of distinct 
vision is greater than for the normal eye. Hypermetropia is corrected 
by the use of a convex spectacle lens. 

If d is the distance of distinct vision for the hypermetropic eye, and 
D for the normal eye, then the focal length of the correcting lens is 


given by 


1 = 1 i 

f d b* 


for its function is to change a real object situated at a distance D to a 
virtual object at a distance d on the same side of the lens, and it is this 
virtual object that is viewed by the eye.* The same formula gives the 
focal length of the spectacle lens to be used with a myopic eye ; in 
that case the sign comes out different. 

Presbyopia is a loss of accommodating power occurring in the case 
of elderly people owing to the hardening of the crystalline lens. People 
afflicted with it can see distant objects clearly but not near objects. 
Sometimes the accommodation almost entirely disappears. Convex 
spectacle lenses, usually powerful ones, must be used for reading and 
writing and less powerful ones for getting about. 

In astigmatism the focal length of the eye is different in two planes 
at right angles to one another, that is, if on a card two sets of lines are 
ruled parallel and at right angles to one another and the card is rotated 
so that the directions of the lines correspond with the above two planes, 
only the one set of lines can be seen distinctly at once. If the other 
set is to be seen distinctly, the accommodation of the eye must be 
altered and the first set put out of focus. Astigmatism is due to the 
surfaces of the lens and the cornea, principally the surface of the 
cornea, not being symmetrical about their axis. It is corrected by 
the use of cylindrical, sphero-cylindrical, and toric lenses. A sphero¬ 
cylindrical lens is one, one surface of which is spherical and the other 
surface of which is cylindrical. A toric or toroidal or more strictly a 
plano-toric lens has one surface plane and the other with different 
curvatures in its two principal meridians. 


* This is correct, but the usual practico in to correct the far point and neglect the 
diatanoe of distinot vision. 
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The power of spectacle lenses is always measured in diopters. The 
power of a lens in diopters is obtained by dividing 40 by its focal 
length in inches or, more accurately, by dividing 100 by its focal length 
in cms. A + is prefixed to the result if the lens is convex, and a - if it 
is concave. Cheap spectacle lenses are mostly biconvex or biconcave 
and made of glass of index of refraction 1*52, hence the focal length can 
be determined from the radius of curvature of one side. There is an 
instrument for this purpose, the lens tester, something like the sphero* 
meter, with two fixed points and a movable central point which is 
pressed down to make contact. When contact is made, the power of 
that side of the lens can be read off on a scale directly in diopters. 

§ When the ciliary muscle is quite relaxed, the eye is focussed on its far 
point or punclum remotum. In normal vision the far point is at infinity. 
When the ciliary muscle has contracted as much as it can, the eye is focussed 
on its near point or punclum proximum. The near point is, of course, 
closer to the eye than the distance of distinct vision. The near point can 
be determined by noting the shortest distance at which very small type is 
legible. The distance between the near point and far point of an eye is 
called its range of accommodation. 

When the eye is adapted for the far point, the change in power necessary 
to accommodate it to the near point is called its amplitude of accommoda¬ 
tion. Or, in other words, the amplitude of accommodation is the power of 
a lens which enables a perfectly relaxed eye to see an object situated at its 
near point. With the advance of age the elasticity of the eye lens and 
the amplitude of accommodation diminish, as is shown by the following 
table 

Average Value of the 
Amplitude of Accommodation 
in Diopters 
. 14 

. 12 

. . 10 

. 7 

. 4-5 

. 2-5 

. 10 
. . 00 

Binocular Vision. When we look at a near object, the lines of 
vision of the two eyes have to converge towards it and an act of 
muscular accommodat ion has to be made. The magnitude of the slight 
exertion involved in this act helps to give us an idea of the distance of 
the object. But our estimation of distance is principally made in 
another way altogether. The image formed on the fovea of the one 
eye is not exactly the same as the image formed on the fovea of the 
other, because the object is regarded by the two eyes from different 
standpoints. The difference is, of course, easily noticed when we 


Age 


10 years . 

15 

»» 

20 

»» 

30 


40 

»» 

50 

»» 

60 

n 

75 
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look through a window and close first one eye and then the other ; the 
window frame appears to move relatively to the background. This 
difference in the two images we associate with solidity ; if the two 
images are exactly the same, as is the case when we look at a picture, 
the images on the retinas of the two eyes fuse together perfectly and 
give a sensation of flatness, and the objects m the picture do not stand 
out in relief. 


The Stereoscope and the Stereo-Micrometer. The stereoscope is 
an instrument used for looking at photographs, which gives them a 
wonderful sense of relief and solidity. The photographs must be taken 
in pairs, each pair of the same object but from slightly different 
standpoints. Fig. 291 illustrates the principle of the instrument, ab 
and a'b' are the two photographs, ab is looked at by the one eye 
through the half lens M, and ab' by the other eye through the half 
lens N, which is of the same power as M. Each of these lenses produces 
a virtual enlarged image but acts also as a prism and deviates the rays. 
The two images thus appear at AB on the top of one another and, as 
owing to the photographs being taken from different points the images 
do not superimpose perfectly, the observer sees one picture which seems 
to stand out in relief. 

Photographs for the stereoscope might be taken with an ordinary 
camera by placing it first in the one position and then in the other, 
provided, of course, that the object did not move. They are, however, 
usually taken simultaneously by means of special cameras with two 
equal lenses mounted a short distance from each other side by side. 

The stereoscope has developed recently into an important scientific 
instrument, the stereo-micrometer. If two similar pointers arc placed 
at c and c ' (Fig. 291) in the plane of the photographs so that their images 
superimpose, they will appear to the observer 
as one. If the one pointer is displaced to 
the side, the degree of superposition of the 
two images will alter, and consequently the 
distance of the pointer from the observer will 
appear to alter. If the displacements of the 
one pointer to the side are read on a scale, it 
can be used to measure the distances from 
the observer of different objects in the photo¬ 
graph, for the image of the pointer can in 
succession be made to appear as far away as 
these different objects, and the scale cali¬ 
brated with a photograph the distances of the objects in which are 
known. 

This is the principle of the stereo-micrometer, which has been used 
amongst other purposes for determining the heights of the mountains 
of the moon and the depths of their craters. Two photographs of the 
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surface of the moon were taken from different angles * and inserted in 
the instrument. They gave the sensation of relief, and, by bringing the 
mark first to the same distance as the bottom of the crater and then to 
the same distance as the top of its walls and reading the scale both 
times, the depth of the crater was obtained. 

Stereoscopy has also been used for the detection of planetoids. If 
two photographs are taken of the same portion of the heavens on 
successive nights and are compared, the planetoids or small planets can 
be detected by the fact that they have moved relatively to the stars, 
which all remain fixed with regard to one another. The old way of 
detecting them was therefore to measure the position of every object 
on the plate in turn—an extremely tedious process. But if the two 
photographs are placed in the stereoscope, the planetoids at once 
stand out in relief from the background of stars, and their detection is 
easy. 

Optical Illusions. Figs. 292,293, 294, 295, and 296 represent some 
optical illusions. In Fig. 292 the white square upon the black ground 



Fio. 292. 


looks larger than the black square upon the white ground, although, as 
may be tested by actual measurement, it is really slightly smaller. 





Fio. 293. 


• While on the whole the moon keeps the same face towards the earth, yet it 
oeeillatoe slightly about this stationary position. Hence it is seen from different 
angles at the same point on the earth's surface on auooeaaive nighta. 
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This is due to what is called irradiation. Owing to the imperfections 
of the eye the image of a luminous point on the retina is a circ.o. 
Hence the images of luminous points on the edges of the white square 



Fio. 294. 


invade the black border, and similarly the white border appears to 
extend into the black square. 

In Fig. 293 the horizontal lines are parallel although they appear in 
the first case closer together at the middle and in the second case 
farther apart at the middle. In Fig. 294 the vertical lines are parallel, 



F, °- 295. Fio. 290. 


although they appear slanted alternately in different directions. The 
divergence appears greater if the diagram is turned through 45°. The 
circle in Fig. 295 is accurately drawn although it appears extended 
towards the right and compressed towards the left. The square in 
13 
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Fig. 296 is a perfect square although the bottom left-hand corner 
appears acute. 

Abney’s Colour Patch Apparatus. We shall next discuss the 
phenomena of colour vision, and as a preliminary shall describe Abney’s 
colour patch apparatus, with which they can be shown in a very clear 
way. 

A plan of the apparatus is shown in Fig. 297. It is somewhat 

similar to an ordinary 
spectroscope. As source 
of light an arc lamp is 
used at E. An image 
of the crater is focussed 
by the lens on the 
sht of the collimator at 
S. After emerging from 
the object glass of the 
collimator the light 
passes through two 
prisms P L and P 2 , is 
received by a lens L 2 , 
and formed into a spec¬ 
trum on a screen VR. 
V gives the violet end 
and R the red end of 
this spectrum. Suppose 
the screen VR removed 
and a lens L 3 inserted 
so as to form a sharp 
Fio. 297. image of the second 

face of the second prism 
on the screen BC. Then, since all the colours of the spectrum fall on 
L 3 , the colour of this image or patch, as it is called, will be white. 

If in the position VR we place a screen with a slit in it and move 
this slit along the spectrum, then the position and shape of the patch 
at BC remain unaltered, but its colour varies according to the part of 
the spectrum in which the slit is situated. Its intensity varies accord¬ 
ing to the width of the slit. 

The rays R reflected from the first surface of the first prism are 
reflected by a mirror, and focussed by a lens so as to fall on the screen 
at C, and form a white patch there side by side with the coloured patch. 
Since both these patches come from the same source, if the intensity 
of the latter fluctuates a little, the relative intensity of the two patches 
remains unaltered. A rotating sector is placed at D so as to alter the 
intensity of the white patch. 

By moving a slit along the spectrum and comparing in succession 
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the intensities of the coloured patches thus produced with the intensity 
of the white patch, Abney was able to measure the luminosity of the 
different parts of the spectrum. His results are shown in Fig. 298. 



The abscissa? give the positions of the slit on an arbitrary scale and 
the ordinates the luminosity. It will be seen that the spectrum is 
brightest in the yellow, and that the luminosity of the blue and violet 
is very small. The results are, of course, for a normal eye. For a 
red colour blind eye they would be represented by thf dotted curve. 

Colour Mixing. Suppose now that we have two slits, one in the 
green and one in the red. These give us two patches at BC, a green 
and a red one superimposed, and these two combine to form a yellow 
patch. This result seems at first sight very striking, because when 
green and red pigments are mixed the result is not yellow but a dirty 
brown. Also, if blue and yellow pigments are mixed, the result is 
green, whereas, if slits are cut in the screen so as to let a blue and 
a yellow patch superimpose, the result is either a yellowish-white or a 
bluish-white. When the widths of the two slits are properly adjusted, 
a pure white results. 

A little consideration shows that the two cases are different. When 
white fight falls on a yellow pigment, it goes some way into it and is 
then diffusely reflected out, and during its passage inside it some of the 
constituent components of white fight are absorbed. The fight that 
comes out is coloured yellow, but this yellow is not spectrally pure ; it 
contains also red and green. In the same way, when white fight falls 
on a blue pigment, it enters some distance before it is reflected out and 
the reflected fight contains green as well as blue. If the two pigments 
are mixed, the incident white fight is absorbed by both before it emerges 
again, and consequently the only constituent that emerges is that which 
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is absorbed by neither, that is, green. Mixtures of two pigments give 
only the colour that is absorbed by neither, not the sum of their 
colours. 

If, however, instead of mixing the pigments we 
take a disc, divide its surface into two sectors, paint 
one sector red and the other green, and rotate the 
disc at a high speed, the two colours merge owing to 
the rotation, and, if the angles of the sectors have 
been chosen properly, the disc appears yellow. That 
is, the rotating disc gives the same result as the 
colour patch apparatus. It is, however, not so 
satisfactory a method of mixing colours, because it is difficult to get 
pigments that are spectrally pure. 

Complementary Colours. If part of the spectrum at VR (Fig. 297) 
is blocked out with a screen, and then this part allowed to pass and the 
rest blocked out, the two colours which form in succession on the patch 
BC would obviously give white if superimposed on one another. They 
are said to be complementary colours, and they are composite, each 
containing a great range of wave-lengths. 

But two monochromatic colours can also be complementary. It 
can be shown by having a screen at VR with two slits in it and allowing 
two monochromatic colours to fall on the patch, that in many cases 
these also give white when combined. Thus, according to Helmholtz, 
the following colours are complementary :— 



Red 

Orange 

Yellow 

Yellow 

Yellow 

Yellow 

Greenish-yellow 


Wave-length 
6562 A.U. 
6072 „ 
6853 „ 
6739 „ 
6671 „ 
6644 „ 
6636 „ 


Greenish-blue 

Blue 

Blue 

Blue 

Dark blue 
Dark blue 
Violet 


Wave-length 
4921 A.U. 
4897 ,. 
4854 „ 

4821 „ 
4045 „ 
4618 „ 
4330 „ 


The complementary colour to green is purple, which, of course, is not 
monochromatic, containing, as it does, both red and blue. Two colours 
in the spectrum, which lie closer together than complementary colours, 
give, when combined, one of the colours that lie between them, and 
this resulting colour is more saturated, i.e. contains less white in it, the 
closer the original colours are together. 

If we look at a bright red object for perhaps half a minute and 
then fix the eyes on a white surface, we see the object superimposed 
upon the white in peacock blue. The image is termed an after image, 
and appears in the complementary colour to the original object. 

A small white object on a coloured ground appears to have the 
colour complementary to the ground. Thus white on a blue ground 
appears pink. The effect is heightened by putting a thin sheet of 
tissue paper over the object, but disappears if the object is surrounded 
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by a black border. Also two complementary colours placed side by 
side appear heightened in intensity. According to Helmholtz, in these 
cases the effects are psychological, not physiological; it is our judg¬ 
ment, not our sensation, that is at fault. 

Colour Triangle. The colour triangle, which is represented in the 
adjoining figure, is a very useful method of exhibiting at a glance the 
results of adding coloured lights either by the colour patch apparatus 
or the rotating disc. The first attempt at a diagram of this nature 
is given in Newton’s “ Opticks,” but the method was not developed 
fully until it was taken up by Helmholtz and Maxwell two centuries 
later. In the triangle which is an equilateral one, every point repre¬ 
sents a colour. Red, green, and blue are at the corners, yellow, pea¬ 
cock blue, and magenta are at the 
midpoints of the sides, and white is 
at the centre. The spectrum colours, 
red, orange, yellow, yellowish-green, 
greer peacock-blue, lie along the 
first and then outside the second 
upper side of the triangle. The 
violet end of the spectrum is below 
blue outside the triangle. The colours 
along the base are, in order, red, 
rose-pink, magenta, purple, blue. 

The saturated colours lie along or 
outside the sides of the triangle ; the 
paler colours inside round about white. For example, if we travel 
along the median from the red corner, the red becomes paler, until it 
merges into white ; the white then takes on a faint peacock-blue 
tinge which increases in saturation until the side of the triangle is 
reached. 

It is found that if any two colours in the diagram are superimposed, 
their intensities being in the ratio of a to 6, the result is represented 
by the point in the line joining their positions which divides the line 
in the ratio of a to 6, and is nearer the colour of which most was 
taken. Or, in other words, the rule i3 the same as for finding the 
position of the centroid of two unequal masses. Thus, since red and 
green in equal quantities make yellow, yellow is represented by the 
point midway between them, and we infer from the diagram, for 
example, that if yellow and blue are added to make white, the intensity 
of the yellow must be twice as great as the intensity of the blue. 
This is sometimes expressed by the saying that blue is twice as strong 
as yellow of the same intensity. 

It follows from the diagram that nearly all colours can be obtained 
by superposing red, green, and blue in varying proportions. Red, 
green, and blue are consequently termed the primary colours, and 
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peacock blue, magenta, and yellow, which together with the primaries 
make up white, are termed the complementaries. 

Artists are accustomed to regard red, blue, and yellow as primary 
colours, but, as has been mentioned above, when pigments are mixed 
we do not get the sum of their colours but only the colour that is 
absorbed by none. If pigments were spectrally pure, when mixed 
they would always give black. 

Young-Helmholtz Theory of Colour Vision. The facts of colour mixing 
are beyond dispute ; they are accepted by all theorists, and form the basis 
of different systems of colour photography. But three authorities on the 
subject, Young, Helmholtz, and Maxwell, made the additional assumption 
that there are three primary colour sensations corresponding to these 
primary colours; this is the fundamental hypothesis of the Young- 
Helmholtz theory of colour vision, and it has been a subject of debate for 
years. The psychologists have, for example, pointed out that in the 
colour triangle the three complementaries are not on the same footing ; 
yellow is a primary sensation, whereas peacock blue and magenta are seen 
as mixtures. 

There are, of course, persons who make mistakes in matching colours 
known as the colour blind. About four out of every hundred men suffer 
from colour blindness in some form or another, but only about four in every 
thousand women. In a healthy subject colour blindness is congenital 
and hereditary. 

Put in its simplest form the Young-Helmholtz theory states that in the 
retina of each eye there end three sets of nerves, one set for the sensation of 
red, another for the sensation of green, and a third for the sensation of blue. 
When red light falls on the eye, it stimulates the red nerves. When yellow 
light falls on the eye, it stimulates both the red and green nerves. When 
white light falls on the eye, it stimulates all three sets of nerves. The 
colour blind lack either one or two sets of nerves. If they lack two, they 
are totally colour blind, and are referred to as monochromats. If they 
lack one set, they are referred to as dichromats ; all the commonly occurring 
cases are dichromats who lack either the red or green set of nerves, and are 
consequently referred to as red or green blind. Observers with normal 
colour vision are referred to as trichromats. 

One objection to the Young-Helmholtz theory is that there is no 
anatomical evidence for the three sets of nerves, but the most serious 
objection is that the colour blind do not fit into the original classification. 
I have tested carefully some thirty colour-blind individuals, and not one 
of these agreed with Helmholtz’s typical cases. Helmholtz became aware 
of the inadequacy of his earlier views, and before his death he modified his 
theory so as to make it better able to take account of the cases occurring 
in practice. But when the theory is modified, it loses its original simplicity 
and force. 

Fig. 301, which was calculated by Koenig from colour mixture experi¬ 
ments, illustrates the action of the different sets of nerves on the Young- 
Helmholtz theory. If light of the red hydrogen line C falls on the retina, 
it excites only the red sensation. The sodium line excites both red and 
green, but the red to a greater extent. The blue excites all three sensa 
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tious. If now we take any two complementary colours from the table 
on p. 388 and adjust their intensities until they give white, then it will 
be found from Fig. 301 that together they always produce the three 
sensations to the same extent. Of course it will be noticed that the 
primary green sensation cannot be stimulated without stimulating at least 

one of the other two. . . 

A theory formerly in much repute was that of Henng, according to 
which there are three molecular processes occurring in the retina, each of 
which has an anabolic or constructive direction and a katabolic or destruc¬ 
tive direction. The pair of colours black and white is associated with the 
one process, the pair yellow and blue with another process, and the pair 
red and green with the third process, black, blue, and green being associated 
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with the constructive change, and white, yellow, and red with the destruc¬ 
tive. 

Hering’s theory can be put into a form which is mathematically equi¬ 
valent to Helmholtz’s—this is not generally known at present, although 
it was known to Helmholtz—and it is this form of theory which I personally 
prefer (cf. my book, Vision and Colour Vision , Longmans, 1932). 

Tests for Colour Blindness. Formerly the Board of Trade employed a 
test for colour blindness known as Holmgren’s wool test, named after the 
Swedish physiologist who introduced it. The candidate undergoing the 
test was given a great number of differently coloured skeins of wool and 
asked to match certain test skeins. The advantage of having the colour 
on wool is that it has then no sheen. Holmgren supported the Young- 
Helmholtz theory, and as a result of the test the failures were classified as 
completely or partially red and green blind. It was always objected 
against the wool test that the conditions of the test were artificial. 

At present a lantern test is used. The candidate is taken into a dark 
room in which there is a dark lantern provided with apertures of different 
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sizes. Coloured glasses can be rotated behind these apertures, and the 
apertures appear the same size to the candidate as the signal lights in 
ordinary practice. He is simply asked to name the colours shown him. 

Measurement of Colour. Since 1931 there has been an internationally 
accepted scientific method of measuring colour. In order to eliminate 
errors due to variation in colour vision it employs a standard observer, 
the C.I.E. observer, and it specifies a colour by the proportions of three 
primary colours in the mixture which is equivalent to it. But as it would 
take too long to describe we shall refer to two accounts of it, J. Smith and 
J. Guild, Trans. Opt. Soc. 33, p. 73 (1931-32), and Deane B. Judd, Journ. 
of the Opt. Soc. of America, 23, p. 359 (1933). 

Colour Photography. The Lippmann process of colour photography 
has already been mentioned on p. 151, and it has been stated that on 
account of its difficulty it has found little application. A picture of the 
spectrum taken by the Lippmann process reproduces every colour in the 
exact wave-length in which it was taken. Several processes of colour 
photography have been founded on the theory of primary colours and are 
in wide use. They do not seek to reproduce every spectral colour in light 
of its own wave-length, but only as a combination of the three fundamental 
colours, which would produce the same colour sensation in the eye. 
They all employ three colour filters or screens, a red one, a green one, and a 
blue one. 

In one process three separate negatives are taken of the object to be 
photographed, one through each screen. A red object appears only on the 
negative taken through the red screen, and a green object only on the 
negative taken through the green screen. Yellow is partly absorbed 
and partly transmitted by both the red and green screens, so a yellow 
object comes out on the negatives taken through each of these screens. 
The colouring matter of the filters is selected so that the ratio of the 
effects on the two negatives is as nearly as possible the same as the ratio 
of the effects on the red and green nerves, when the colour falls directly 
on the eye. It is impossible to get colour filters which are theoretically 
accurate, and the filters in use are only a compromise ; this is why blue 
is used for the third filter instead of the theoretically more accurate 
violet. 

Three separate negatives are obtained, then, corresponding to the three 
fundamental colour sensations. From each of these negatives a positive is 
produced, and by combining each positive with the filter through which 
the corresponding negative was taken and projecting them simultaneously 
on a screen, so that they superimpose exactly, a picture is obtained 
on the screen of the original object in its natural colours. This requires 
what is known as a triple lantern, one with three condensers and three 
projecting lenses. 

Various methods of colour cinematography use this principle. When the 
picture is taken, filters in the three primary colours pass in succession 
in front of the lens, so that negatives are taken in succession in these 
colours, and when the positive is projected, similar filters again pass before 
the lens, and the pictures in the three colours fuse together. The dis¬ 
advantage of the method is that camera and projector have to go at three 
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times the normal speed. The Kinemacolor process was of this type, but 
it used only two colours instead of three, a red and a bluish-green. 

When the three pictures in the fundamental colours are superimposed 
by the triple lantern, the picture is produced by what is known as the 
additive process. In commercial three-colour half-tone work what is 
known as the subtractive process is used. In this process the negatives 
are taken in the same way as in the additive process through the red, 
green, and blue filters, but they are printed directly on paper on the top of 
one another, each in the colour complementary to that of the filter through 
which it is taken. For example, the red parts of the object come out 
black in the red filter negative, and all the light parts of the negative are 
printed greenish-blue. The green parts of the object come out black in the 
green filter negative, and all the light parts of the negative are printed in 
magenta. Where the magenta and greenish-blue pigments superimpose, 
we obtain the colour that is absorbed by neither pigment, i.e. blue. Thus 
the parts of the object which come out light in the red filter and green 
filter negatives come out blue in the print, which is as it should be. The 
difficulty of the subtractive process lies in the selection of the inks. 

In using the additive process it is possible to take the three separate 
negatives on the same plate. This method, which was first used by Joly, 
is on the market at present in two different modifications, the Dufaycolor 
and the Finlay, formerly known as the Duplex and as the Paget, process. 
The Dufaycolor plate is an ordinary colour sensitive plate on which is 
printed a very fine transparent pattern consisting of alternating blue 
and green squares and red lines. The negative is taken through the 
squares and lines which act as filters. After exposure and develop¬ 
ment the image in the emulsion is reversed, so that it is converted into a 
positive. The object can then be seen in its natural colours on holding the 
plate up to the light. The pattern can be seen on examining the plate with 
a microscope. The Lumifcre plate and the Agfa and Lignose films are older 
forms of the Dufaycolor process. 

If two photographic plates are placed face to face and exposed in a camera, 
a picture is obtained on each plate. Light passes through the first plate and 
falls on the second. The definition of the rear picture is not quite so sharp as 
that of the front ono but still it is surprisingly good. In the Kodachrome and 
Agfacolor systems of colour photography three films aie mounted together, a 
non colour sensitive in front, an orthochromatic in the middle and a pan¬ 
chromatic behind. Between the first two there is a yellow filter and between 
the second and third a magenta filter. So blue records on the first film, green 
on the second, and red on the third. By using so called dye coupling developers 
each negative is converted into a positive in the corresponding minus colour. 
Thus the first gives a yellow positive and the combination a transparency in 
the correct colours. Dufaycolor, Agfacolor and Kodachrome are fast enough 
for snapshot work and the first two can bo processed by a gifted amateur, but 
the production of colour prints on paper is still difficult. 

The Purkinje Effect. The maximum of the luminosity curve shown 
in Fig. 298 is in the yellow near the D lines. If, however, as we look 
at a spectrum, the width of the slit is gradually decreased, the maxi¬ 
mum of brightness gradually shifts from the yellow, and, when the 

13 * 
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spectrum has become very faint, it has reached the green. The dis¬ 
tribution of the energy in the spectrum remains always the same, but 
when the light is faint the eye becomes more sensitive to green and 
blue than it is to yellow. This phenomenon is known as the Purkinje 
effect. The change takes place within the range of luminosity 150 to 
•03 metre-candles. The luminosity of the spectrum is one metre- 
candle when the surface which receives the spectrum is as bright as 
a surface illuminated by a candle at one metre distance. If the 
luminosity of the spectrum is increased above the one limit or decreased 
below the other, there is no further shift in the point of maximum 
brightness. 

According to Von Kries, the Purkinje effect can be explained by 
assuming that the rods in the retina are chiefly responsible for vision 
at low intensities and the cones for vision at high intensities. The 
cones are sensitive to colour and have a maximum of sensitiveness in 
the yellow ; the rods are not sensitive to colour but have a maximum 
of sensitiveness at a wave-length corresponding to the green. The 
rods are supposed to be a survival of a more elementary form of visual 
apparatus. The Purkinje effect explains entirely the greenish-blue 
appearance of objects in the moonlight; moonlight appears cold 
merely because it is faint. 

If coloured lights are gradually diminished in intensity, they 
become colourless for a small range, known as the achromatic interval, 
just before they are extinguished. This can be shown by connecting 
up an incandescent electric lamp with a rheostat, and gradually 
increasing the resistance until the light goes out. The lamp should be 
covered with something so as to give a large diffuse light. The experi¬ 
ment requires a very dark room. As the current is decreased, the light 
becomes redder and fainter, but just before it goes out it turns grey. 

The Flicker Photometer. S, and S 2 are two light sources. AB is 
a screen in the form of a Maltese cross, shown in elevation at G, which 
rotates about the axis C. It is painted white, and the arms of the 
cross and the intervals are of equal width. It is illuminated by rays 

from Sj, which make an 
angle of 30° with its sur¬ 
face. DF is a white sta¬ 
tionary screen and is 
illuminated by the rays 
from S 2 , which likewise 
make an angle of 30° with 
its surface. The eye of 
the observer at E looks 
down a blackened tube 
and sees either the surface of the stationary screen or of the rotating 
cross, according as an open space or an arm of the latter comes into 


F 
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the line of view. Consequently if the illuminations of the two surface:.- 
are unequal the observer experiences a sensation of flicker. If the 
distances of the sources are adjusted so as to make the illuminations 
equal, then the sensation of flicker disappears, and the ratio of the 
intensities of the sources can be obtained by the inverse square law. 

The importance of the flicker photometer lies in the fact, that if 
the illuminations have different colours as well as different intensities, 
the cross can be rotated at such a speed that the colours fuse, resulting 
in a field of uniform hue, but yet the intensities do not, and so the sense 
of flicker remains. The instrument is thus admirably adapted for 
heterochromatic photometry, and there are one or two different types 
of it on the market. 

The flicker photometer does not give the same results as the other 
methods at low intensities, when the comparison is influenced by the 
Purkinje effect. 

The Relative Sensitiveness of the Eye to Light of Different 
Colours. The luminosity curve shown on p. 387 was for an electric 
arc, and gives the relative brightness of the different colours in its 
spectrum. Unfortunately the distribution of energy in the spectrum 
of that arc is not known, so that Abney’s results do not inform us as to 
the relative sensitiveness of the eye to the different colours of the 
spectrum. This information was first obtained in a satisfactory 
manner by an investigation due to H. E. Ives. 

The apparatus is represented in Fig. 303. It consisted of a modified 

<*7 » :® 



Hilger constant deviation spectroscope, and employed the principle of 
the flicker photometer. As source of light a tungsten lamp was used 
at Sj with a frosted glass between it and the slit. F was a rotating 
sector which took the place of the Maltese cross in Fig. 302. Its surface 
fras illuminated by a carbon lamp S 2 which could be moved to and fro 
along a scale. The eyepiece of the telescope was removed, and in its 
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place a diaphragm with a circular aperture in its centre was placed in 
the focal plane of the object glass. The eye of the observer looking 
in at this aperture saw either the surface of the prism P, which appeared 
illuminated by whatever colour of the spectrum happened to fall on E, 
or instead of this he saw the surface of the disc F which was illuminated 
by white light. S 2 was kept fixed and the brightness of the part of the 
spectrum in question measured by altering the width of the slit until 
the sensation of flicker disappeared. The brightness was inversely 
proportional to the width of the slit. Thus a luminosity curve of the 
whole spectrum was obtained. The distribution of the energy in the 
spectrum of the lamp S] was known from previous experiments, and 
by dividing the number that represented the energy at any wave¬ 
length into the number that represented the luminosity a curve similar 
to Fig. 304 was obtained. It gave the mean of the results for eighteen 



observers, and was for an illumination of 25 metre-candles. The 
curve represents the sensitiveness of the eye for light of different wave¬ 
lengths. 

The advantages of Ives’s method over the colour patch apparatus are 
that a tungsten lamp forms a steadier and more satisfactory source of 
light than an electric arc, and that at the intensities used the flicker 
photometer gives much more consistent results than are obtained by 
merely placing a white surface and a coloured surface side by side and 
matching their brightness. The colour patch apparatus requires a very 
bright source of light and could not be used with a tungsten glow 
lamp. 

Ives’s results have been verified by later workers for a greater number 
of observers, and Fig. 304 does not give his results but the inter¬ 
nationally accepted values which are due to Gibson and Tyndall. 
The scale of lumens per watt is taken from Photo-electric Cells by 
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Campbell and Ritchie. The figure is usually referred to as the 
“ Visibility Curve.” We learn from it, for example, that if the same 
quantities of energy are changed into light of the wave-lengths oOO, 
650, and 600 ?w/z, the effect on the retina will be in the ratio ol the 
numbers, 33, 99, and 63. 

Haidinger’s Brushes. If we look at a bright cloud through a nicol, 
and revolve the latter round its axis, so as to rotate the plane of 
polarisation, faint blue and yellow brushes appear at the point in the 
sky towards which the gaze is directed, and rotate with the mcol. 
They disappear gradually if the rotation stops, but become visible if 
the nicol is again rotated. They are known as Haidinger’s brushes. 
Helmholtz explained them by assuming that the yellow spot in the 
eye is double refracting, and that in the case of blue light the extra¬ 
ordinary ray is absorbed more strongly than the ordinary ray. 

The Visual Purple. The Quantum and Vision. The visual purple 
is a photochemical substance occurring in the retina which bleaches on 
exposure to light. The variations with wave-length of its rate of 
absorption of energy and rate of bleaching have been studied, and there 
is little doubt that it is the expulsion of electrons from this substance 
that stimulates the nerve endings and causes the sensation of light. 
But the statement which is frequently made that one quantum of light 
delivered instantaneously is just sufficient to excite vision, is most 
certainly wrong. Measurements made by Jas. F. Shearer and myself 
show that under the most favourable circumstances at least 1400 
quanta are required. 

If the source is a steady one green in colour, about 10,000 quanta 
per second are required to make it just visible. As in this case 
6 x 10 M waves are received by the pupil per second, there should be one 
quantum to each 6 x 10 10 waves—a calculation which shows the incom¬ 
patibility of the two standpoints. It is impossible to regard the wave 
as a harmonic change in the density of the quanta. 


EXAMPLES 

(1) Why can near objects not be seen distinctly when the eye is immersed in 
water ? 

(2) Determine the near and far points of your own eyes, and calculate their 
amplitude of accommodation. Compare the result with that given by the table 
on p. 382. 

(3) Rule two parallel black lines close together on a piece of white cardboard 
and measure the distance at which you can just see them separate. Henco 
calculate the angle which they subtend at the eye, and compare your result with 
the value given for the normal eye, namely 1'. 

(4) The far point of a certain shortsighted person is situated at a distance of 
30 cm. from tho eye. Calculate in diopters the power of a spectacle lens which 
will enable him to see objects at a distance. 




PART IV 


MATHEMATICAL THEORY 


This section contains the parts of the subject that are 
mathematically the most difficult. 




CHAPTER XXI 

THE NATURE OF LIGHT • 

Previous to Newton’s experiments it was thought that the prism 
made the spectrum. According to Newton, however, it merely 
separated the different colours out, and white light consisted of the 
different colours superimposed. Both of these statements are, in a 
sense, true, but their full meaning is not easily grasped. The simplest 
way of making the matter clear is to study first a similar problem in 
hydrodynamics which lends itself more easily to treatment. Then the 
optical problem can be solved by analogy. 

Hydrodynamical Analogue. Let us consider a sheet of water of 
unlimited depth. Take the Ox axis in its undisturbed surface, measure 
the 0 y axis vertically downwards, and let the coordinates x, y refer to 
points on the surface of the water. Let the surface of the water be 
given initially by 

cos f tan" 1 ( x/h) 

(x2 + A2) 6 ' 4 - 

This curve is represented in Fig. 305. It has a depression at x = 0 given 
by 

1 

y A 6/2 ‘ 

On both sides of this depression it ascends rapidly to a point above 
the x axis and then descends again towards the axis, at first rapidly but 
then more slowly, and finally reaches it at . When x is 

greater than 10A the curve practically coincides with Ox. Let us sup¬ 
pose that the depression is the same for all the points for which x is 
the same. The initial form of the surface could thus be produced by 
waiting until it was perfectly plane and then laying a very long 
properly curved rod down upon it. 

• The matter of this chapter is not usually given a prominent position in books 
on light, but it seems to deserve it owing to the interest taken at present in wave 
mechanics. According to tho latter the electron itself is a pulse in space formed by 
the superposition of a train of waves; this pulse may conceivably under special 
circumstances dissolve in waves. 

The mode of treatment here follows closely two papers by the Author, Proo. 
Roy. Soc., A 89, p. 399 (1913), and A 90, p. 288 (1914). From the nature of the 
subject the chapter is a difficult one; it may be omitted without prejudice to those 
that follow. 
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What happens if the rod is raised very rapidly ? This problem has 
received a rigorous solution. It is found that two waves travel out 
with equal velocities from the initial depression, one in the direction of 
+ x and the other in the direction of -x, and that, as these waves 
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progress, their form alters. From being single waves they gradually 
develop into groups. When the two waves are still close to the origin 
their shape has a somewhat complicated mathematical expression ; 
when they get far out, this expression becomes extremely simple. It 
is then given by 

-le-W cos —. 


t is measured from the time of the initial disturbance ; c is a constant 
depending on gravity. The expression has also a constant coefficient 
which has been omitted here in the interests of simplicity. 

Let us graph the above solution as a function of x for definite 
values of t t c, and h. Take, for example, t 2 /c =540 and h=-fc. Then 
the expression becomes, on omitting the constant coefficient, 



135 
cos —, 


x 


The first factor, is infinite when x is 0, and 0 when x is infinite; 

the second factor, e ~ 9lxi , is 0 when when x=0, and 1 when x is infinite. 
The product is 0 for x infinite and at first indeterminate for x=0, but on 

_ investigation it is 

®_ 1 unldlTl ft A A A 7y?/Y - - -_ 5 cm »- found to be zero for 

1/-U-V- ' this limit also ; it is 

Fio. 306. represented by the 

dotted line in Fig. 

306. For reasons which will be obvious immediately the dotted line 
has been drawn on both sides of the axis. It has not been drawn 


for the region 0 to 1, because, as has been mentioned above, the 
solution is not accurate near the origin. 
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Let us now consider the last factor cos 135/x. It is equal to 1 
when 135/s=2^77, n being a positive integer. The values of x between 
1 and 5 which satisfy this equation are 1-02, 1*07, 1*13, 1*19, 1*26, 
1*34* 1-43, 1*54, 1-66, 1*79, 1-95, 2-15, 2-39, 2-68, 3-06, 3-58, 4-29. 
Consequently at these points the cosine factor does not affect the value 
of the product of the first two factors and the curve representing the 
complete expression touches the upper dotted line. At points between 
these values it touches the lower dotted line. Hence the complete 
expression is represented by the full line. 

The full line represents a group of waves in which the wave-length 
gradually decreases from the front to the rear of the group. 

§ Let us go back now to the general expression and no longer restrict 
ourselves to a single value of t. The dotted curve is given by 



- l’A/4ex* 


If we regard it as a function of x its maximum is given by 
dy__ 9* t , Uiex , «. a/4 „-.‘2<*A_o 

dx~ 2z»' 2 z°« 4cz3- Ul 


i.e. 


z"'* \ 2 + 2cz 2 / 


which gives x = t J^ 


The maximum therefore moves forward with a uniform velocity 
= Vh/9c. We can refer to this expression as the “ group velocity/* 
On substituting it for xjt the value of the maximum becomes 


81c 2 

xW 6 


— 8/4 


and consequently diminishes inversely as the root of x y as the group 
moves out. 

Consider two points in the group exactly a wave-length apart; let 
x be the coordinate of one and i + A be the coordinate of the other. 
The phase fifticx) must increase by 277 in moving from the one point 
to the other. Consequently 


i.e 


Ji 

4cx 


t 2 

4c(x +A) 


= 277 , 




or 


4c x(x + A) 
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(1) 


and this gives, on neglecting A in comparison with x, 

v _ 8 7TCX 2 

* - J2~ «... 

For a given time the wave-length increases from the rear to the front 
of the group ; for a given point it decreases with time. 

Let us fix our attention on a given point and suppose that the 
phase increases by 2 tt during the interval of time between t and t+r. 
Then r denotes the period and is given by 

(< + T)2 t 2 _ 9 
4cx 4cx ' 


i.e. 


or 


477 CX 


T = 


» • 


or 


a«£. 

2nC 


• • • ( 2 ) 

if r be neglected in comparison with t. On eliminating xll between 
( 1 ) and ( 2 ) we obtain 

— 

Snc \ 47 tcJ 

But A/r is the velocity of the individual wave at the point and time in 
question. Hence the wave velocity is given by t/(2ttc). 

We shall now find the manner in which the energy is distributed 
over the different wave-lengths for a given value of t. We shall make 
the usual assumption that the energy is proportional to the square of 
the amplitude. Then if A is the amplitude at x, the energy contained 
in the part of the group between x and x + dx is proportional to A 2 dx ; 
we assume here that dx contains a large number of wave-lengths. 
The change of wave-length in the distance dx is given by 

j(^ nCx2 \ I 67 rcxdx 

dx=d (—)— 

The energy per wave-length therefore varies as 


A*- = -e 
dX x® 


C*A/2cx« 


16 ttcx 


l*A/ 2 er* 


Substitute l 2 lx 2 =Snc/X ; then the energy per wave-length varies as 

M J_ e -k*«c,2cxJW I e -4^,A. 


A 5 1 6ttc 


2 A& 


The energy belonging to the range of wave-lengths included between 
A and A+<fA is consequently alwayB the same. 
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§ We had for the maximum of the group x=tVh/9c. The wave¬ 
length is given by X = 8ncx^/l 2 . Eliminate x/t between these two 
equations and A=fr rh. The result is independent of x and t and gives 
the wave-length at the maximum. This wave-length, which always 
rides at the top of the group, we shall refer to as the “ dominant wave¬ 
length.” . . 

If we consider now the initial expression, it can be written in the 

following form :— 

cos f tan-^x/A) _ 1 r( x \ 
y ~ A*/ 2 {(*/A)*+1 }W-h'* J U/* 

It is obvious from the form of this expression that if h is halved in 
value, all the ordinates are increased in the ratio 1 to 2 5/2 and moved 
in half way to the origin. The curve becomes narrower and sharper. 
We thus obtain the result, that the narrower and sharper the initial 
disturbance is, the shorter is the dominant wave-length. 

We have considered the initial disturbance to be a depression, but 
can, of course, obtain the case of an elevation simply by changing the 
signs. 

The reasoning on the preceding pages is somewhat close and 
so should be followed carefully step by step. If graphs are drawn 
wherever possible, the difficulties will disappear. The general results 
may be stated as follows :— 

If on the surface of deep water an initial disturbance is applied 
along a straight line, then disturbances travel out in opposite directions 
on both sides of this straight line. These develop into groups of 
waves; as each group proceeds, the number of waves in it increases 
indefinitely and its shape alters. The velocity of the maximum of 
the group is constant. The range of wave-lengths included between 
A and X + dX has always the same velocity and carries always the 
same quantity of energy. 


Another Way of Regarding the Same Problem. We have by a well- 
known result (cf. Williamson’s “ Integral Calculus,” § 124) 


cos { tan _, (x/A)_f a 

~x*+W* 3v^Jo 


e ha cos ax a 3/2 da. . 


( 3 ) 


The expression on the left gives the initial disturbance. The expression 
on the right is obtained by superimposing on one another an infinite 
number of cosine curves, the phases of which agree at the origin and 
the wave-lengths of which vary from co to 0 ; the amplitudes of these 
curves are given by 

ArV, 

oy/n 

where a=27r/A. It is more convenient here to express results in 



406 


A TREATISE ON LIGHT 


terms of a instead of A. We shall refer to a as the parameter of the 
wave. If we consider the expression 

e~ ha a 3 ' 2 , 

we find it has a maximum given by 

jU-*‘a»/2= - Ae-*«a*-' 2 + e -*«f a i/* = 0, 


or 


3 

a 2 h‘ 


On both sides of this maximum its value descends to 0, for at a = 0 it 
becomes 0, and at a= oo it takes at first the indeterminate form Oxoo, 
which, on applying the usual rule, becomes 0 also. The narrower the 
initial disturbance, the smaller is h and consequently the shorter the 
wave-length with the maximum amplitude. 

The expression on the left-hand side of equation (3) has an 
appreciable value only in the neighbourhood of the origin, whereas 
each of the cosines on the right-hand side has the same value to 
infinity. Only at the origin, though, do their phases agree. In the 
neighbourhood of the origin they interfere partially. Elsewhere the 
interference is complete and hence the integral has the value zero. 

It was shown on p. 404 that a wave with the period r has the 
velocity t/(2ttc) and consequently the wave-length t 2 /(2ttc). Hence 
a = 27r/A = 27r x 27tc/t 2 . This gives r=27rVc/a. Consequently a wave 
with the parameter a has the velocity 

_r _27 t [c _ 1 

27tc 27TCV a vac* 

If we consider each cosine curve on the right of (3) to move with 
its own velocity and disregard the oonstant coefficient, then after time 
t the right-hand side has become 

e~ ha cos a 


J e~ ha cosa^z-—^=ja 3/2 <fa. 


The phases of all the cosines no longer agree at the one point because 
their velocities arc different. 

The wave for which the parameter is a + da has at the point x at 
the time l the phase 

{a + da) { X -^c) +a 2ak^ 

This differs from the phase of the wave with the parameter a by 

(x -f . -*_ V Q or (x - _ ^t/a. 

\ Vac 2 Vac/ \ 2 \/ac/ 
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Hence if x= 1 the waves for which the parameter is included 
2 Vac 

between a and a + da have the same phase and reinforce one another. 
Thus the wave with parameter a is in evidence at that point but 
nowhere else. Owing to their different velocities the different waves 
separate and each shows at the point where it is reinforced by its neigh¬ 
bours, that is, where 


a = 


4 cx 2 


or 


A= 


87 TCX 2 

~1T' 


This is in accordance with the former result. 

The cosine waves are not contained in the original disturbance in 
any physical sense. They are mathematical fictions used as a means 
of obtaining results. Each becomes real for the small fraction of its 
range in which it is reinforced by its neighbours. 


Application to Light. It is the dispersive power of the medium 
that makes the different waves separate out in the preceding case, and, 
of course, in that case the dispersive power is a very great one. The 
velocity of a wave is r/{2nc) and consequently can vary from 0 to 00 . 

The velocity of light in interstellar space is constant and indepen¬ 
dent of the wave-length. If a light pulse comes from the sun, during 
its passage through interstellar space it preserves its form unaltered. 
As soon as it enters a dispersive medium such as the atmosphere or a 
plate of flint glass the form alters, the different wave-lengths separate 
out and the pulse tends to develop into a group. Sinoe in air and 
glass the longer waves travel faster, just as in the preceding case of 
deep sea waves, so in air and glass the longer waves are in the front of 
the group. But in the preceding problem the dispersive power is much 
greater than that of air or glass ; in the case of a group which has its 
dominant wave-length in the yellow it is roughly 14 times as great as 
the dispersive power of glass and 10 5 times as great as that of air. 

It is easy to estimate the amount of dispersion that takes place when 
a pulse passes through a glass plate. If, for example, the plate is 1 cm. 
thick and the index of refraction is 1-6165 for the red hydrogen line 
and 1-6642 for the violet hydrogen line, typical values for dense flint 
glass, when the red hydrogen wave has reached the other side of the 


plate, the violet hydrogen component has travelled only 


1-6165 

1-6642 


and has consequently a distance of- -, or -029 cm. still to 

go. The length of the train between these two points is consequently 
•029 cm. This is 800 times the wave-length of sodium light, so that 
the passage through the slab changes the single pulse into a group of 
about 800 visible waves. After emerging into the air, owing to the low 
dispersion of the latter the form of the group changes extremely slowly. 
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Just as in the case of the water waves, the waves into which the 
incident light pulse can be resolved are not contained in that incident 
pulse in any physical sense. They are mathematical fictions and 
become real, each only for its own short range, after passing through 
the plate. 

We shall next show how a single pulse is changed into a spectrum, 
rst for the case of the diffraction grating and second for the case of 
the prism. The former is the easier of the two cases. 


Action of a Diffraction Grating on a Light Pulse. Let a plane 
light pulse fall normally on a transmission grating. It falls on each 
transparent space s.multaneously. By Huygens’s principle each point 
on a transparent space can be regarded as a secondary source, but as 
the transparent spaces are small we can take all the points on each 
space together and represent them by an equivalent source at the centre 
of the space. Let A, B, C, and D be such equivalent sources. When 
the plane pulse falls on the grating, then secondary waves start out 
irom A, B C, and D. These secondary waves are represented in the 
diagram. They are, of course, still pulses; each consists of but a single 
maximum. 

The four secondary waves superimpose approximately at E since 
the distance AD is small compared with the radius of the circles. Hence 
the telescope when placed in the position shown by the dotted lines at 
E receives a single pulse very similar to the original pulse, and this 
gives a white light image of the slit. If the telescope is placed at F 
it receives four separate waves. In the diagram the fronts of these 


waves have an appreciable curva- 
\ H ture and they are not parallel. 

In the case of an actual grating 
lts man 7 thousand lines ruled 
much closer together, the wave- 

B fC E l<j . fronts would be very nearly parallel. 

oPg J '*■- Draw AH and DK parallel to the 

JJ axis of the telescope. The differ- 

//Jj ence in the optical distances of H 

/JJ and K from the focal plane of the 

y telescope is obviously equal to DG. 

F,c - : *07. DG = AD sin DAG = AD sin 9 , where 9 

is the angle of diffraction of the 
rays DK and AH. Let e be the distance between two successive 

rulings. Then AD = 3e and DG = 3e sin 9. The difference in the 

optical distances of H and K from the focal plane of the telescope is 

equal to three complete wave-lengths. Thus 3A=3e sin 0, or A=e sin 9, 
and the result obtained by considering the incident light as a single 
pulse agrees with the ordinary theory. 

It is obvious that a single pulse will in this way produce a whole 
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spectrum, whereas, if the incident light is regarded- as consisting of a 
superposition of real cosine waves with different periods, we require a 
very great number of such waves to produce a continuous spectrum. 
Each cosine wave taken by itself produces only a single line. A single 
pulse may be produced by the collision of two atoms, while the super¬ 
position of a great number of real cosine waves requires as source an 
elaborate vibrating system. Hence in comparing the two explanations 
the advantage of simplicity lies on the side of the pulse theory. 

In explaining the second and third order grating spectra on the 
pulse theory we require to take into account the dispersion in the lenses 
of the instrument and in the air. In the case of the echelon we 
require to consider the dispersion in the glass. 

The action of a grating on a light pulse is in some measure analogous 
to the action of the siren on an air-blast. The siren is an instrument 
which can change an irregular air-blast into a periodic air-blast of 
constant frequency. We assume, of course, that the disc is driven 
otherwise than by the air-blast itself. It thus makes a regular wave 
out of an irregular one. So does the grating. 

notion of a Prism on a Light Pulse. Let the pulse be incident 
normally on the face 0A of the prism AOB 
(Fig. 308), and let there be a screen on the 
other face restricting the length OB that can 
be used. Let b be the greatest thickness of 
the prism used. After emergence from the 
prism the light is received by a lens, which 
makes it converge to a point. The diameter 
of the lens is so large that it receives all the 
rays that pass through the aperture OB ; the 
latter causes the diffraction, not the rim of 
the lens. We shall ignore reflection and 
absorption losses both in the prism and the 
lens. It is assumed for simplicity that the 
refracting angle of the prism is 30°. 

Let the incident light pulse be represented 

by 

J e~ ha cos a(l - vt)a 9l2 da, 

i.e. it has the same analytical form as the depression of the surface 
in the hydrodynamical problem ; l is distance from 0A measured posi¬ 
tive from left to right. The dispersion of the atmosphere is neglected ; 
hence v is independent of a and the velocity of each of the components, 
into which the pulse can be resolved, remains the same as long as the 
pulse is in air. 

The treatment depends on the principle of the superposition of 
small vibrations. Let us suppose we have a series of infinitely long 
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trains of cosine waves incident on the prism and that the amplitude of 
each train is given in terms of its parameter by e~ ha a 312 . These waves 
will be diffracted in all directions from the other face of the prism. 
Their phases after emergence are known since the index of refraction 
of the prism is known. Then, since the pulse is equivalent to the 
superimposed cosine trains before incidence, it must be equivalent to 
them after emergence. 

The whole action of the prism depends on diffraction. Each point 
on the face OB must be considered as emitting rays of all possible 
wave-lengths in every direction. Take a definite direction 0E, which 
is specified by the angle <f> , which it makes with ON, the normal to the 
face OB. To this direction there corresponds a point P in the focal 
plane of the lens. Let the optical distance of P from 0, measured 
along the ray, be s. 

Let us consider the disturbance at P due to rays of parameter 
a. We have to sum an infinite number of rays of equal intensity and 
period but uniformly increasing phase. Let 2 p be the difference of 
phase in radian measure between the first and last of them. Then, as 
is shown on p. 176, the amplitude of the resultant varies as 

sinp^ 

P 

If BE is drawn perpendicular to 0E and p denotes the index of 
refraction of the prism, 0E = 0B sin ^=*26 sin <f> t since the angle of 
the prism is 30°, and consequently 

2p =~ (pb - 26 sin <f>) =ab(p - 2 sin <f>). 

The phase of the resultant is the phase of the mean ray. Consequently 
the disturbance at P is given by 

—- cos {a(s-t>0 + 7>}. 

To get the whole disturbance at P we have to multiply the above 
expression by e~ ha a 3/2 in order to take account of the shape of the 
initial pulse and then integrate with respect to a. The result is 

f c -*> n ?cos {a(s-t0 + p}a 3;2 da; . . . (4) 

Jo P 

p is, of course, a function of a. For the expression to be integrable we 
are restricted to one function, g-fa. We shall assume this value. 
It will be shown farther down that this assumption does not really 
restrict the generality of the results in any way. Meantime it should 
be noted that/ and g are constants of the prism and independent of the 
shape of the incident pulse. 
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The variation of the factor — -? with p has already been studied on 

P 

p. 177, and it has been shown that it has a maximum at p = 0, and 
decreases on both sides of this, becoming 0 at p= ±tt and then oscillat¬ 
ing about the axis, the amplitude of each successive oscillation being 
less than that of the one before it. Much the most important part of 
the curve is contained between the limits p=±ir, i.e. between the 
limits g -fa = ±n. Now we have 


hence 





or 


This gives 


£ = sin*-{+|V 

2 b 2nb 

d\ Tib 


. ( 5 ) 


In the case of crown glass in the neighbourhood of the D lines dfi/dX 
has the value 500. Let us suppose that b has the value 2 cm. Then 

g= 10007T. 

In the equation for the limits between which the principal variation 

of SI 5_? takes place, namely g-fa=±n, g is 1000 times as great as 
P 

7r ; hence while S1 ^-? varies from 0 to its maximum and back to 0 

V 

again, the value of a alters only by 0-2 per cent. Thus e ha a v<1 practi¬ 
cally remains stationary in the integral (4) while ^ varies, and can 
consequently be taken outside the integral sign. We have left then 

f ^nr~7^r cos ~ ^ + 9 -f a ) da - 

Jo \0 ~J a ) 

Write* a - gjf=p and g/f=a l . Then p=a-a x and the integral 
becomes 



cos {P(s - vt -/) +.,(•- vt))dp 
sin {p(s-vt) + a l (s-vt)}~ sin {p(s - vt - 2/) 4-a^s - v/)} .. 

__ “ P 

sin p (s - vt) cos aj(s - vt) + sin - vt) cos P(s - vt) 

w 


• dp 
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= COS aj(s 


~vt) r 

J-a x 


sin p(s - vt) - sin fi($ -vl- 2/)^ 


2JP 


+ sin a x (s 


J-Oj 


cos /3($ - ttf) - cos P(s-vl- 2f) 


m 

i-vt-Zf) s j n 


dp 


4 -r-° =**. p-* “**i 

V LJ-a.c-rt) y J-« l( .-rt-2/) y J 

cos 


+i«m«*(.-*)[P"* mj/dy- -^Vl 

Z J LJ-«,(.-«) y J- 0l (.-rt-2/) y J 


The integrals in the brackets are known as the sine integral and 
cosine integral, and their values have been calculated for all values of 
y by J. W. L. Glaisher.* 

The first bracket can be written 


1 ^"^+ r- ^dy. 

y J colt -n- 2 f) y 

Let us consider the second term first. It will be shown farther 
down that 2 f is positive and much smaller than s. When (=0 both 
limits are + 00 ; when *=($- 2)/v the lower limit changes to - 00 , 
and when t=s/v the upper limit changes to - co . The value of the 
integral between the limits ±co is, of course, tt. Hence from 
t = (s-2f)/v to t=s/v the integral is tt ; before and after this it equals 
zero. 

Next consider the other term. When t=0 it is zero. As t 
approaches ($ - 2 f)/v it suddenly approaches $7r, then as the upper limit 
cnanges sign and becomes positive, it increases to n. It will be shown 
farther down that the upper limit practically reaches + 00 long before 
the lower limit changes sign. As the lower limit becomes zero and 
then positive the integral decreases again to zero. The changes are 
the same as for the second term, only they take place continuously. 

The second bracket can be written 


J 


— Oj(l—t4-2/>cos 


• ;«-*) 


COS 


-dy+ | 

y y 



but this integral, though very great near the origin, diminishes rapidly 
to a small quantity, is zero at infinity, and so can be neglected in 
comparison with the other one. 

Our final result, therefore, for the disturbance at P, when the term 
left outside the integral sign is included, is 



•a, 3/2 cos ai(s-irf) 


• Phil. Trans., vol. leo, pp. 307-387 (1870). 
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between the times t= (s - 2f)/v and t=»/v. Outside these limits there 

is no disturbance. , „ ^ 

We had ^=1000 tt. If a! has the value for the D lines, 1-066 10 , 
f= , 7 /ai =0-0293 and is consequently small in comparison with s. 
Also 2/a, =6-28 10 s . Hence as the sine integral differs only by 1 
per cent, from its value for infinity for y=75, both assumptions made 

above are justified. . . . 

The number of complete wave-lengths in the train received at P is 

2f = a _if = Z=b d J±, Rayleigh’s expression for the resolving power. Its 

X tt tt dX 

numerical value in this case is 1000. 

The value assumed for p , namely, g -/a, leads to the result 


dX nb* 


i.e. that the dispersion is constant throughout the spectrum. We 

used the assumption, however, only for the short range during which 
• 

sin £ rose from 0 to its maximum value and fell back to zero again, 

p 

and this range is so short, that for all the ordinary materials used for 
prisms the dispersion can be considered constant throughout it. Hence 
the generality of the result is in no way invalidated by the special 
expression assumed for p. It is obvious, too, that the proof is inde¬ 
pendent of the special angle assumed for the prism, and that it is not 
necessary for the pulse to be incident on the prism normally. 

Also, if we determine that g -fa is to represent p only within this 
range, it follows that 

A dX' 

even if the dispersion is not constant throughout the spectrum, so 
that at every point in the spectrum and for all prism materials the 
number of waves in the train is equal to Rayleigh’s expression for the 
resolving power. 

In case some readers may have had difficulty in following all the 
above mathematics we shall sum up its results in words : If a single 
pulse is incident on the slit of a spectroscope, it gives rise to a con¬ 
tinuous spectrum. If any one particular point of the spectrum is 
considered, the light arriving at that point consists of a train of cosine 
waves, the number of waves in the train being equal to Rayleigh’s 
expression for the resolving power at that point in the spectrum. 

It may be shown from Glaisher’s tables that the train starts and 
stops quite suddenly. For example, in the case considered, the 
spectrum formed by a crown glass prism of 2 cm. base at a point near 
the D lines, where there are 1000 waves in the train, 97 per cent, of 
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the growth of the amplitude takes place within two wave-lengths, and 
the train ends equally suddenly. 


Talbot’s Bands. The fact that a succession of perfectly irregular 
impulses produces a continuous spectrum was established by Gouy in 
1886 and independently by Rayleigh in 1889. It was also developed 
by Schuster. Previous to that time the different mono-chromatic 
waves were held to have a real existence in the incident light. 
Rayleigh investigated the type of pulse that would have the same 
energy distribution as ordinary white light and found that the disturb¬ 
ance represented by 

y=e-*> 


fulfilled the requirements to a considerable extent. This expression, 
however, neither represents the experimental results as well as the 
expression already used in this chapter, nor is it so convenient 
analytically. 

The pulse theory of white light as compared with the old theory has, 
ns already mentioned, the advantage that it requires simpler conditions 
in the source. There is also an experiment which seems to point 
definitely in its favour, namely Talbot’s bands. 

Talbot’s bands arc produced if, when viewing a continuous spectrum 
with a spectroscope, we insert a thin piece of glass such as a microscope 
cover glass between the eye and the eyepiece, so as to cover one half of 
the pupil. The bands are parallel to the Fraunhofer lines and are most 
distinct for a special thickness of the glass. Also it is essential that 
the glass be inserted from the side at which the blue of the spectrum 
appears. The glass may also be placed between the prism and 
telescope object glass instead of between the eyepiece and eye. In this 
case it must be inserted on the side of the thin edge of the prism. 

The bands are clearly due to interference between the rays which 
pass through the thin glass plate and the rays which miss it, but on 
the old theory it is not easy to explain why they are visible only when 
the plate is inserted on the one side. The difficulty disappears if we 
regard the spectrum as produced from a single pulse. 

According to the result proved on pp. 409-414 
the pulse produces at every point in the spectrum 
a train containing b dfi/dX wave-lengths. The first 
of these arrives at the time t=sjv, where s is 
measured from 0 and t from the instant at which 
the pulse is incident on 0A; / is negative in all 
actual cases. Let us suppose that the screen at 
B is moved down to C. The effective value of b 
is halved and consequently the number of waves 
in the train is halved, but the first wave arrives 
at the same time as before. Hence the second half of the original 
train must be due to the Light from the part BC. 
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If a glass plate is inserted from the side E it retards the first half 
train, so that the two arrive superimposed and in a condition to 
interfere. If the retardation is \b d/x/dX wave-lengths the super¬ 
position is perfect. Consequently in this case the interference bands 
are very black, and this gives the most favourable thickness of plate 
to insert. But if the glass plate is inserted from the other side it 
retards the second half of the train, a gap appears between the two 
halves, and interference is quite impossible. 

The beams from the two halves of the prism face cross each other in 
the focal plane of the telescope. That is why, when the plate is mserted 
between eye and eyepiece, it must be put m from the other side. 

The easiest way of producing the bands is to insert a mica plate 
between the prism and the telescope object glass of a spectroscope. If 
a dense flint equilateral prism of length of side 3 cm. is used, the best 
thickness of mica is about 0-20 mm. and each band then subtends about 
H minutes. They become narrower, if the thickness is increased. 

“The formula for the number of bands between the two wave-lengths 
A and A' is, for normal incidence, 

U-i /z'-lX 
7 '\ A A' j 

where l is the thickness of the mica and fj. and /x' are the indices 
of refraction for the two wave-lengths respectively. 


Monochromatic Radiation. So far we have been dealing with con¬ 
tinuous spectra, such as the spectra of an electric glow lamp or of the 
crater of the arc, and it has been shown that in these cases the light 
before it enters the spectroscope consists probably of irregular pulses. 
How is it with monochromatic radiations such as, for example, the 
thaUium green line ? 

In this case the wave is a periodic one before it enters the slit and 
can be represented approximately then by a sine or cosine curve. But 
there are differences. A sine wave goes on to infinity ; it is limited 
neither in time nor space. But the thallium train falling on the 
spectroscope slit is a limited one. The amplitude of its oscillations 
increases from zero to a finite value, keeps near this value for a certain 
distance, and then decreases to zero again. Just as in the case of the 
single pulse, the thallium train can be regarded as due to the super¬ 
position of a number of fictitious cosine waves ; only in the case of the 
thallium train the wave-lengths of these cosine waves vary only 
slightly from the wave-length of the thallium line, whereas in the case 
of the white light pulse they have all possible values. 

Fizeau and Foucault used a Fresnel’s mirror apparatus, illuminating 
the slit with sunlight, and placed the slit of a spectroscope to receive 
the light reflected by the two mirrors. The spectrum was crossed 
with dark bands parallel to the Fraunhofer lines showing that some 
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of the colours were destroyed by interference. One of the mirrors was 
screwed forward parallel to itseif; this caused the bands to move along 
the spectrum and to come closer together. The bands could still be 
detected in the neighbourhood of the F line when there was a difference 
of 1737 wave-lengths between the two paths; then they had come 
very close together in the spectrum. It was held formerly that 
tms showed that white light consisted of regular trains, the vibrations 
of which took place without sensible change of phase for 1737 wave¬ 
lengths. On the pulse theory the two pulses which arrive by the 
different paths are each changed into a train by the spectroscope, 
and it is probable—a description of the spectroscope is not given— 
that these trains had distinctly more than 1737 waves in them. 
Hence even with this retardation they would overlap and interfere. 
The path difference is not a measure of the regularity of the com¬ 
ponents of the white light but a measure only of the resolving power of 
the spectroscope. 

Quite otherwise is it with experiments in which there is no spectral 
resolution. Fizeau observed Newton’s rings with an alcohol flame 
coloured with sodium as source of light and the usual method of convex 
surface on glass plate, only he had an arrangement by which the 
convex surface could be slowly raised above the plate. This made the 
rings move into the centre one after the other and disappear there. 
The rings were counted as they passed one particular point Owing 
to the two sodium lines each producing its own system, the fringes 
became gradually fainter until, when 490 had passed, the bright rings 
of the one system fell on the dark rings of the other and the field had 
one uniform brightness. As the distance of the plates was increased, 
the fringes reappeared again and attained their former sharpness when 
980 had passed. They disappeared again when 1470 had passed, and 
so on. Fizeau was able to count 52 groups of 980 rings before they 
disappeared finally, or about 50,000 altogether. This showed clearly 
that the sodium line trains from an alcohol flame contained 50,000 
wave-lengths. 

Similarly with his interferometer Michelson was able to obtain 
interference with the green line of mercury when there was a path 
difference of 540,000 wave-lengths. This shows that the source emits 
waves for 540,000 periods without a change of phase. A single prism 
was used to purify the light before it entered the interferometer, but its 
resolving power was insignificant compared with this number. 

Action of a Prism on a Regular Train. We have already con¬ 
sidered the action of a prism on a single pulse. It is interesting to 
consider its action on a regular train. 

SuDpose that the incident light is represented by 

cos P(x - vt), 

but the wave starts suddenly, continues for N complete wave-lengths, 
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and then stop3 suddenly. To find the effect of the prism on this train 
it is necessary first to reverse the ordinary procedure, and instead of 
analysing a pulse into waves, analyse the wave into pulses. Suppose 
the wave built up of a number of rectangular pulses, all of the same 
base length but having different heights. Then each of these pulses 
is dispersed by the prism into a system of wave trains ; the wave 
trains for the different pulses differ among themselves in amplitude 
and phase. If we fix our attention on the point of the spectrum 
specified by a, in the limit when the pulses are made infinitely thin, 
the superposition of the wave trains gives at this point 



cos a(x - v{t - t 0 ))dt 0 . 



t=t 0 gives the time at which the elementary pulse reaches the prism 
and cos pvt 0 its height. 

Let the resolving power at the wave-length in question be R, and 
let 2nR/a, the length of the train into which a pulse is dispersed, be 
greater than 277-N//3, the whole length of the incident train. Then for 
a length 27r(R/a - N//3) all the wave trains overlap completely ; on 
each side of this there is a length 2nU/p } in which the overlapping takes 
place echelonwise, at one end of which we have only a single train due 
to the first or last elementary pulse of the original train, and as we 
progress through which the trains due to the other elementary 
pulses are gradually added, until at the other end we have all the 
trains due to the initial wave. For the middle region the integral 
(5) is to be taken over a range 2nUHpv ); for the end regions, as 
we move outwards from the middle, the range gradually diminishes 
from this value to zero. 

Let us suppose that p=fca ; then 



cos a(x -v{t- t 0 ))dl 0 = ——- 

2(a+p)v 


sin {a(x - vt) + vt 0 {a +p)} 


Ifa=p the integral becomes 


+ 


1 

2(a-/3)t> 


sin {a(x - vt) + vl 0 (a - p)}. 


4pv 


sin {p(x - vt) + 2 pvt 0 ] + ^ cos p(x - vt). 


When the limits are substituted, it is obvious that it is only the 
second term of the second case that becomes important. Within the 
middle region it has a value 


— cos p(x - vt ); 

in the end regions the amplitude diminishes uniformly from ttWI(Pv) 
to zero. 

14 
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As was to be expected therefore the limited harmonic train has been 
refracted to one particular point in the spectrum. There it produces 
a train with N -f R waves, during the first N of which the amplitude 
steadily increases, for the next R - N of which it is constant, and for the 
last N of which it decreases. In the train there are no irregular changes 
of phase. 

But when P=%=a the integral does not vanish. Consequently the 
other regions of the spectrum are not absolutely dark. With a bright 
line spectrum there must always be associated a faint background due 
simply to the fact that the harmonic trains producing the bright lines 
are limited. Theoretically it should be possible from a comparison of 
the intensities of the line and background to obtain a lower limit to 
the number of periods in the initial train. 

Group Velocity. Let us suppose that two sine waves of equal 
amplitude but different wave-lengths A x and A 2 and different velocities 
v y and v 2 are superimposed on one another. Then the resultant wave 
is given by 

A { sin - t>i0 + sin ^(x - v. 


= 2A sin 77 




Assume now that A! is almost equal to A 2 , and v, almost equal to v 2 ; 
write Aj = A, v k =v, A 2 = A + dA and v 2 =v + dv. Then, since d\ and dv 
are small 

111 1 d\ 

A 1 A 2 A A + dA A*’ 

, r, v 2 _v v + dv vd\-\dv 

U A, A* A A + dA A* 

On substituting these values in the expression for the wave we obtain 

oa • / d\ vd\-\dv\ 

2A sin -j(x-vt) cos7rlx--f - — -j. 

The wave-length of the cosine is, according to our assumption, much 
greater than the wave-length of the sine. Consequently the resultant 
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the ordinary wave velocity. The dotted curve moves towards the right 
with a velocity given by 

vdA-Adv x dv / r v 

3 a =v ~^d\ ’ • • • (6) 


This expression is called the group velocity. It is usually denoted 
by U. 

If we return to the hydrodynamical problem studied on pp. 401-407, 
we find that the wave velocity was t/(2t tc). This gives 

0 vt A /A 

27TC 27TC V 2nc 

Hence on applying (6) we obtain 

U= [EL-a— /el 

V 27tc dA\ 2ttc 

=i /EL. 

V 2ttc 

The dominant wave-length was %nh. If we substitute this for A we 
obtain 


u=i fi, 

“V 2ttc 9 V 9c 


which agrees with the group velocity as defined on p. 403. The 
definition here is wider. Every point in a group has its own group 
velocity. The group velocity is as much a characteristic of the wave¬ 
length and the medium as the wave velocity is. The wave velocity 
gives the rate of progression of the sine waves into which a group can be 
resolved ; the group velocity gives the velocity of the point of re¬ 
inforcement of two such waves of adjacent wave-length, i.e. the velocity 
of the characteristic features of the group. 

The distinction between group velocity and wave velocity can bo 
observed when a train of waves of approximately the same wave-length 
is advancing over the surface of deep water. The single waves are 
seen to advance through the group and die out as they approach the 
front, while their places are taken by fresh waves which appear at the 
rear. 

Of course it is an exceptional case for groups to have the form 
represented in Fig. 310, but the same formula can be derived for the 
general case by considering the velocity of the point of reinforcement 
of two neighbouring waves much in the same way as was done on 
p. 406. 

In the case of interstellar space dy/dA = 0. Hence it is v that is 
measured by Romer’s method of determining the velocity of light. The 
terrestrial methods give U, but when the medium is air, the dv/dA term 
can be ignored. But in the case of Michelson’s determination for 
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carbon bisulphide by the rotating mirror method (p. 124), the correction 
has to be taken into account. He found the velocity in air 1*76 times 
the velocity in carbon bisulphide, whereas the index of refraction would 
give only the ratio 1*64. When the group velocity instead of the wave 
velocity in the carbon bisulphide is taken, the ratio comes out right. 

4 

EXAMPLES 

(1) Graph the expression 

^-‘WcosJ! 

for t 2 /c= 300 and h= *. 

A single light pulse falls perpendicularly on a crown glass plato 1 cm. 
thick. How many waves of visible light will thero bo approximately in the 
group formed by its passage through the plate ? 

(3) Show that the pulse initially represented by 

cos £ tan~ l (* /h) 

(** + A *) #/4 

has an energy distribution given by 

where c„ c 2 , and T are constants. (Wien’s radiation formula, cf. Chapter 
XXV.) r 

(4) Show that the pulse initially represented by the series 

cos :j tan _, (ar/A) cos ft tan r l (x/2h) cos ft tanr x (*/3A) 

(*=+/.»)*'* + <*i + {2*}*)*' 4 (**+{3*}«)»'• * * ’ 

has an energy distribution given by 

U,lXT + e -**AT . . .] 

c, 1 

or r* e vTf-T 

where c„ c a , and T are constants. (Planck’s radiation formula, cf. Chapter 
XXV.) 


CHAPTER XXn 

THE ELECTROMAGNETIC THEORY OF LIGHT 


The electromagnetic theory of light is based on Clerk Maxwell’s 
equations of the electromagnetic field. The latter can be stated as 
follows:— 


47rcr x KdX dy dp 

c c dt dy dz 

47rg K 

c + c dt dz dx 

4t7(7 z [ KdZ_dp_da 

c c dt dx dy 


(V) 


/z da _ 


ay\ 

Cdt ~~ 

\»y 

'*/ 

HdfS_ 

/ax 

- 8 -\ 

C dt 

\dz 

dx) 


m. 


c dt 

\dx 

dy) 


( 8 ) 


(7, K, and /z are the electric conductivity, specific inductive capacity, and 
magnetic permeability of the medium at the point under consideration, 
c is the velocity of light in vacuo, X, Y, Z are the components of E, the 
electric intensity at the point, and a, ft, y are the components of H, the 
magnetic intensity at the point. <7, K, and X, Y, Z are measured in 
electrostatic units, and /z and a, /?, y in electromagnetic units. 

The vector, the components of which are ^ ^ ~ 

r dy dz dz dx dx dy 

is said to be the curl of the vector whose components are a, ft, y. Hence 

the equations (7) and (8) can be contracted into 

477(7_ K dE . LJ 

— E +-= curl H 

c c dt 


and 


- ^ - curl E. 

c dt 


Before proceeding to give an account of the proof of these equations 
it will be necessary to prove a theorem used in the proof. 
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Stokes’s Theorem. The line integral of the tangential component 
of a vector taken round any closed curve is equal to the surface integral 
of the normal component of the curl of the same vector taken over 
any surface bounded by the curve, or 



Fio. 311. 


Let P (x, y t z) be the centre of a rectangle ABCD, the lengths of the 
sides of which are dx, dy , and let a, p, y be the components of the 
vector at P. 

At A and B a has respectively the values 


da dx _ da dy da dx da dy 
a ~ dx2~ dyll' a+ dx2~dy~2 9 
and at B and C p has respectively the values 

ft -1 

9 dx 2 dy 2* P dx 2 dy 2 

Hence the average value of a on AB is a - ^ and the average 

cy 2 

dQ fly, 

value of B on BC is p + -£ —. Similarly the average value of a on 

dx 2 

DC is a+ and the average value of p on AD is The 

dy 2 dx 2 

line integral round the element is therefore 



Similar expressions hold when the rectangle is parallel to the yz or 
ix planes. In this way we infer that the equation holds for any small 
area having its planes parallel to a coordinate plane. 
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Now consider the triangular element ABC the normal to which is 
given by l, m, n. Since the contributions from OA, OB, OC cut out, the 
line integral round ABC is obviously equal to the sum of the line integrals 
round BCO, CAO, and ABO, that is to 


AABO 


(1-Da— (l-SHMS-S) 

bv the result already proved. This becomes 

where A is the area of ABC. Hence we infer that the equation holds 
for any small area what¬ 
ever. 

Take any surface and 
divide it up into ele¬ 
mentary triangles. The 
line integral round the 
surface is equal to the 
sum of the line integrals 
round the individual tri¬ 
angles, because, as may 
be seen from Fig. 313, 
every side of a triangle not at the same time on the bounding edge 
of the surface is traversed twice during the integration in different 
directions, and so contributes nothing to the total. Hence the line 
integral round the surface is equal to 

which proves the theorem. 

§ The above proof of Stokes’s theorem, although satisfactory from the 
physical standpoint, has nevertheless two gaps in it, somewhat irritat¬ 
ing to a mathematician. Hence the following proof may be sub¬ 
stituted ; it is more logical though physically less instructive. 




If ( m ! - n §) rfs =JJ £ ws - JJ % nds =JJ t dzdx ~ ff % dxd y 

= J (a 3 - a 2 )dx - J(aj - a 2 )dx = J(a 3 - a, )dx. 

As may be seen from a diagram, a 1 and a 3 are the values of a for the 
points in which a plane parallel to YZ cuts the curve, and a 2 is the 
value for the point in which the lines through these two points intersect. 
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Now 


j*(a 3 - a, )dx = Jadx 


when regard is paid to the sign of dx at the two points on the curve. 
By treating the other terms in the surface integral in the same way 
the theorem follows. 


Derivation of the First Three Equations. When an electric current 
flows along a wire it produces a magnetic field in the neighbourhood 
of that wire. This was discovered by Oersted in 1820 ; he found, when 
a straight wire was held horizontal in the meridian above a magnet 
which was free to turn about a vertical axis, that the magnet was 
deflected when a current passed along the wire. There was a force 
on the north pole due to the current tending to move it in a circle 
round the wire in one direction, and there was a force on the south 
pole tending to move it round the wire in the other direction. It has 
been found as a result of experiment, that if it were possible for the 
force due to the current to carry the north pole right round the wire 
to its original position, then the work done by the current on the pole 
would be 47 ritnjc, where i is the strength of the current in electrostatic 
units and m is the strength of the pole. If, on the contrary, the pole 
were moved round the current against the magnetic field of the ktter, 
then this quantity of work would be done against the current. The 
result holds true no matter how irregular the path pursued by the pole 
is. It is necessary only that the latter should be brought back to its 
starting-point and that it should go round the wire only once. The 
wire carrying the current does not require to be straight; indeed it is 
not necessary for the current to be carried by a wire at all. Suppose 
we have a mass of metal through every point of which a current is 
flowing and we draw in imagination a circuit inside this mass, then 
if a pole of strength m were carried round this imaginary circuit, the 
work done would be given by the same theorem. This theorem is 
known as the first circuital theorem. There will, of course, be a 
definite magnetic intensity at every point inside the mass of metal. 

Let us put the first circuital theorem into a more general form. 
Lvt all space be filled with a conducting medium, not necessarily homo¬ 
geneous, and let there be electric currents everywhere. At the point 
x, y, z let the components of H be a, /3, y, and let the components of 
current per unit area be u, v, w. That is, if we set up an area of 1 sq. 
cm. at right angles to the x axis, u gives the quantity of electricity 
measured in electrostatic units which flows through it in one second. 

Draw any closed circuit in this medium. Then, by Stokes’s theorem, 
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The expression on the right of (9) is the surface integral of the 
normal component of the curl of H taken over any surface bounded by 
the circuit. The expression on the left is the line integral of the 
tangential component of H taken round the circuit. This may easily 
be seen, for, if we consider the element ds, its direction cosines are dx/ds, 
dy/ds, and dz/ds ; similarly the direction cosines of H are a/H, P/H, and 
y/H. The tangential component of H multiplied by the length of the 
element is 

H cos Q ds, 


where 6 is the angle between H and ds. But 


cos 


H ds H ds H ds* 


Hence H cos 0 ds =adx +pdy + ydz. 

By the first circuital theorem 

j (adx +pdy + ydz )= jj ( lu + mv + nw)dS. 


The surface integral on the right gives the total current through the 
circuit. Combining this equation with (9) we obtain 



The above equation is true, no matter what the boundaries and shape 
of the surface are. It holds true for every element of it, no matter 
what values l, m, n may have ; we may therefore equate the two 
integrands. Thus the equation decomposes into the following three 


47 tu _dy dp ±7rv_ da dy 4nw_dp da 

c dy dz* c dz dx* c dx dy 


( 10 ) 


which hold for every point in the medium. They are equations which 
enable us to determine the current when the magnetic intensity is 
known. 


The Displacement Current. The first circuital theorem was stated 
originally for steady currents. Now, according to the modern theory, 
an electric current in a wire consists of a procession of electrons along 
the wire. Electrons are small particles which have all the same mass m 
and carry the same negative charge e. Fig. 314 represents somewhat 
crudely a procession of electrons going through a circuit. The lines 
of force are shown diverging from each electron. If N electrons 
pass through the circuit per second, the current strength is - Ne and 
the work done in carrying unit pole round the circuit is numerically 
equal to inUe/c. 

14* 
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The first circuital theorem was stated at first only for the case of 
currents in wires, when a large number of electrons passes through the 
circuit per second. What happens when the electron itself does not 
pass through the circuit but only a portion of its field does ? The 


! 


1 / \1 


V / V/ V / V ■ / \ 

/1\ /l\ ’/1\ /1\ / 


Fio. 314. 




second diagram above will make this question clear. Suppose that a 
single electron comes from the left along the dotted line, reaches the 
position shown in Fig. 315 but stops there and goes no farther. It 
does not go through the circuit itself but part of its field does. Will 
there be a magnetic intensity round the circuit ? 

From an electron there issue 47re lines of electric intensity or lines 
of force.* When the electron is at a distance from the plane of the 
circuit, the number of its lines of force through the circuit is zero. As 
it approaches the plane of the circuit this number increases, and, 
when it reaches the plane, the number is 27re. As it travels to infinity 
on the other side, the number increases to ine t so that altogether 
there is a change of 4ne lines. When N electrons pass through the 
circuit per second there is a change of 47rNe lines per second. The 
work done in carrying unit magnetic pole round the circuit is in this 
case inUe/c, i.e. it is equal to the rate of change in the number of 
lines divided by c. We can therefore regard the magnetic field as 
due to the rate of change in the number of the lines instead of to the 
passage of the electrostatic charges. Both methods of regarding the 
phenomenon lead to the same result when we are dealing with con¬ 
duction currents in wires. 

But in the case represented in Fig. 315 they lead to different 
results. For in this case there is a change in the number of lines 
through the circuit but no charge goes through it. Which method 
leads to the correct result in this case ? 

It is the fundamental feature of Clerk Maxwell’s theory that he 
legarded the magnetic field as due to the change in the number of 
lines per second.f If there is an increase in the number of lines 

• The lines of forco represent the electrio intensity both in direction and magnitude. 
Their direction gives the direction of the intensity, and the number intersecting unit 
of area gives the component of the intensity, in the direction at right angles to the 
area. 

t This is not Maxwell’s way of arriving at the displacement ourrent, but students 
find it ensier and it is certainly more in accordance with modern thought. Maxwell 
regarded the conduction current as continuous and different in kind from the displace¬ 
ment current, whilo here there is really no distinction. It is merely an accident that 
tho charge goes through the circuit in the one case. The theory of displacement 
currents was given by Maxwell in 1865, while the idea of regarding the conduction 
current as due to tho motion of electrons dates only from 1898. 
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through a circuit due to certain electrons, while the electrons themselves 
do not go through the circuit, then, according to his theory, there is a 
displacement current through the circuit measured by the rate of 
change of the number of lines of force divided by i.e. measured by 
1/(4 tt) times the rate of change of the surface integral of electric 
intensity taken over the surface bounded by the circuit. The resultant 
current, the current which is to be substituted in equations (10), 
is the sum of the displacement and conduction currents. 

If we have a point charge e situated in a medium of specific inductive 
capacity K, the electric intensity E at a point distant r from it is given 
by 

e 


E = 


K r* 


The number of lines of electric intensity issuing from the charge in this 
medium is inc/K. If N point charges pass per second through a circuit 
in this medium, the work done in carrying unit magnetic pole round 
the circuit is still inHe/c. But the rate of change of the number of 
lines of intensity is in this case only 4ntie/K. Hence the work done 
in this case is K/c times the rate of change of the number of lines of 
intensity, and the displacement current through a circuit is K/(47 t) 
times the rate of change of the surface integral of electric intensity 
taken over the surface bounded by the circuit. 

The conduction current per unit area in the direction of Ox is 
equal to aX. This may be seen by considering a cube of unit side ; 
l/o is the resistance of this cube, and X is numerically equal to the 
electromotive force between two opposite faces. To obtain the dis¬ 
placement current per unit area in the direction of Ox consider a face 
of this cube perpendicular to the x axis. The number of lines of 
intensity through it is X. Consequently the required displacement 
current per unit area is 

k ax 

477 dt 


If we substitute the sum of these expressions for u in equations (10) 
and at the same time make the corresponding substitutions for v and w 
we obtain 


47ra x + k ax_ay_ df} 

c c dt dy dz' 

47r<7y K aY _ da dy 

c c dt dz dx 

-Z+- d JL= d Jt- d * 

c c dt dx dy 9 


the first three equations of the electromagnetic field. 
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Example on the First Circuital Theorem. A point charge of elec¬ 
tricity is situated in air on the axis of a circle of radius b 
at a distance a from the plane of the circle. Let P 
(Fig. 316) be the position of the point charge, and let 
AB be the trace of the circle. With P as centre draw 
the sphere ADB. Then the area of the cap ADB is 
equal to the area intercepted on the enveloping cylinder 
by the planes AB and DF, i.e. 2 ttDF x CD. 

CD = PD - PC = PA - PC = (a 2 + 6 2 )* - a. 

Thus the area of the cap is 

27r(a 2 + 6 2 )*{(a 2 + 6 2 )* - a}. 

The electric intensity at D is 

e 

S2 + P* 



Fio. 316. 


Hence the displacement current through the circle is 


=?l(i_®_l 

2 dl\ (a 2 + 6*)*! 


„da \ 


(a*+6 2 )*j 
da 

e \- g i 1 

2l (a 2 + 6 2 )» (a 2 + 6 2 ) 3 ' 2 J 

e da 

~2 dl (o« + 62) 3 ' 2 ’ 

Let H denote the tangential component of the magnetic field round the 
circle. Then, by the first circuital theorem, 

9 l H _ eda 6 2 
2 6 c 2 dt (o 2 + 6 2 ) 3/2 


or 


H=- 


eb da 

cW + Vfi-lt 


dajdl is the velocity of the point charge away from the circle. If we 
write AP=r, ^_APC = 0 and - da/dt = v , then this result may be 
written 

ev sin 6 


H = 


cr 2 


Thus the magnetic intensity increases from zero as the point charge 
approaches ; it reaches a maximum when the charge passes, and then 
finally diminishes to zero again. 
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Derivation of the Second Three Equations of the Electro¬ 
magnetic Field. If a coil of wire is connected in circuit with a 
galvanometer and the pole of a magnet is thrust into the coil, a current 
is set up through the galvanometer. This current endures as long as the 
magnet is moving, and ceases whenever the magnet cornea to rest. If, 
again, instead of thrusting the magnet into the coil a current is started 
or stopped in a neighbouring circuit, a transient current is set up in 
the first circuit. This transient current lasts only as long as the 
value of the current in the neighbouring circuit is altering, and ceases 
whenever the latter attains a steady value. Such currents are called 
induced currents and their laws were determined experimentally by 
Faraday. 

In both the above cases the magnitude of the induced current de¬ 
pends on the resistance of the circuit, i.e. on the material of which the 
wire is composed. The induced electromotive force, that is, the resist¬ 
ance of the circuit multiplied by the current, is the same no matter 
what the material of the circuit is. We shall now proceed to give the 
mathematical expression for the induced electromotive force. 

Suppose we take any surface bounded by the circuit and divide 
this surface up into elements of area which are so small that they can 
be regarded as plane. Let dS be the area of one of these elements, let 
a, ft, y be the components of the magnetic intensity on its surface, and 
let i, m, n be the direction cosines of its normal. Then la+mfi + ny is 
the component of the magnetic intensity normal to the surface, 

(la + mP + ny)dS 

gives the number of lines of magnetic intensity through the element, 
and 

jj(la + mP + ny)d$ 

gives the number of lines of magnetic intensity through the whole 
circuit. 

Then if the circuit is situated in air, - 1/c times the time rate of 
change of the above integral gives the induced electromotive force round 
it. If the circuit is situated in an isotropic medium, not air, then the 
induced electromotive force round it is given by 


1 _£ 
c dt 




fi(la + mp + ny)dS, 


where ft is a constant termed the magnetic permeability. This 
theorem, which embodies all Faraday’s results, is sometimes called the 
second circuital equation. If the medium is not homogeneous /t may 
vary from place to place, i.e. it is a function of S. For air /x is unity.* 

• J j" n(la + mfi-\-ny)di is said to give the magnetic induction through the circuit. 
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If in a certain region we have a changing magnetic field, brought 
about either by the motion of a magnetic pole or by making and break¬ 
ing a current in a neighbouring circuit, and if we place a circuit 
anywhere in this region, there is always an induced current and 
consequently an induced electromotive force round the circuit. The 
electromotive force is the fine integral of the electric intensity round 
the circuit. Now the circuit may be placed in an infinite number of 
positions ; consequently we are led to the conclusion that as a result 
of the changing magnetic field there is an electric intensity with a 
definite magnitude and direction at every point in the region. 

Let ds be an element of length of the circuit and let 9 be the angle 
which it makes with the direction of E, then the second circuital 
equation can be written 

oj E cos 6 ds= — ^J" j/i(la + m/3 + ny)iS . . (11) 

The minus sign means that if the surface integral of normal induction 
is mcreasing, the direction of the increase is connected with the line 
integral of electric intensity in the manner typified by a left-handed 
screw. By Stokes’s theorem 


( 12 ) 


#(g-SMS-SMIK> 

On combining (11) and (12) we obtain 
g [ jjn( la +* n P+ny)d$= 

This equation is true no matter what the boundaries and shape of the 
surface are. It is consequently true for every element of the surface, 
no matter what the values of /, w, n may be. It therefore decomposes 
into the following three equations, 

££tt = /£Z_£Y\ fic y = /aY_ax\ 

cdt [dy dz)' c dt \oz dx)' cdt [dx dy)' 

Maxwell’s second three equations for the electromagnetic field. 

Equation for an Electromagnetic Wave. Let a , the conductivity 
of the medium, be zero. Then the equations of the electromagnetic 
field become 

KdY da dy K£2_dp da 

c et~ 


cp 

dz 


KdX dy 
c dt dy 
_£da = aZ_0Y 
c dt dy dz' 


c dt dz dx c dt dx dy 

_^ = aX_ £Z ^ _^dy = d 
c dt dz dx' ^ c dt dx dy 
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Differentiating the first with regard to t and substituting from the last 
two we obtain 

« Ka2X = aV_ a^ = _c/ a2Y a*x a 3 x [ a»z\ 


dt 2 


i.e. 


dydt dzdt y\dxdy dy 2 dz 2 dxdzj' 

/jc a*x__e*x a2x _ d _/ax av + az \ 

c 2 dt 2 dx 2 + dy 2 + dz 2 dx\dx dy dz) 


(13) 


Let us assume that there are no electrostatic charges in the region 
under consideration. TheD 


s l + d l + n=o 

dx dy dz 


(14) 


For, if we suppose a single electrostatic charge of magnitude e x , at the 
point x x , y it z x the intensity due to it at a point P (x, y, z) distant 
r x from » lt y Xt z lt is given by e x /r x 2 . Taking the components of this 
parallel to the axes we obtain, 


This gives 


dX x _ a e x (x-x x )_e x 3c x (x-x x )dr x 

~~ 7 L n n a » 'l.. 


dx dx r x 


dx 

br\ 


But r 1 2 = (x-x 1 ) 2 + (y-y 1 ) 2 + (z- 2 1 ) 2 and hence 2r x -- 1 = 2(x-x x ) 


^1 


&c r, 

Substitute this value in the above equation and we obtain 

aX 1 _e l 3c l (x-x l )(x-x l ) _e l / 1 3{x-xi)* \ 
dx r,a fj* r, r,»\ r, 2 / 


Similarly and (l 

3 dy rA n 2 / & r,s\ r , 2 ^ 

Hence + «!» + ”*—gifs - 3 «* ~ ^ .7 »■£+<»-« »■>?>) =0. 

ax dy dz rj 3 \ r x - / 

Similarly, if we assume a charge e 2 at a point x 2 , y 2 , ar *d consider its 
effect at x, y, z, we find that 


ax 2 , av 2 az* 

dy dz 


dx 


and by assuming a number of such charges we find finally that 
^(X 1 + X 2 . . . ) + ^(Yi+Y 2 . . . )+^(Z l + Z a . . . )=o. 
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It is assumed, of course, that none of the charges is at the point 

y > 2 . 

If we substitute (14) in (13), then the latter equation reduces 
to 


nK&X d 2 * d 2 X d 2 X 
c 2 8P~dz 2 + djf + Hz* 



The Equation of Wave Motion. Equation (15) is the same as 

./a*x »c\ nr . 

at* *[dx* + dt /* &*)’ • ' ■ (1G) 

an equation which occurs frequently in physics. The solutions of this 
equation represent waves travelling with velocity v. 

This may be seen by considering some special cases. Suppose, for 
example, that X does not vary with y and z. Then the equation 
reduces to 


d 2 X „02X 

In order to solve this equation write 

x l = x-vt, x 2 =x + vt. 
d d dx x 


(17) 


Then 


Therefore 


+ 


dx dxi dx dx 2 dx 
d*X 
dx 2 


d te2 = _d_ + J_ 


dxi 2 dx\dx 2 


dx\ dxt 
&X 


dx, 2‘ 


Also 


d _ d dx i ^ d dx 


2 _ 


dt dx x dt dx 2 dt 

&X d 2 X 

and consequently — = v2-—- - 2V 2 

dt 1 dx\ £ 


= -v- —ht; 


a 


dxt 




a 2 X 




i~ dx x dx 2 dx 2 2 

On substituting these values, the original equation reduces to 

-^=0. 

dx x dx 2 

The most general solution of this is obviously 

X =/l( x l)+/2( x 2)* 

Hence the most general solution of the original equation is 


X=/i(s-*)+/ 2 (z+vO. 

Now, iff x (z-vt) be plotted as a function of x, it is exactly the 
same as f\(x) in shape, but every point on it is displaced a distance 
vt to the right of the corresponding point in f x (x). It thus represents 
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an irregular wave travelling towards the right with uniform velocity v, 
the shape of the wave at time t=0 being given by X=f\(x). Similarly 
X=f 2 (x + vt) represents a wave travelling towards the left with uniform 
velocity v. The general solution is the sum of these two waves. 

If we write 

f l (z-vt)=sin and / 2 (*+« 0 =sin^^+^, 

then the two irregular waves reduce to infinite trains of harmonic waves 
such as have been used earlier in this book. 

Suppose the wave is plane but goes in a direction inclined to the 
coordinate axes. Let /, m, n be the cosines of the angles which 
its direction makes with the coordinate axes. Then, as may be 
verified by substitution, the solution of the equation takes the 
form f(lx + my + nz-vt) in the case of an irregular wave, and 

Ix + my + nz ^ case ^ an infinite harmonic one. 

v 


X A XI J | I WVJ 

sin lx+m y +nz 'j i. 


§ Let us suppose that X varies only with r, its distance from the 
origin. Then 

0X = 0X 3r 
dx dr dx 

But r 2 =x 2 + y 2 + z 2 and 2r^ = 2x ; hence 

dx 


ax = axx 

dx dr r 


Further 


^2x = j*/axaxi ^i\x 

dx 2 dx\dr r) dr r X dr\drr)r 
_axi x 2 /d 2 xi 1 ax\ x 2 a 2 x ax/1 x 2 \ 
dr r r\dr 2 r r 2 dr) ~ r 2 dr 2+ 8r\r~ r*) 

Similarly + 

* dy 2 r 2 dr 2 dr\r r 2 ) 


and 


a2x = z 2 a*x ax/i_z 2 \ 

dz 2 r 2 dr 2+ dr\r r*J 
On substituting these values in (16) we obtain 

a 2 x 


\&r* r* + &r\r r*)\ 

/a 2 x, 2 ax\ u 2 & . 

mv ier> + -r*)=7&W’ 


which may be written J^(rX)=*pJ^(rX) 


• ( 18 ) 
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This is the same as (17) except for the fact that rX takes the place of X 
and r takes the place of x. The most general solution of (18) conse¬ 
quently takes the form 

rX =f l (r - vt) +f 2 (r + vt), 

or X = ^f\{r-vt)+^f 2 (r + vt) • • • (19) 

This obviously represents two spherical waves of irregular form both 
travelling with uniform velocity v> the first away from the origin and 
the second towards the origin. The amplitude of each wave is inversely 
proportional to its distance from the origin. 

A particular form of (19) is 



This represents an infinite harmonic spherical wave travelling away 
from the origin. 

Electromagnetic Waves. Equation (15) shows that X is propagated 
by wave motion, the velocity of the waves being c/vVK. We can 
prove the same for Y, Z, a, /3, y by proceeding in exactly the same 
way. Consequently the electric and magnetic intensities are propa¬ 
gated in a dielectric with a velocity c/VfiK, and are said to constitute 
an electromagnetic wave. Now for air /x = l and K = 1 when they 
are measured respectively in electromagnetic and electrostatic units, as 
is done here. Hence for air the velocity is equal to c. 

It is shown in books on electricity, that, when the same electrical 
quantity is measured on both the electrostatic and electromagnetic 
systems of units, the ratio of the results is always a power of o. For 
example, the numerical value of the capacity of a condenser on the 
electrostatic system is c 2 times its value on the electromagnetic system. 
The value on the electrostatic system can be found by calculation, and 
the value on the electromagnetic system by charging the condenser to 
a known potential and then discharging it through a galvanometer. 
Thus the value of c can be determined by purely electrical methods. 
The following table, taken from Kaye and Laby’s “ Physical and 
Chemical Constants/’gives the results of the most important determina¬ 
tions, together with the names of the observers :— 


c | 

Observer 

e 

Observer 

c 

Observer 

x 10 10 
2-9(53 

J. J. Thomson, 


Thomson and 


Hurmuzescu, 1898 

2-982 

1883 

Rowland, 1889 


Searle, 1890 
Pellat, 1891 

2-997 ] 
2-997 

Perot and Fabry 
Rosa and Dorsey, 

3 000 

Rosa, 1889 

2-093 

Abraham, 1892 


1907 
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The mean of all these determinations is 2-993 10 10 in cm. per sec. 
Michelson’s final (1926) determination of the velocity of light, corrected 
to vacuum, is 2-99796 10 10 cm. per sec. 

The velocity of light in air is thus the same as that of an electro¬ 
magnetic wave in air. This striking result was first published by 
Maxwell in 1865. It leads at once to the conclusion that light itself 
is an electromagnetic wave, but this conclusion was not accepted until 
Hertz performed his experiments in 1887-88, the reason for the delay 
being that Maxwell’s reasoning was purely mathematical and did not 
attract attention ; besides, before Hertz’s work there were no experi¬ 
ments which could be explained only by Maxwell’s theory of electro¬ 
magnetism and not by the previous theories. 

Hertz’s Experiments. According to the theory that prevailed before 
Maxwell electric and magnetic intensity were propagated with infinite 
velocity. If we have a point charge of electricity e at a point A 
(Fig. 317) the electric intensity at P is e/AP 2 . Now suppose the point 
charge to move instantaneously from A to B. According to the old 




theory of action at a distance the magnitude of the intensity at P 
changed instantaneously to e/BP 2 . According to Maxwell’s theory the 
change takes some time to travel out to P. While the charge moves 
from A to B it is equivalent to an electric current and is, therefore, 
surrounded by a magnetic field. A magnetic intensity is propagated 
out to P, but it lasts only as long as the electric intensity is changing. 
It is the propagation of this change in the electric intensity together 
with the attendant magnetic intensity that constitutes an electro¬ 
magnetic wave. If we were to move a charged pith ball suddenly 
from one point to another by mechanical means, although a wave 
would be produced, the effect would not be nearly powerful enough to 
observe. Hertz produced the waves by means of a piece of apparatus 
called a vibrator or oscillator. 

One form of vibrator consisted of two rectangular brass plates, each 
of about 40 sq. cm. area, to each of which was attached a thick wire 
with a spherical brass knob at its end. By means of the wires shown 
in the diagram these knobs were connected to the terminals of the 
secondary of an induction coil. The two plates act like the plates of a 
condenser of low capacity. When the primary of the induction coil 
is broken, a high electromotive force is induced in the secondary. 
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This causes a current to flow out of the one plate, through the wire, 
round the secondary of the induction coil, and through the wire into 
the other plate. The two plates thus acquire charges of different sign 
and the condenser becomes charged. This goes on until the potential 
difference between the two knobs is too great for the insulation of the 
air gap between them to withstand. It therefore breaks down and a 
discharge passes across the gap. This discharge is an oscillatory one. 
The current first goes the one way until the two plates acquire charges 
of the opposite sign to those which they possessed at first. It then 
reverses until the plates are charged the same way as at first. It then 
reverses again, and so on, the electricity surging backwards and 
forwards across the gap until its energy is dissipated and the gap ceases 
to conduct. Every time the primary of the induction coil is broken, 
the whole process is repeated over again. The number of complete 
vibrations in one discharge is not large, about four, and their period is 
not quite constant, as the resistance of the gap is changing all the time. 
Instead of the pith ball moving from A to B in Fig. 317 we have in the 
Hertzian oscillator shown in Fig. 318 an electric charge moving back¬ 
wards and forwards between two plates with a complete period of 
about 1-4 10~ 8 sec. This is, of course, very much faster than any 
charged conductor could be moved by mechanical means. For the 
oscillator in Fig. 318 to work properly it is necessary for the surfaces 
of the knobs to be polished very smooth so that the discharge starts 
suddenly. 

To detect the waves produced by the oscillator Hertz used a 
resonator consisting of a piece of wire bent into a circle, the ends 
terminating in brass knobs the length of the air gap between which 
could be regulated with a micrometer screw. The diameter of the 
circle was chosen so that the period of the oscillations which could 
take place in the wire coincided with the period of the oscillator itself. 
If the resonator was placed so that owing to the action of the oscillator 
the magnetic induction through it changed, a periodic 

O electromotive force was induced round the circle. This 
caused an oscillating difference of potential between the 
two knobs, the amplitude of which increased until 
finally sparks passed between them. -The maximum 
Fio. 319. length of the gap across which sparks would pass was a 
measure of the strength of the induction through the 
circle, and consequently a measure of the component of magnetic 
intensity at right angles to the plane of the circle. 

If we call all the planes through the axis of the oscillator in Fig. 318 
meridian planes, and the field of the oscillator be explored with a 
resonator, then it is found, that at a distance from the oscillator the 
direction of the electric intensity at any point is in the meridian plane 
and at right angles to the line joining the point to the oscillator, 
while the direction of the magnetic intensity is at right angles to the 
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meridian plane. Since the disturbance is travelling out from the 
oscillator, it follows that the electric and magnetic intensities are 
at right angles to one another and to their direction of propaga¬ 
tion. 

The most convincing 
way of showing that 
there actually are waves 
travelling out from the 
oscillator is to produce 
interference. To do this 
they are allowed to fall 
perpendicularly on a 
metal screen 2 or 3 
metres square. This re¬ 
flects them and makes 
them interfere with the incident waves, and the result is that 
stationary waves are formed in front of the screen. The resonator 
sparks at the loops and does not spark at the nodes. 

Hertz also demonstrated the refraction of electromagnetic waves by 
a prism. For this purpose he made a vibrator consisting of two brass 
cylinders, which were placed in the focal line of a parabolic zinc 
reflector. Thus after reflection the waves proceeded as a parallel 
beam. The resonator consisted of two pieces of thick wire placed in the 
focal line of a similar reflector ; the spark gap was taken through to the 
back of the mirror so that it could be observed without obstructing 
the rays. When the beam fell on the reflector, it was concentrated on 
the resonator and sparks were produced in the gap. When a large 
prism of pitch of refracting angle 30° was placed in the path of the beam, 
the sparks stopped but were produced again when the receiving mirror 
was moved a distance to the side, showing clearly that the beam was 
deviated by the prism. The angle of minimum deviation was 22°, so 
that the index of refraction of the prism for the electromagnetic waves 
worked out at 1-69. 

If the receiving mirror is rotated round the direction of the beam 
coming from the vibrator, the sparks diminish in length, and when the 
directions of the resonator and vibrator are at right angles to one 
another the sparks cease altogether. This is because the original beam 
is plane-polarised ; its electric intensity is parallel to the focal line of 
the first mirror, and, when the mirrors are crossed, its component in 
the direction of the resonator is zero. This plane polarisation can also 
be shown experimentally in an interesting way by means of a wooden 
frame, on which a number of wires have been wound with their direc¬ 
tions parallel, so as to form a kind of diffraction grating. If this is 
placed between the vibrator and receiver with the wires parallel to the 
former, it is opaque to the radiation. But when the direction of the 
wires is at right angles to the axis of the vibrator, the waves are 
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transmitted freely. The action of the wire screen is thus analogous to 
that of a Nicol’s prism. 

Thirty years ago the source of a light wave was regarded as some¬ 
thing analogous to the Hertzian oscillator. Now, since the coming 
of the quantum theory, the resemblance is considered to be superficial. 

Effect of the Medium on the Velocity. The general expression for 
the velocity of an electromagnetic wave is c/V/xK. For all transparent 
bodies ft differs inappreciably from 1 ; hence the velocity reduces to 
C /VK. But the velocity of light in a medium of index of refraction n 
is c/w. Hence n=V K, or, in other words, the index of refraction is 
equal to the square root of the specific inductive capacity. 

If we proceed to test this relation we find that for certain gases it 
is approximately true. For example, we have the following results :— 



n 

vir 

Air 

1 000294 

1 000295 

Hydrogen 

1-000138 

1-000132 

Carbon dioxide 

1 000449 

1-000473 


The values of n arc for the middle of the spectrum. But for most sub¬ 
stances there is a wide difference. Thus for water n = l-33 and 
VK = 9. The difference is due to the fact that indices of refraction 
are determined for light waves, i.e. for rapidly changing fields, while 
specific inductive capacities are determined in the laboratory for 
stationary fields, i.e. for waves of an infinite length. Thus agreement 
is to be expected only when the index of refraction does not change 
with the wave-length. 

Propagation of a Plane Wave. Consider the expression 

It represents a plane wave of electric intensity propagated in the 
direction of the positive x axis, v being the velocity of the wave, r its 
period, and B the maximum value of its amplitude. In any plane 
parallel to yz the electric intensity at any time has everywhere the 
same value. If we fix our attention on a definite plane, then, as 
time progresses, the electric intensity undergoes a simple harmonio 
variation. If we fix our attention on a definite time and move the 
plane instantaneously in the direction of the x axis, then the electric 
intensity again undergoes a simple harmonic variation when regarded 
as a function of the distance. Its direction, however, always remains 
parallel to the y axis. 
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Put X = Z=0, and substitute for X, Y, and Z in the second three 
equations of the electromagnetic field. Then 


e*?=o, -^=0, 

c St ’ c St 


_^=B??8in 

C dt rv r \ vj 


The constants of integration must be zero, as there are supposed 
to be no permanent magnets or steady currents in the field. We thus 
obtain 

_ _ _ c 2 tt 7 x\ 

“=0= o > y= B - c09 T (‘--j. 

This represents a plane wave of magnetic intensity, of the same 
period and velocity as the former wave propagated in the same direc¬ 
tion, the magnetic intensity in the wave being always parallel to the 
Z axis. According to the equations of the electromagnetic field, we 
cannot have the one wave without the other. Both together are said 
to constitute a plane electromagnetic wave plane polarised in the zx 
plane. In the wave the electric and magnetic intensities are at right 
angles both to one another and to the direction of propagation. 

Apart altogether from the differential equation wc can think of the 
propagation of the above waves occurring as follows : Let us imagine 
that initially there is an electric intensity in the y direction everywhere 
in a thin layer parallel to the plane x=0. This induces a magnetic 
intensity in the z direction on the front surface of the layer and an 
equal one in the - z direction on the back surface of the layer. The 
first magnetic intensity induces an electric intensity in the + y direction 
in front of the layer and one in the - y direction inside the layer. 
This latter cancels out the initial electric intensity. In this way a 
pulse is propagated. 

Similarly, if we had started out with the wave 


Z = C cos — 

T 



by substitution in the equations of the electromagnetic field we would 
have found associated with it the wave 



Together they constitute a plane electromagnetic wave plane polarised 
in the xy plane. 


§ Suppose that the plane polarised wave is not propagated in the 
direction of one of the coordinate axes but in any direction whatever, 
the direction cosines of which are l t m, n. Then it may be represented 
by 
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X= A cos 


2tt^ _ Ix+my + nz 'j v 
’ ?(■ 


v 

Z=C cos 


Y=Bcos^-^.±y”), 

lx+my+nz\ 


Now 


- ? ) 

ax ’ey az 

dx dy dz 


Substituting in this equation and cancelling out the common factor 


we obtain JA + mB + nC=0, i.e. A, B, and C are not independent, but 
the resultant electric intensity must be at right angles to the direction 
of propagation. 

Substituting in the second three equations of the electromagnetic 
held, we obtain r 

^=(mC-nB)- sin L_l*+my+nz\ 
c ot TV T \ v )* 

sin W,_ k+Tny+ns \ 
c ot TV T \ v y 

%= (IB - mA) 2 " sin 2 ”(t - &+!?? + **] 
e ot rv r \ v )* 

a=(mC —«B)— cos^-^i^±!L 2 \ 

/xv r V v /’ 

p = („A - 1C) L cos 2 ”(l - k+my+nz } 

/XV T \ v ) 


whence 


y = (IB - «A£ cos + 


c 

/XV 


We see from the form of the coefficients that (a,/3, y) is at right angles 
to both (X, Y, Z) and (1, m, n). 

Poynting’s Theorem. If a conductor receives an electrostatic charge, 
the energy of the charge is stored up in the field.. If there are lines 
of force between the charges, it is natural to think of them in a state 
of tension like stretched springs and this view is supported by the 
electric Kerr effect. Here double refraction is produced in glass 
by an electric field. Now double refraction is produced in glass by 
strain. Thus the Kerr effect is evidence of a strain in the glass which 
in turn is caused by a strain in the field, in the lines of force or in 
the ether. 

The energy of a system of charged conductors can, of course, be 
calculated from the work done in bringing each elementary charge from 
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infinity, in analogy with the method of calculating the potential energy 
of a system of gravitating masses. It is found that the same numerical 
value can always be obtained by assuming that there is an amount of 
electrostatic energy stored at every point of the field equal to 

J<E2 

8n 


per unit volume, E being the electric intensity at the point. 

Similarly, at a point in a magnetic field, where H is the magnetic 

intensity, we assume that there is a quantity of energy per unit 

volume. This assumption gives the same value for the energy of a 
system of electric circuits as is obtained by using the equivalence of 
each circuit to a magnetic shell. 

We assume, therefore, that the density of the total energy in the 
field is given by 

i( KE* + / xH*). 


Suppose now that we have a certain region of space bounded by a 
closed surface. The energy in this region is given by 


= JIf^ {K(X 2 +Y 2 +Z 2 )+/l(a 2 + P- + y^> dx d v dz > 


If 


,-i(KE2 + uH 2 )rfi dy dz 

07r 


the integration being taken throughout the whole region. The rate of 
increase of the energy in the region is obtained by differentiating the 
integral with respect to t , and is equal to 


SX C*CL 

Substituting for K— . n£. 


from the equa 

eions of the electromagnetic field, this becomes 

= £jj {Ufil-y Y) + m(yY, - aZ) +■ n(a V -0X)}<ZS 
by Gauss’s theorem. The vector the components of which are 
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pZ-yY, yX-iZ, and aY-0X, is evidently at right angles to both 
H and E, and its numerical value is equal to 

{(/3Z - y Y) 2 + (yX -<zZ) 2 + (aY - £X) 2 }* = EH sin 0, 
where 0 is the angle between the directions of H and E. 

The surface integral is the surface integral of the normal component 

of _—taken over the surface bounding the region. It is natural 

477 

then to interpret — ^ s * n ^ at a point in space as the rate of flow of 

477 

energy per unit area at that point. This result is due to J. H. 
Poynting. 


Energy of a Plane Wave. Suppose that the wave is propagated in 
the x direction and that it is polarised in the zx piano. Then it may 
be represented by - 

v d 277 /. x\ n c 27 rl A x\ 

Y = B cos — it — I, y=B— cos — it —I. 

r \ v) fiv r\v) 

By Poynting’s theorem the energy is flowing in the direction of 
the x axis, i.e. the direction of the flow of energy is identified with the 
ray, and the rate of flow at any time for any value of x is given by 


cEH sin 0 c 2 


7 T 


4nfiv 


B 2 cos 2 — ^ - ? j ergs/sq. 


cm. sec. 


This expression oscillates between zero and a constant positive 
value, but never changes sign. The energy flow is therefore always 
forward. The period of the oscillations is so small that they cannot 
be detected by the eye or any physical instrument; it is the mean value 
that is important. Now the mean value of cos 2 0, between 0=0 and 
0 = 77, is J. Hence the intensity of the wave is equal to 



As all our observations on light are made in air, for all practical 
purposes we may put /zv = c. The intensity of the wave is therefore 
proportional to the square of the amplitude, a result which has already 
(cf. p. 132) been deduced from other considerations. 

Boundary Conditions. It is now necessary to determine the con¬ 
ditions that must be fulfilled at the boundary of two media when an 
electromagnetic wave passes from the one to the other. To fix our 
ideas, let the xy plane be the boundary, let the specific inductive 
capacity of the upper medium be K, of the lower medium K', and take 
the axis of z positive downwards. We shall also suppose that as we 
pass through the boundary, the specific inductive capacity changes 
discontinuously from the value K to K'. 
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Consider the rectangle ABCD, the side AB of which is in the one 
medium and the side CD in the other, both AB and CD being extremely 
close to Ox. Let a unit magnetic pole be carried round this rectangle. 
Then the work done against the field must be zero, because the area 
of the rectangle is so small that the displacement current flowing 
through it may be neglected. The work 
done on the ends AD and BC may be neg¬ 
lected owing to their being so small. Thus 
the work done on AB must be equal and 
opposite to the work done on CD, or, in 
other words, the magnetic intensities along 
AB and DC are equal. We arrive, therefore, 
at the condition that the tangential com¬ 
ponent of magnetic intensity must have 
the same magnitude and direction on both sides of the boundary, that 
is, in this case a and /3 must be the same on both sides of the 
boundary. 

Similarly, by taking unit positive electric charge round the rectangle, 
it may be shown that X and Y have the same values on both sides of 
the boundary. 


O £_B 



EXAMPLES 


(1) Show that, when an electromagnetic wave passes from one medium to 
another, if the normal to the surface of separation is parallel to the z axis, then 
KZ and ny have the same values on both sides of tho surfaco of separation. 

(2) A plane wave, which is plane polarised in the xy plane, is propagated in 
the x direction. Find an expression for tho energy in one wave-length,given 
that the magnetic intensity is specified by 


j8— A sin 



(3) A long straight cylindrical wire of circular section is carrying a steady 
current C, measured in electrostatic units. Calculate by Poynting’s theorem 
tho rate of flow of energy into a length d of the wire, given that R is tho resistance 
of this length, and compare the result with Joule's expression for the heat evolved 
in this portion of the wire. 

(4) Assuming that /x=l but that K has the value K*, K 2 , or K 3 according 
as it is associated with X, Y, or Z, so that the first three equations of the electro¬ 
magnetic field become 


dx^ K^dY da dy K 3 &Z_dfi_da 

c dt dy dz C dl dz dx c dl~ dx dy 
snow that, if a plane wave is propagated, the resultant electric intensity is not 
at right angles to the direction of propagation but t he resultant magnetic intensity 
is. Also show that the velocity in the direction l, m, n is given by Fresnel's law 
for the velocity of light in a crystal (cf. p. 214), namely 

A 2 - V 2 B--V* C 2 -V* 


where A 2 = c 2 /K„ b 2 =c 2 /k 3 , and C 2 =c 2 /K a . 


0 , 



CHAPTER XXIII 
REFLECTION AND REFRACTION 


The General Case. Let a plane polarised plane wave of mono¬ 
chromatic light fall upon the plane boundary of two transparent media. 
Take the axis of Z positive downwards, and let the boundary of the 
two media be given by 2=0. Let the plane of incidence be the zx 
plane and let the angle of incidence be <f>. Let the specific inductive 
capacity of the upper medium be K and of the lower medium K'. As is 

usual in problems in optics, we put 
the magnetic permeability of both 
media equal to unity. 

Resolve the electric intensity in the 
incident wave into two components, 
of maximum amplitude A } in the 
plane of incidence and Bj perpendicular 
to the plane of incidence. Then the 
plane of polarisation of the incident 
light makes an angle cot 1 5,/A| with 
the zx plane. 

Resolve b x into components Aj cos <f> 
parallel to Ox and -A, sin <f> parallel to Oz. Then the electric 
intensity in the incident wave may be written 

X 1 = A 1 cos i cos ^(t- V *< I8in * + *cosfl), 

Y, = B, cos 2 -(t - V^xsinf+scosJ} 

T \ C 

t » • i 2 tt/, sin <f> -f 2 cos <f>}\ 

Zj = — Aj sin rp cos — It - 1 ^1, 



Fxo. 322. 


si nee the velocity in air is c and the direction cosines of the normal to 
the wave-front are sin «£, 0, cos <f>. 

To find the magnetic intensity associated with the electric intensity, 
substitute for X x , Y lf l x in the second three equations of the electro¬ 
magnetic field and solve for a x ,p x , y x , making the constants of integra* 
tion zero. Then we obtain 


o. x = - BjVK cos <f> cos -^t- 


V K{x sin <f>+z cos <f>} 


) 
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2 itl. VK{x sin <f> + z cos <f>}\ 

B\ = + A 1 \/K COS — --- )’ 

. . 2 n 7 . V&{x sin <f> + z cos <f>}\ 

y 1= = + B v V K sin 0 cos it --- )• 

The above six equations represent the whole incident wav*. When 
it arrives at the boundary it gives rise to a refracted and a reflected 
wave. We shall assume that the maximum values of the electric 
intensity of the refracted wave are respectively A 2 for the component 
in, and B 2 for the component perpendicular to the plane of incidence. 
We then obtain the following equations for the refracted wave simply 
by substituting for Af, B 1 , K and <f> : 

* 2 W. VK'{i sin d + z cos 0 }\ 

X 2 = A 2 cos 6 cos —It ---- 

2 ttA VK'{x sin 6 + z cos 0}\ 

y 2 =b 2 cos—^ -^- y 

. . „ 2 W. v*’{x sin d + z cos 0}\ 

Z 2 = - A 2 sin 6 cos —U-----)> 

. /-, „ 2 tt/. VK'{x sin 6 + z cos 

a 2 = - B 2 V K cos 0 cos I J — --- J 

/.tv 2 tt / VK'{x sin 0 + z cos 0}\ 

p 2 =+a 2 vk' cos i— - y 

„ , 77 . • „ 2 tt/, \/K'{xsin 0 + 2 cos 0 }\ 

y 2 = + B 2 VK sin 6 cos — IJ— - - -I* 

Similarly, for the reflected wave, we obtain 

,, 2 tt / VK{® sin <f>' + z cos <£'}\ 

V \ C J 

2 w/ \/K{x sin <f>' + z cos <f>')\ 

13=83 cos — It----- I* 

. j / 2tt/, Vi ({2 sin <f>' + z cos <£'}\ 

Z 3 = - A* sin <f> cos — It---- y 

c 3 = - B 3 Vi< cos # cos 

ft = + A 3 VK cos ??(*- VK{x S in^ + zcos £}j > 
y 3 = +B.VK sin cos ^_ Vk> sin ^ + z cos ^ 


Xo = A, cos 
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In the above A 3 and B 3 are put respectively equal to the components 
of the maximum electric intensity in and perpendicular to the plane 
ol incidence. Also, we do not assume that <£', the angle of reflection, 
is equal to <f>, the angle of incidence. It should be noted that <j>' is the 
angle that the normal to the reflected wave-front makes with the 
'positive direction of 0 z. 

We have now to apply the boundary conditions. A ls B l9 <f> are known 
and we wish to determine A 2 , B 2 , 0, A 3 , B 3 , <f>\ It is at once clear that 
for 2 = 0 all the components of electric and magnetic intensity must 
be proportional to the same function of x and t , i.e. 

VK sin <f>=y/K' sin 0=V K sin <f>\ 


This equation contains the laws of refraction and reflection, for it may 
be written 


sin <f> IK' _ 
sin 0 V K 


(f> = 1T - <f>, 


The laws of reflection and refraction are thus derivable from the 
mere fact that there are boundary equations, and they do not depend 
on the particular form of the latter. 

Since the tangential components of the electric and magnetic 
intensities are the same on both sides of the boundary, we have 
X 4 + X 3 = X 2 with three similar equations. These give 

(A| - A 3 ) cos </> = A 2 cos 6 , Bi + B 3 = B 2 , 

(B, - B,)VK cos </> = B 2 VK'cosd and (A 1 + A 3 )\/K = A i! V'K 7 . 


On solving for the four unknown quantities we obtain 


, . VK' cos < f > - VK cos 9 

A n — A i —- ,— “ i 

■v/K' cos </» + VK cos 0 
2 \/K cos 4> 


A 2 = Ai- 


VK cos d + VK' cos <t> 


Bi = B 


B,= B 


VK cos 4>-V K' cos 0 
VK cos cos O' 

2 V K cos <f> 

VK ' cos 0 + \/K cos ( f > 


On substituting 


sin <f> 
sin 0 



these results become 


ta n(<l>-6) r sin 

A3 " Ai tan"(^y 3 ” 1 sin 

2 sin 0 cos </> r = B - S * n - cos 

2 1 sin (<l> + cos (6 - 0 )* * 1 sin ( <f> + 0) 


The above arc called Fresnel’s formultc. They were first obtained 
by Fresnel but by another method. They enable us to determine 
completely the reflected and refracted waves when the incident wave 
is known. 
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According to these formula) B 3 never vanishes but A 3 becomes equal 
to zero when tan (<£ + 0)=«>, i.e. when <f>+0 =In this case 
sin 0 = cos <f>, and if n b e put for the ratio of the refractive indices of 
both media, i.e. if n = ‘y/K'/K, 


:^ = tan 4 >- 
sin 6 


This value of <f> is called the polarising angle, and this equation states 
Brewster’s law, of which an account has already been given in Chapter 
XI. After reflection at this angle of incidence, natural light is plane 
polarised in the plane of incidence. 

Fresnel’s formulae can be verified very easily with a spectrometer 
fitted with two nicols with square ends, one attached to the collimator 
and the other attached to the telescope in front of its object glass. 
These nicols can be rotated respectively about the axes of the colli¬ 
mator and telescope, and are provided with divided circles for reading 
their positions. The collimator has a circular aperture instead of a 
slit. From Fresnel’s formulae, 

B 3 _ _ B t sin (<f>- 6) tan (< f> + 6) _ _ Bj, cos (</> - 6) 

A 3 Ai sin (<f> + 6) tan (<j> - 6) cos {</> + 6) 

Aj/Bj is the tangent of the angle which the plane of polarisation 
makes with the xz plane before reflection, and A 3 /B 3 the tangent of the 
like angle after reflection. In the experiments of Jamin and Quincke 
Aj/B, was put equal to unity, that is, the polarising nicol was set with 
its principal plane at 45° to the xz plane, then A 3 /B 3 was determined 
experimentally for different values of <f >, and the results compared with 
those given by the formula. The agreement was very good, only in 
the neighbourhood of the polarising angle was there an appreciable 
difference between theory and experiment. This difference lias been 
6hown to be due to the boundary conditions not being accurate. In 
deriving the latter, we assumed that the value of the index of refraction 
changed discontinuously in passing from the one medium to the other. 
If we assume that the change takes place gradually within a region 
small in comparison with the wave-length of light, we obtain more 
elaborate boundary conditions, and from these can derive formula) 
that represent the experimental results perfectly. From experiments 
co nfirmi ng the more accurate theory, we learn that the transition 
layer or region in which the index of refraction changes from the one 
value to the other has, in the case of a polished glass surface, a thick¬ 
ness of about x|o of the wave-length of sodium light. 


/ Perpendicular Incidence. In the case of perpendicular incidence 
<f> and 6 both become zero and Fresnel’s formula) for A 3 and B 3 become 
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indeterminate. If, however, we use the equations on p. 446 immedi¬ 
ately above Fresnel’s formula*, cos <f> and cos 9 both become equal to 1, 
and 


A . VK'-VK a n —1 _ _ 

3 Vic+Vic '»+!’ 3 b Vk+Vk' 


VK-Vic _ 1-n 

~ =B TO 


The fraction of the intensity reflected is therefore the same for light 
polarised in and perpendicular to the plane of incidence, namely 

(n+l) . In the case of reflection from glass to air, n= 1*5 approxi¬ 
mately ; hence 4 per cent, of the incident light is reflected. 

Total Reflection. Suppose that K' is less than K, that the wave, 
for example, is reflected internally at a glass-air surface. Then <j> is 
(he angle of incidence in the glass, 9 the angle of refraction in the air, 
and sin 9=n sin <£, n of course having its usual value of 1-5 or there¬ 
abouts. We have 

cos 6 = \/l- sin 2 9=Vl - n 2 sin 2 <f>. 

Where total reflection occurs, n 2 sin 2 <f> is greater than 1 and cos d 
becomes imaginary. Wc may write it in this case, 

cos 9=iVt 2 sin 2 <j>- 1. 

It is interesting to examine what happens to Fresnel’s formula 
when this imaginary value of cos 6 is substituted. Let us at first con 
fine our attention to the reflected wave and examine the expression for 
B 3 . For angle of incidence greater than the limiting angle, 

P _ B sin (<f> - 0) _ _ B sin <f> cos 6 - cos sin 6 
3 1 sin (<f> +6) 1 sin <f> cos 9 -f cos <f> sin 9 


-B 


x sin <f>Vn 2 sin 2 <f> - 1 - n sin <f> cos <f> 
i sin <f>Vn 2 sin 2 <f> -1 + n sin <t> cos 4> 


n cos (f> - iV n 2 sin 2 <f>-\ 

— D i - - — — - . 

n cos <f> + tv n 2 sin 2 <f> -1 


On multiplying both numerator and denominator by 
this gives 


n cos <f> - Wn 2 sin 2 <j >-1 


b 3 =b 


(n 2 cos 2 $ - n 2 sin 2 <f> + 1 ) - 2 in cos <f>Vn 2 sin 2 <f> - 1 
1 n 2 -1 


The coefficient of B x is a complex quantity, the modulus of which 
is found by calculation to be 1 and the amplitude of which is 


tan 


j 2n cos <f>Vn 2 sin 2 <f> -1 
n 2 cos 2 <f>-n 2 sin 2 <f> +1‘ 
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On writing b for the latter, the equation becomes 

83 = 8 ! er*. 

In order to interpret this result it is necessary to go back somewhat. 

277-/. VK(x sin <f> + 2 cos <f>) 


Yi = Bi cos 






represented the electric intensity perpendicular to the plane of inci¬ 
dence for the incident wave. Instead of the cosine we might have 
written 

4 2t/ y/K(x sip <j> 4 - * COB ^) \ 

Y, = real part of T ' e ) 

and we could have made similar substitutions for the other cosines 
This assumption is perfectly legitimate, for the equations of the 
electromagnetic field and the boundary conditions are linear in X, Y, Z, 
a, p , y ; they are satisfied by both parts of the complex quantities 
taken singly, and therefore must be satisfied by their sum. Had we 
proceeded in this way, we should have found for Y 3 in the above case, 

Y 3 = real part of B 3 e* T ' 0 ' 

i\—(t — V*( x >in 4 + • c °» 4) \ _ b l 
= real part of B l c*l T ' 0 ' 


Bj cos 


[t(- 


V K(x sin 4 > f z cos <j>) 


H 


The amplitude of the reflected wave is therefore the same as the 
amplitude of the incident wave, i.e. no light is lost by reflection, but 
a phase difference is produced =6 and varying with the angle of 
incidence. 

Similar results are obtained on examining the expression for A 3 . 
Let us denote the phase difference produced in this case by a. Both 
components of the incident wave were originally in the same phase, 
but a relative phase difference has now grown up between them equal 
to a-b. This method of interpreting the complex amplitude is due 
to Fresnel. 

The relative phase difference has been determined experimentally 
by a spectrometer of the type shown in Fig. 323, and the results have 
been found to agree with theory. The collimator and telescope are 
fitted respectively with rotating polarising and analysing nicols 
the positions of which can be observed by reading microscopes. The 
collimator has a circular aperture instead of a slit. In front of the 
analyser is attached a Babinet compensator of the Soleil type. This 
compensator consists of two quartz wedges (Fig. 324), in which the 
axis is perpendicular to the plane of the paper, and a quartz plate in 

15 
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which the axis is parallel to the plane of the paper in the direction 
shown; the quartz plate is cemented to one of the wedges. The 



Fio. 323. 


K is the collimator, p' tho polariscr, C tho compensator, © tlio analyser, F the 
telescope, and S tho total reflection prism. The instrument depicted is the aotual 
one used by Drudo in determining the optioal constant* of metals. 

whole arrangement forms a plate of variable thickness, which can 
produce a relative phase difference between the components polarised 
in and at right angles to the plane of the paper, and by turning the 
micrometer screw this phase difference can be varied from - A to + A. 

The micrometer screw head can be seen in 
Fig. 323. The difference between this com¬ 
pensator and the other type described on 
p. 234 is that this one produces the same 
Fio. 324. phase difference throughout the whole field, and 

hence is adapted for use with parallel light, 
whereas in the other type the phase difference alters as we move 
along the wedges. 

In verifying the theory the polarising nicol was set so as to polarise 
the light in a plane making an angle of 45° with the vertical. The 
light was then allowed to enter a total reflecting prism, be totally 
reflected by the hypotenuse face, and next to emerge from the third 
face and enter the compensator. The latter annulled the relative 
phase difference and the light was then extinguished by the analyser. 
From the angle between the directions of the telescope and collimator 
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the angle of incidence of the light on the hypotenuse surface could be 

calculated. , A 

Wherv the compensator is removed, this apparatus can be used 

for verifying Fresnel’s laws as described on p. 447. 

Propagation of the Disturbance into the Second Medium. Let us 

now investigate what happens to the expression for the amplitude of 
the refracted wave when the angle of incidence exceeds the critical 
angle of total reflection. If we substitute 

sin 0 = n sin rf> , cos d = iy/n 2 sin 2 rf> - 1, 

in A 2 and B 2 , the expressions for the amplitudes, the result is not zero ; 
if we substitute these values in 

277/. (x sin 9 + z cos 9) 

cos — it -' - 

r \ c 

the expression for the wave itself, we obtain 

cos —it -- -i-vn 2 sin 2 0-11. 

r \ c c J 

If we interpret this result in the same way as in the previous pages 
by writing an exponential in place of the cosine and then taking the 
real part, it becomes 



- ~ 2n(. xn sin 0\ 

e A cos 


( 20 ) 


In order to make this result intelligible, we have taken the negative 
value of the root in the exponential. The exponential then diminishes 
very rapidly as z increases, and becomes inappreciable when z is 2 or 3 
wave-lengths. The expression consequently represents a wave disturb¬ 
ance in the less dense medium close up to the surface and moving 
parallel to the x axis. 

This result, namely, that when light is totally reflected there is 
nevertheless a wave in the second medium, appears at first astonishing 
but is borne out by experience. For if a convex surface of glass of 
large radius of curvature is brought into contact with the surface at 
which total reflection takes place, there is a transparent patch where 
the two surfaces are in optical contact, and this patch is surrounded 
by an edge, whioh transmits light of a reddish tint and reflects light of 
a bluish tint. At this edge the glass surfaces are not in contact, but 
the air film is not thick enough to cause total reflection. Obviously 
according to (20) the red must penetrate farthest into the air ; hence 
the tints of the transmitted and reflected lights. Although there is 
a wave in the second medium it is found on applying Poynting’s 
theorem that there is no energy flowing into that medium ; as long as 
the intensity of the incident wave is constant, all its energy reappears 
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in the reflected wave. Another peculiarity of the wave in the second 
medium is that it is not transverse ; on calculating out the expression 
for X it is found that it is not zero, and, of course, the wave is pro¬ 
pagated in the x direction. 

The question of the conditions in the second medium at total 
reflection has fascinated many experimenters from the time of Newton 
on. According to Newton’s theory the light corpuscle passed through 
the glass in a straight line and was attracted by the glass when it 
entered the air, just in the same way as a stone projected into the air 
is attracted by gravity. The corpuscle consequently described a para¬ 
bola in the air, then entered the glass again. According to Newton’s 
reasoning, if another glass surface were gradually approached to the 
first, as soon as it touched the vertex of this parabola, some light 
should enter this second piece of glass, i.e. while there was still a thin 
air film between the two surfaces. Newton succeeded in getting this 
effect experimentally, though now we interpret it otherwise. 


Propagation of Light in Absorbing Media. So far, in dealing with 
electromagnetic waves, we have confined ourselves to dielectrics. 
Let us now drop this restriction and assume that a is not zero. 

Then the equations of the field are 

47rcr^ ^ K dX _ by bp 47 ro^ ^ K dY _ da by + K dl dp da 

c c dt by dz' c c dl dz dx c + c dt dx by* 

^aa = az_aY _^a/3 = ax_az _/zdy = aY_ax 

c dt by dz' c dt dz dx' c dt dx by’ 


Let us assume that we are dealing with harmonic plane waves of 
period r, and that exponentials are to be substituted in place of X, Y, 
Z, a, P, y, always on the understanding, of course, that the latter are 
the real parts of the exponentials replacing them. Then, as t occurs 

2 7r. 

in every quantity in the same factor e T . dividing by i — is equivalent 

to integrating with respect to t , and the first of the above equations may 
be written 


c dt by dz 


The second and third equations take the same form. If, as is 
usual in dealing with light waves, we put /x=1, the only effect of the 
conductivity of the medium is to replace K by the complex quantity 
K - t2or. The waves will therefore be represented by terms of the 


type 


£ 0 - VK ' 


real part e 


%2trr(Lx + my + nz) 


) 


e 
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On writing K-i2<rr=(•'-**)*» 

.2w/ _ (v — t<c)(lx + my+ 

this becomes, real part e T ' 

2. , . .2tt/ + my + nt) \ 

- — (/x + my + nz) %— U - ~ i 

= real part e « 
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- — (Zx + my + nz) 2 ttA v(lx + my + W2)\ 

-• ” cos tv -c —r 


This represents a wave the amplitude of which diminishes as the 
*-ave advances, the energy of which is being absorbed as it progresses. 
The exponential factor diminishes as Ix + my + nz increases. In a 
conductor we must have therefore absorption of electromagnetic 
waves The planes of equal amplitude coincide with the planes of 
equal phase. The constant v is termed the index of refraction of the 
absorbing medium and k its absorption coefficient, k usually varies 
rapidly with the wave-length. 

Reflection at a Metal Mirror. Let a plane wave of light fall on a 
polished plane metal surface from air, and let the incident and reflected 
waves be represented by the same notation as on p. 444, except 
that K is here put=l, since the first medium is air. The amplitude 
of the refracted wave inside the metal dies away very rapidly. Let 
v and k be respectively the index of refraction and coefficient of 
absorption of the metal. It is seen from the preceding section that the 
propagation of a plane wave in an absorbing medium is formally the 
same as in a transparent medium, except that the complex expression 
(„-*ic)2 takes the place of the specific inductive capacity. If we 
substitute this expression for K' and put K = 1 all the results of p. 44G 
stand, only care must be taken in interpreting them. 

Consider the cosine which occurs in all the expressions for the 
different components of the refracted wave, namely 

27T / VK'(x sin 0 + z cos 6) 
cos —(t --- 

r \ c 

It becomes 

2 TT l, (v - i k)(x sin 6 + z cos 6) 

cos — It - - - - - 

r \ c 




where sin 6 is given by 

(v —tic) sin 0 = sin <f>. 


6 is consequently imaginary. We have 

(v - t/c) 2 (l - cos 2 6) = sin 2 <f>, 

(v - %k) cos 6=V(y- \k) 2 - sin 2 <f>. 



454 


A TREATISE ON LIGHT 

Write a - ib for the root on the right side of the equation; a and 6 
are # of course, functions of <f>. Then 

(v-ik) cos d=a-ib. 

Substitute for cos 6 and sin 6 in (21) and it becomes 

cos 2 ”/ f _ gsin ^+2(q-i6) 
r \ c 

2tr bz 

=<r^~ cos 2 ^- zsin ^ +a2 ). 

The direction cosines of the normal to the surfaces of equal phase are 
obviously given by 

Q _ a _ 

Va 2 + sin 2 if> Va 2 + sin 2 <f> 

and the velocity of the refracted wave is 

_ c 

Va 2 + sin 2 <f> 

It varies with the angle of incidence. 

The surfaces of equal amplitude are given by z = const, and con¬ 
sequently do not coincide with the surfaces of equal phase except for 
the case of perpendicular incidence. In this case sin <f>= 0, a=v, 
and b=K. The amplitude, of course, gets rapidly less as z increases. 

If we substitute the complex values of sin 6 and cos 0 in the expres¬ 
sions for A 3 and B 3 they also become complex. Both the components 
polarised in and at right angles to the plane of incidence thus suffer 
a change of phase on reflection, and the reflected wave is in general 
elliptically polarised, even if the incident wave is plane polarised. 
For two particular angles of incidence, however, perpendicular 
incidence and grazing incidence, there is no relative phase difference 
produced by reflection, and consequently, if the incident wave is 
plane polarised, the reflected wave is also plane polarised. The 
angle for which the relative phase difference is \tt is called the principal 
angle of incidence. 

The optical constants of a metal can be determined with the 
polarisation spectrometer shown on p. 450 by observations on the 
positions of the analyser and compensator necessary to extinguish 
the reflected light, when the incident light is plane polarised at 45° to 
the vertical. Determinations were made by Drude according to this 
method, and it was found necessary to have the surface very carefully 
polished, as dirt, oxidation, etc., had a considerable influence on the 
results. 

k can be measured by having two thin metal films of different 
thickness and comparing the difference in the intensities of the trans¬ 
mitted beams. The reflection losses are then the same in both cases. 
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The index of refraction * of metal prisms has been determined 
directly by Kundt. The prisms employed had an extremely small 
ancle of refraction, less than one minute, and were prepared by the 
cathode discharge or by electrolytic deposition on platinised glass. 
When the incidence of the light on the prism is approximately per¬ 
pendicular, the velocity of the refracted wave differs inappreciably 
from civ and the deviation is given by the same formula as in the 
case of transparent media. Kundt’s measurements give the striking 
result that for some metals 1 / is less than 1. The wave is consequently 
deviated towards the thin end of the prism. This is in agreement with 
Drude’s determination by the other method. 

When a plane polarised wave of light is incident from air per¬ 
pendicularly on the plane surface of a transparent medium, the ratio 
of the amplitude of the reflected beam to the amplitude of the incident 
beam is given by 

1 - n n — 1 

- or - 

t 1 + n n + l 

according as the incident beam is polarised in or at right angles to 
the plane of incidence. This result holds also for metallic mirrors 
provided that we write for n its complex equivalent v-ix. The first 
of the expressions then becomes 

1 -y + t* 

1 + v - IK 

There is consequently a change of phase as well as a change of ampli¬ 
tude. If we multiply the expression by its conjugate 

1 — V — IK 

1+V + tV 

the result 

(l-y) 8 + #c* v 2 + k 2 +1-2v 

(1 + v) 2 + ** V 2 + K 2 + 1 + 2v 

gives the square of the ratio of the amplitudes, or, in other words, the 
ratio of the intensities. This quantity has the same value for the 
other component; consequently the ratio of the intensities is always 
the same, no matter what the state of polarisation of the incident 
light is. In all metals 2v is small compared with 1 + k 2 , hence R is 
very nearly 1, i.e. all metals possess a high power of reflection, which 
is higher the greater the coefficient of absorption k. It is this high 
power of reflection and nothing more that we denote by the term 
“ metallic lustre.” Air bubbles below the surface of water have 
metallic lustre, when they are visible only by light which has been 
totally reflected at their surface. 

Gold and copper appear yellow because k is great for that colour 
and consequently light of that colour is strongly reflected. The 
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surface colours of metals are approximately complementary to the 
colours they show by transmitted light. Thus gold leaf appear! 
green by transmitted light. For metals k varies from 2 to 4. For 
anilin colouring matters k is also large enough to influence the 
reflection, and they also show “ surface colour,” but for the great 
majority of substances, copper sulphate and potassium bichromate 
crystals for example, k is too small to influence the colour of the 
reflected light appreciably. These salts have what is known as body 
colour, i.e. the light penetrates some distance in before it is reflected, 
and during its passage in and out some of the constituents of white 
light are absorbed. The emergent light consequently appears 
coloured. In this case the colour of the reflected light is approximately 
the same as the colour of the transmitted light. 

The fraction of light transmitted perpendicularly through a layei 
d cm. thick is 

4tr#cd 

% 

where A is the wave-length in air. In dealing with solutions on p. 364 
we represented the same quantity by 



where A and c are constants. These two expressions are merely 
different wavs of expressing the same thing. For example, the second 
may be written 

e - 2-302 A cd 

The base e is usual in theoretical work, while the base 10 is more 
convenient for practical determinations. 

It should be mentioned that the quantities coefficient of absorption 
and molecular extinction coefficient are not universally recognised as 
defined here. The specification of the absorption of light is a matter 
on which there is still much confusion, and before using any results 
obtained in this field it is always necessary to find out in what units 
they are expressed. 

Fresnel’s Theory of Reflection. A theory of the reflection and 
refraction of light at the plane surface of a transparent medium, the 
results of which were in accordance with facts, was first given by 
Fresnel. This theory has the merits of straightforwardness and 
simplicity but did not meet with the approval of succeeding mathe¬ 
maticians, and theory succeeded theory throughout the greater part 
of last century until finally Hertz’s experiments established the electro¬ 
magnetic theory on a firm basis. 

Fresnel regarded light waves as analogous to elastic waves. Now 
when elastic waves are propagated, e.g. sound waves in a gas or 
torsional vibrations up a stretched wire, the velocity of the wave is 
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equal to the square root of the quotient of an elasticity modulus by a 
density. Fresnel assumed that all space was filled by a very light 
medium called the ether, which extended to the sun and stars and which 
penetrated inside all bodies, filling the spaces between their molecules. 
The light waves were elastic waves in this ether. The density of the 
ether was constant inside a medium, if the index of refraction was 
constant, but varied from medium to medium. The elasticity of the 
ether was constant throughout all media. 

Wiener’s Experiment. It has been explained on p. 152 that when 
li«ht waves are incident perpendicularly on a reflecting surface, stationary 
waves are formed. The existence of these stationary waves was demon¬ 
strated directly in a very elegant manner by O. Wiener in 1890. He used 
a very thin photographic film, only ^ wave-length of light thick, which 
was coated on a glass plate, and placed it almost parallel to the mirror, film 
side in, and with one edge touching the surface of the mirror. A silver 
chloride film of this thickness was perfectly transparent; consequently 
the stationary waves were not affected by its presence. Where a node 
intersected the film there was no photographic action, and where a loop 
intersected the film there was a maximum of photographic action. When 
the film was developed it was found blackened along the loops with the 
intervening portions clear. When the angle between the surface of the 
mirror and the film was increased, a greater number of loops was inter- 
eccted in the same distance, and the black lines were found to be finer and 
closer together. 

According to tne electromagnetic theory, when light is reflected at per¬ 
pendicular incidence from a metal mirror there should be nodes of the 
electric intensity approximately on (really slightly behind) the surface of 
the mirror and at distances of multiples of A/2 out from this, while the nodes 
of the magnetic intensity should be approximately midway between these 
planes. Wiener found that the maxima of photographic action corre¬ 
sponded to the positions of the loops of electric intensity. The experiment 
was repeated by Drude and Nernst, who used a thin fluorescent film 
in place of the photographic film, and the loops of the electric intensity 
showed their presence by equidistant green lines. Thus it is the electric 
intensity in the light wave which causes both the photographic and 
fluorescent actions. 

The same conclusion is supported by a further experiment due to Wiener 
in which light was incident on a metal mirror at an angle of 45° with the 
normal. When the light was plane polarised in the plane of incidence, the 
presence of stationary waves could be detected in front of the mirror by 
the method of the thin photographic film, but, when the incident light was 
plane polarised at right angles to the plane of incidence, there was no 
interference. In the first case the electric intensities of both the incident 
and reflected waves are at right angles to the plane of incidence and 
hence are in a condition to interfere, while in the second case they make a 
right angle with one another and interference is not possible. 

Considerable importance used to be attached to the question as to whether 
the light vibrations took place in or at right angles to the plane in which 
they were polarised. According to the electromagnetic theory something 
15* 



458 


A TREATISE ON LIGHT 

takes place in both directions, the electric intensity is at right angles to 
and the magnetic intensity is in the plane in which the wave is polarised. 
This was stated as a fact in Chapter XXII, and we have seen from the 
results obtained for the polarising angle in this chapter, that the statement 
is in accordance with the definition introduced in Chapter XI. Wiener’s 
experiments show that it is the electric intensity which is responsible 
for the photochemical actions and fluorescence. As the action of light on 
the retina is probably photochemical in its nature, it too will be associated 
with the electric intensity. 


The Strict Formulation of Huygens’s Principle. The statement of 
Huygens’s principle given on p. 161 will now be proved, not because it 
has a special connection with the matter of this chapter, but because 
we have now the preliminary mathematical knowledge. 

Assume that we have two functions u and v which satisfy the wave 
equation 

bhi b 2 u ' 


bhi_ 2 ( a2u d2u d * u \ 
bt 2 ° \bx 2+ by 2+ bz 2 )' 


Let us assume also that we are dealing with monochromatic light and 
complex solutions, so that time occurs in the factor 

c «2irl/r 

and write 2nl(rc) = k. Then the equation becomes 

b 2 u bhi 8 2 u , A 

® + a? + w +i! “- 0 ' 

We now apply Gauss’s theorem to the vector 

bv bu 
u- — v— — 
bn bn 

integrating over an arbitrary volume in which the integrand is con¬ 
tinuous. The result is a special form of Green’s theorem 

k 2 (vu - uv)dx dy dz — 0. 


-///■ 


We assume that v is a spherical wave diverging from a point P in the 
region of integration. Omitting the time factor, 


■Hr 


As this function becomes infinite at P we must surround P by a small 
sphere, so as to exclude P from the region of integration. The normal 
is always directed outwards from the region of integration, so in this 

• It should be noted that it is on this equation and not on the equation of wtfVe 
motion that the explanation of interference depends, whereas the quantum phenomena 
all involvo the time rate of change. 
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case it is directed towards the centre of the small sphere, 
the integrand on the surface of the latter 


a er ikT er* r du 
dr r + r dr' 


Considering 


we notice that the terms contain either r or r 2 in the denominator. 
The former will vanish on integrating when we allow the sphere to 
become infinitesimal, since the area varies as r 2 . Hence we have only 
to consider 



which gives 4nu P in the limit, where u P is the value of u at the centre 
of the sphere. Thus 


P 4t t) ) \ r dn dn r ) 


and depends not only on the disturbance on the surface but also on its 
space rate of change. This formula is due to Kirchhoff. 

Problems on diffraction can be solved directly from this formula, 
if we assume that the disturbance in the free aperture is the same as 
if the screen were not present, and that u and du/dn are zero on the 
screen itself. It is then necessary to substitute values for u and 
du/dn and integrate over the aperture. The method leads to sub¬ 
stantially the same results as Fresnel’s more elementary procedure. 


Babinet’s Principle. Two screens are called complementary when the 
openings of one correspond exactly to the opaque portions of the other 

and vice versa. # . 

If we suppose that a represents the wave motion on the surface in the 
one case and b in the other, and u the value when both screens arc removed, 
we have the vector equation 

u *= a + b. 

It follows by substitution in Kirchhoff s formula that 

u p = a P + 6 P , 

also a vector equation. Hence if the disturbance at P when the one 
screen is in position, and the disturbance when both screens are removed is 
known, the disturbance when the other screen is in position can bo 
calculated. The result is known as Babinet’s principle. 

Care is necessary to allow for the difference in phase. But two results 
can be stated immediately. If 6 P is zero, iz P = a P , i.e. the points corre¬ 
sponding to darkness on the one pattern have undiminished intensity on 
the other. Again, if u T = 0, g p = -6 p , i.e. the two patterns are exactly 
the same except for a phase difference of i r. Hence if a lens throws an 
image of a narrow slit on a screen, and a slit and a needle of the same 
size as the slit are inserted in succession at the same place in the path 
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of the beam, the diffraction patterns formed on the screen are the same 
at all points outside the original image. 

Non-Reflecting Films. As has been shown in the present chapter, 
when light enters a glass plate, a fraction is reflected and 4 to 7 per cent, 
of the energy is lost, the value depending on the refractive index of the 
glass. It is possible to diminish this loss by coating the surface with a 
thin transparent film of refractive index intermediate between that of the 
glass and that of air. Then, if the film is about a quarter wave-length 
thick, the beams reflected back from the two surfaces interfere. The 
process has recently been brought into commercial use and it brings the 
loss down to 1J per cent. Surfaces treated in this way are said to be 
“ bloomed.*’ 


EXAMPLES 

(1) Work out directly for perpendicular incidence the case of reflection at the 
piano surface of a transparent medium. 

(2) The values of v and *, as determined experimentally by the polarisation 
spectrometer for sodium light, are given for seven different metals in the tables 
at the end of the book. Calculate the percentage of light reflected at normal 
incidence by these same metals, and compare the results in the cases of silver and 
platinum with the values determined directly by Hagen and Rubens. 

(3) On p. 238 Fresnel’s rhomb was described as a parallelepiped of crown glass, 
in which a beam of light is twice reflected internally at an angle of 55° after 
having entered normally through the end. If the rhomb is to be made of the hard 
crown glass, for which the constants are given on p. 61, calculate the value of the 
angles necessary to make the phase difference exactly right for tho D lines, and 
find at the samo time what the phase difference is for the C, F, and G lines. 

(4) Graph Aj/Ajand Bj/B, for crown glass as functions of the angle of incidence 
from 0° to 90°. 

(5) Calculate the percentage of yellow light transmitted perpendicularly 
through a film of silver one-twentieth wave-length thick. 



CHAPTER XXIV 

THE THEORY OF DISPERSION 

According to the electromagnetic theory as formulated by Maxwell 
the specific inductive capacity was a constant for the medium and the 
medium was regarded as continuous. As the index of refraction is 
equal to the square root of the specific inductive capacity, it follows 
that the index of refraction is also a constant for the medium, and con¬ 
sequently the electromagnetic theory in its original form is unable to 
explain the dispersion of light. This difficulty was overcome by 
assuming that the structure of matter is not continuous, but that 
matter contains electrons and ions which vibrate under the action of 
light waves, and the explanation was so successful that dispersion 
was formerly regarded as one of the strong points of the electromagnetic 
theory. At present the electrons are supposed only to simulate 
vibrations, and there are quantum theories which arrive at the same 
formul® on the basis of probability considerations. But they are not 
so simple as the old theory, nor do they have the same appeal as the 
old theory has, so we shall give the latter here. 

Maxwell’s first set of equations for the electromagnetic field was 

of the form 

l^x + - — =^-^. . . . (22) 

c c dt dy dz 

Let us suppose that we are dealing with a medium in which there is 
a great number of particles of the same mass m, each carrying the 
same charge -e, and that there are N of these particles per umt 
volume at the point under consideration. We shall leave over the 
question as to whether these particles are electrons or ions, i.e. charged 

atoms. Let *4, and ^ be the average velocities of the particles 
at at dt . 

in the x, y, and z directions. The number of particles crossing umt 
area at right angles to the x direction per second is N d£/dt, and they 
carry with them a charge - N edg/dt. But by the definition of con¬ 
ductivity this is equal to crX. Let us suppose that the particles are 
moving about in a medium of specific inductive capacity unity. Then 
on substituting for oX and putting K = 1 equation (22) becomes 

4wNe tl£ 1 9X_dy_ dp * . 

c dt c dt dy dz 

461 
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t£ 4 Jjj? . Cha f? ed Particles oscillate about equilibrium positions, 
then each is subject to an equation of the form 


m d +r i + x=° 


• (24) 


oosltiol de Th^ th f e t displacem ? fc of the P article from it3 equilibrium 
^ he J“ a * t !“! a g' vea the rate of increase of momentum of the 
p art cle, and the third term gives a force attracting it towards its 
equibbrium position and proportional to its distance from that posi¬ 
tion , the second term gives a force proportional to the velocity, which 
always resists the motion. The force represented by the third term 
is analogous to the component of the weight of the bob of a pendulum 

ah'' friction™ repreSeDted b - v the second term ^e resistance due to 

To solve this equation substitute 


for f. This gives 

mp* + rp+f= 0, 

the roots of which are 

-r±Vr~234 mf 
P 2m 

Let us assume that the quantity inside the root is negative. Then the 
solution of (24) is 


where A and a are constants. The solution represents 
simple harmonic motion, the period of which is given by 


• (25) 


a damped 


47im 

V 4m/- r 2 

This period is referred to as the “ free period ” ; r 2 is regarded as small 
in comparison with 4m/, so that the free period is approximately 

2n Jj .(26) 


When the light wave is passing, each particle is acted on by a 
force - eX due to the electric intensity of the wave. Instead of equa¬ 
tion (24) we have therefore 

m § +r f +/f= - eX • • • < 2? ) 


Let us suppose that the light wave is a harmonic one. The equation 
then represents forced vibrations. The solution consists of two parts. 
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one exactly the same as (25), called the free vibration, and another 
having the same period as the incident wave. This second part is 
called” the forced vibration. The free vibration dies down rapidly 
owing to the exponential, so we have to consider only the forced 
vibration. 

Since equation (27) is linear, we can write exponentials instead 
of sines or cosines. Assume that the period of the incident wave is 
2 Tr/g. Then t occurs in £ solely in the factor e iot and a differentiation 
of £ with regard to t is equivalent to a multiplication by ig. Thus 
equation (27) reduces to 

(- mg 2 + irg +/)£= - eX. 

So far £ has been the coordinate of a representative particle. By 
writing down the similar equations for all the particles in the unit 
volume we find that if £ denotes the average displacement of the 
particles, 

(- mg 2 + irg +f)Ue£ = - Ne 2 X. 

Differentiate with respect to t and bring the bracket on the left to the 
denominator on the right. Then 

N d ^- ~ Ng 2 _ — 

6 dt (- mg 2 + irg +/) dt ' 

Now substitute in (23) and the latter equation becomes 

l/ x t 4 ttNc 2 \aX_dy dp 

c\ /- mg 2 + irg) di dy dz 

This is formally the same as the equation for the propagation of light 
in absorbing media. We have, therefore, 


(„-»*)«= 1 + 


4ttNc 2 

(/“ m g 2 ) + irg 


(28) 


If a wave is propagated, then, in a medium which contains electrons 
vibrating in the above manner, its index of refraction and coefficient 
of absorption are given by the above equation. The y and z com¬ 
ponents of the vibrations of the electrons, when treated in the same 
way, lead to the same result. 

The derivation of (28) is difficult to follow, but its application to the 
results of experiment is comparatively simple. 


“ Normal ” Dispersion. Let us suppose that in the denominator of 
(28) rg is so small that it can be neglected in comparison with (/- mg 2 ). 
Then the right-hand side of the equation becomes real, consequently 
k becomes 0, and the medium is transparent. Equation (28) thus 
simplifies to 
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If A is the wave-length of the light in vacuo 

x 2nc 


i m //-(Ao/27rc) 2 . We see from (26) that A 0 is the wave¬ 

length corresponding to the free period of the electrons. Then (29) 
can be written ' 


w 2 = l + 


= 1 + 


= 1 + 


47rNe2 


Ne 2 Ao 2 A 2 
wi7rc 2 (A 2 - A 0 2 ) 
MA 2 


A 2 - Ao 2 .< 30 ) 

where M= Let us assume that A 0 lies in the ultra¬ 

violet and write „ for the suffix 0 . Then A, 2 is less than A 2 , and the 
denominator can be expanded in powers of A p 2 /A 2 . Thus 


v 2 = 1 + M 


(-r 


= 1 + M + 


MA„ 2 . MA 4 


A 2 


A 4 


(31) 


The dispersion of most transparent substances can be represented fairly 
well by the above formula, stopping at the A~ 4 term. A better agree¬ 
ment can be obtained by assuming that, in addition to the electrons 
with the free period in the ultra-violet, there are also electrons with 
their free period in the infra-red. The effect of the latter is to add a 
new term to the expression for v 2 , which becomes 

^=i + jie, + ^ 


A 2 -A* 2 A 2 -A r 2 ’ 

M r refers to the electrons with the period in the ultra-violet, and M, 
and A r to the electrons with the period in the infra-red. If we assume 
that A, is much greater than A, the new term reduces simply to 
- M,A 2 /A f 2 , and the formula for the index of refraction becomes 


„ 2= -!M? +1+ mm 


or 


A , 2 ' * . . A 2 

= - A'A 2 + A + BA-2 + CA-* 


MA* 

A* 


. (32) 

To illustrate the use of this formula I have calculated the 
values of the constants for the case of the index of refraction of water. 
The first column in the following table gives wave-lengths, and the 


THE THEORY OF DISPERSION 465 

second the observed values of the index of refraction of water corre¬ 
sponding to these wave-lengths. 



A 10* 

v 

v* Observed 

v* Calculated 

A 

7-60 

1-3293 

1-7C70 

1-7672 

B 

6-87 

1-3309 

1-7713 

1-7713 

C 

6-563 

1-3317 

1-7734 

1-7733 

D 

6-893 

1-3335 

1-7782 

1-7783 

E 

6-270 

1-3358 

1-7846 

1-7843 

F 

4-861 

1-3377 

1-7894 

1-7894 

f 

4-341 

1-3410 

1-7082 

1-7980 

G 

4-308 

1-3412 

1-7988 

1-7987 

H 

3-968 

1-3441 

1-8066 

1-8066 


Difference 10 4 


-2 

0 

+ 1 
-1 
+2 
0 

+2 
+ 1 
0 


Four Fraunhofer lines A, D, F, and H, which are roughly equi¬ 
distant from one another in the visible spectrum, were taken, and the 
wave-length and observed value of v corresponding to each of these 
lines substituted in the formula. This gave four equations for the 
four unknown quantities A', A, B, and C ; these equation* when solved 
gave 

A'= 1*38 100, A = 1-7642, B = 6-12 10-", and C = l-41 10 - 20 . 


These values were then substituted in the formula and v 2 calculated. 
The results are given in the fourth column. The third column gives 
the observed value of v 2 , and the fifth column the difference of the 
observed and calculated values. The difference might possibly be 
made smaller by using additional places of decimals in the calculation. 

As has already been mentioned on p. 438, the dielectric constant is 
the value which v 2 takes when A is infinite. When A is very great, 
A,/A becomes smaller than 1. The infra-red term 


M r A 2 

A2-A.2 

can then be expanded in the same way as the ultra-violet one and gives 




If now we make A infinite, v 2 becomes equal to K and all the terms in 
the expansions vanish except the constant terms. We have therefore 

K = l + M p +M,. 

But A, the constant term in (32), is equal to 1 + M c . Hence 

K-A=M r . 

matdy tftke K=8 ° ^ Substitut€ the value for A » this give 3 approxi- 

M,=78. 



466 

But 

Hence 


A TREATISE ON LIGHT 
A'= M./A, 2 =1-38 10®. 


»-V 


78 


1-38 10®’ 


which gives A,=7-5 10~ 3 cm. It will be shown further down that 
there is an absorption band in the spectrum at every point where the 
electrons have a free period. Consequently, according to our calcula¬ 
tion, there should be an absorption band at A = 7*5 10~ 3 or 75/t. 
This is too far in the infra-red to be detected by a fluorite or rock-salt 
prism and bolometer. Water has, however, very many strong 
absorption bands in the near infra-red. The assumption made in the 
theory, namely, that there is only one free period in the infra-red, is too 
simple for a close agreement to be expected. But in any case the 
theory explains satisfactorily the difference between v 2 and K. 

If we consider the coefficients in the formula due to the ultra-violet 
free period, we find that theoretically (A-l) C=B 2 , since each equals 
M r 2 A„ 4 , but that this relation is not fulfilled. There is probably more 
than one free period in the ultra-violet. If, in order to obtain a rough 
result, we adhere to our assumption of one free period, 


V = 


B _6-12 10 -11 
A - 1 ~ 0-7642 ’ 


i.e. 


A*=8-9 10 ~ 6 cm. 


It has not been possible to investigate the absorption spectrum of water 
as far as this in the ultra-violet, but as far as water has been investigated 
it is transparent. 

We have M,= =0-764. 

mrrc 2 

Substitute 8 9 10~ 6 for A„ and 1-76 10 7 c for e/m. 1-76 10 7 is the 
value for the ratio of the charge to the mass of an electron in electro¬ 
magnetic units, but in our notation e/m is measured in electrostatic 
units and hence the value has to be multiplied by c. We obtain then 

N m 


or 


—(1-76 10 7 x 8-9 10-6) 2 =0-764, 

7T 

Nm = 9-8 10-6. 


Nm is the total mass of the ultra-violet electrons per unit volume, m 
is Yooo of the mass of a hydrogen atom, and hence tzooo of the mass 
of a water molecule. If we suppose that there is one ultra-violet 
electron in each molecule, the total mass of the molecules per unit 
volume would be 

9-8 10-6x18,000 = 1-8. 


But the density of water is 1. Hence there are ]-8 electrons per 
molecule having a free period in the ultra-violet. 
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Interesting calculations of this nature have been made by Drude. 
He believed that the vibrating particles in the ultra-violet were 
electrons and those in the infra-red positive ions, and that the numbers 
of vibrating electrons and ions per molecule were each equal to the 
number of bonds in the molecule. Thus the 1*8 above would be an 
approximation for 2. As has already been indicated, the formulas 
have taken on new interpretations with the coming of the quantum 
theory. But it would be going too far to say that such calculations are 
out of date. 

It should be stated, that for representing the indices of refraction of 
transparent substances in the visible spectrum Hartmann’s empirical 
formula (p. 255) is better than the theoretical formula for v 2 . But in 
the neighbourhood of the absorption bands Hartmann’s formula is of no 
use at all; also in the case of transparent substances, when the ultra¬ 
violet as well as the visible is considered, the theoretical formula is the 
better one. 

§ Gladstone and Dalo found experimentally that if /x is the refractive 
index of a gas and d its density, then 

M-l 

d 

is constant for the gas, no matter what the pressure is. In 1880 L. Lorenz 
in Copenhagen and H. A. Lorentz in Leyden showed on theoretical grounds 
that 

m 2 -i 

(M 2 + 2)d 

ought to be a constant for a substance. Experiment showed that this 
second expression enabled the refractive index of a vapour to be calculated 
when that of its liquid was known. Thus the expression takes the values 
0-20G8 and 0-2061 respectively for water vapour and water, 0-2898 and 
0-2805 respectively for carbon disulphide vapour and carbon disulphide, 
and 0-1796 and 0-1790 for chloroform vapour and chloroform. The 
second expression can be written 

/*-1 M+l 
d >2 + 2’ 

and, as the second factor in it does not vary rapidly with /x for small 
changes in /x, it must obviously lead to the same result as Gladstone and 
Dale s expression. 

The physical chemists have applied the name specific refraction to both 
of these expressions indifferently, and have introduced the terms atomic 
and molecular refractions to denote the product of the specific refraction 
by the atomic weight and the molecular weight of the substance. They 
have found that the molecular refraction of a substance can be obtained 
roughly by adding the atomic refractions of the atoms composing its 
molecule. Or, m other words, molecular refraction is additive, but not 
always ; the constitution of the molecule has an influence on the accuracy 
of the agreement. . J 
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We have from equation (30) 


v*-l 


MA 2 


A*-V* 

where M and A<, are constants. Write y for v and suppose that we have 
several different classes of electrons in the substance. Then 




MA 2 


A 2 -Ao 2 ' 

where each different class of electrons contributes its own term on the 
right-hand side. But for a given wave-length the right-hand side is con¬ 
stant. If the substance expands, all the quantities M vary inversely as d , 
for they all contain the number of electrons per cubic centimetre as a factor. 
Hence the theory of dispersion leads to the result known as Newton’s law, 
namely, that it is 

m 2 -i 


that should be constant, and neither of the previous expressions. Of 
course for small changes of y Newton's law gives the same results as the 
other two formulae. 


“ Anomalous ” Dispersion. So far we have dealt only with trans¬ 
parent bodies. Let us now return to (28) and assume that k is not 
zero. In order to simplify our results write, as before 

0 = 2ttc/A, //m = (277c/A 0 ) 2 , and M= Ne 2 A 0 2 /(m 7 rc 2 ). 

Then (28) becomes 

• • • < 33 > 

where G is put for On separating the real and imaginary parts 

(33) resolves into 


and 


2 VK = 


(A 2 - Ao 2 ) 2 + G 2 A 2 
MGA 3 


(A 2 -Ao 2 ) 2 + G 2 A 2 * 


Let us confine our attention now to solutions of inorganic salts, such 
as cobalt chloride or didymium chloride, solutions of anilin colouring 
matters, such as cyanine or fuchsine, and glasses coloured with, for 
example, cobalt oxide. In these cases we have one or more bands 
in the absorption spectrum, and the index of refraction varies in the 
neighbourhood of each band ; k 2 , though, can always be neglected in 
comparison with v 2 , and v does not vary much from the value which 
it would have for the solvent alone or for the glass without the addition 
of the colouring oxide. 
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In the expression for 2 vk, as A varies, the (A 2 - Aq 2 ) 2 term changes 
its value much more rapidly than the other terms. Hence we may 
write A 0 for A in the other terms and consider them constant. Divide 
both sides by 2v. We have then 


MQA 0 3 

2K(A 2 -A 0 2 ) 2 + G 2 Ao 2 ) 


(34) 


To the same degree of approximation 


mAq 2 (A 2 - V) 

' (A*-V) 2 +g*V 


(35) 


To illustrate the variation of v and k with A they have both been plotted 
in Fig. 325 as functions of A for M = -01, G = 3 10~ 6 , and A^=6 10~ fi 



cm. It is seen that k has a well-defined maximum at A = C 10”* cm., 
and that it falls rapidly to zero on both sides of this maximum, while 
v decreases as we approach the band from the side of smaller wave¬ 
lengths, increases rapidly inside the band, and then decreases on the 
other side. 

So far we have assumed only one free period. This is, of course, 
an ideal case. But in the case of well-defined bands in the visible 
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spectrum with transparent regions between them the above formul® 
can be applied, because, though each band has its own free period and 
although there are free periods in the ultra-violet causing the disper¬ 
sion of the solvent, still throughout any one band the effect of the 
other bands on k is negligible and their effect on v is constant. Thus, 
to take a concrete case, if we are dealing with a solution of cyanine in 
alcohol, in the neighbourhood of the cyanine band 

.2 = ! 4. _MV(A 2 - V) . v M'A V(A* - A V) 

. (A 2 - V ) 2 + G 2 A 0 2 (A* - A'o 2 ) 2 + G' 2 A ' 0 2 

and 


2vk = 


MGA 0 3 


(A 2 -Ao 2 ) 2 + G 2 V* 


The summation term gives the effect of all the ultra-violet and infra¬ 
red electrons, and, if we put n for the index of refraction of the solvent 
alone, the first of the above equations may be written 


v 2 = n 2 + 


MAq 2 (A 2 -A 0 2 ) 
(A 2 - Ao 2 ) 2 + G‘ 2 A 0 2 


According to the curve shown on p. 469 the index of refraction for 
A = 550 m/j. is smaller than the index of refraction for A = 650i.e. 
the index of refraction is smaller on the violet side of the band. 
Consequently, if we fill a hollow prism with an alcoholic solution of 
cyanine, which has a well-marked absorption band at 590m/z, and use 
this prism to produce a spectrum, the red is more deviated than the 
violet and the colours come in the wrong order. This phenomenon is 
known as anomalous dispersion, though there is nothing anomalous 
about it. All substances which show normal dispersion in the visible 
spectrum must show anomalous dispersion in the ultra-violet. The 
increase in the index of refraction towards the violet in normal disper¬ 
sion is merely the beginning of the right-hand slope of the v curve in 
Fig. 325 and is caused by the ultra-violet absorption. Hence instead 
of anomalous dispersion the name selective dispersion has been 
introduced to describe the phenomenon. 


§ Selective dispersion was first properly studied by Christiansen and 
Kundt and is shown by all substances which have an absorption band 
in the visible spectrum. It is difficult to exhibit experimentally, 
because owing to the absorption band the prism must have a very 
small angle. Pfluger verified the theory by using prisms of solid 
cyanine of very small angle, determining v with a spectrometer and 
measuring k with a spectrophotometer. Thin parallel sided films were 
used with the spectrophotometer. The curves had not quite the shape 
demanded by theory for a single free period, but the agreement could 
be made perfect by assuming that the cyanine band consisted really 
of several bands close together superimposed. 
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Perhaps the simplest way of showing selective dispersion is as 
follows : An ordinary spectrometer is taken, a crown glass prism 
placed on the tabic, and the collimator slit replaced by a small circular 
diaphragm. Or instead of this the V-shaped piece that regulates the 
height of the slit is pushed in, until the height of the slit is no greater 
than its breadth. The slit is then illuminated with a metal filament 
lamp, and, as the source is practically a point one, a horizontal line 
spectrum is seen in the field of the telescope. The lamp is moved 
about until a portion of a filament comes on to the slit and the spectrum 
is as bright as possible. Next two square glass plates of about 2 or 3 
cm. side are taken and a hollow prism of about 2° refracting angle 
made. This is easily done by placing the plates together with a wedge 
between them at the thick end of the prism, holding them in position 
with two elastic bands and making the sides tight with seccotine. 
After the seccotine is firm the elastic bands and wedge are removed. 
Care must be taken that no seccotine gets inside the prism at the 
refracting edge, as owing to the absorption the prism must be used 
where it is thinnest. Seccotine dissolves in acetic acid, and flows out 
of its tube better when slightly warmed. 

When this prism is ready, it is filled with a very concentrated 
alcoholic solution of cyanine and placed on the spectrometer with its 
refracting edge horizontal and pointing downwards. It thus gives an 
upward deviation to the rays after they leave the crown glass prism. 
This deviation is, however, so small, that the spectrum is still in the 
field of the telescope usually about a quarter of a diameter of the 
field from the top. If the hollow prism were filled with alcohol, 
the spectrum would be a straight line. Owing, however, to the cyanine 
the yellow is absorbed and the index of refraction of the yellowish-red 
increased and of the yellowish-green diminished. Consequently the 
deviation of the yellowish-red is greater and of the yellowish-green less 
than it would be were there no cyanine in solution, and the line 
spectrum is broken into two parts as shown in Fig. 326 which represents 
the appearance in the field. The positions of 
the different colours, red, orange, green, blue, 
indigo, violet, are indicated by the letters R, 0, 

G, B, I, and V. The yellow is entirely absorbed. 

With the average spectrometer eyepiece under 
the conditions described above, if the average 
vertical deviation of the spectrum is J diameter, 
the deviations of the orange and green just 
where they cease to be visible are respectively 
about -fa diameter more and less than this. This 
arrangement for showing selective dispersion employs what is known 
as the method of crossed prisms. 

When k 2 can be neglected in comparison with v 2 as in the case of 
solutions and coloured glass, the absorption band does not appreciably 



Fio. 326. 
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affect the reflecting power of the substance. In the case of solid 
cyanine and fuchsine, however, k 2 cannot be neglected in comparison 
with v 2 . Consequently (cf. p. 456) these substances reflect the colours 
which they absorb, or, in other words, they possess “ surface colour.” 

It has been found by the method of residual rays (cf. p. 288) that 
quartz, fluorite, rock salt, and sylvin all possess well-marked regions 
of metallic reflection in the infra-red. Their indices of refraction in the 
infra-red can all be represented extremely well by the theoretical 
formula on the assumption that there are free periods at these regions. 

The Dispersion of Metals. According to p. 452 if a harmonic wave 
of period r is propagated through a medium of specific inductive 
capacity K and conductivity <r, the result is analytically the same as if 
the medium had a complex specific inductive capacity K-t2or. This 
specific inductive capacity was written (v-i*) 2 , where v was the 
mdex of refraction and k the coefficient of absorption of the medium. 
On equating the imaginary parts of these two expressions we obtain 

V * = <7T .(36) 

Now, if the medium in question is a metal, a is a constant and can be 
determined by electrical methods, and v and k can be determined by 
optical methods for light of any particular period r. It is found, how¬ 
ever, when we substitute the values in (36), that the equation is 
not satisfied, although it ought to be according to the original electro¬ 
magnetic theory. But, just as in the case of transparent media, the 
discrepancy is removed when we drop the assumption that the structure 
of the medium is continuous. 

Maxwell's first three equations of the electromagnetic field then 
take the form (cf. p. 461) 

InNe d£ ^ 1 dX_&y dp 
c dl c dt dy dz 

N is the number of charged particles per unit volume at the point in 
question and d£/dl is their average velocity in the f direction. In the 
case of transparent media these charged particles consist of electrons 
and ions vibrating about their positions of equilibrium. In the case of 
metals in addition to these stationary electrons and ions we have free 
electrons. The current along a wire consists simply of a procession 
of the free electrons along the wire. The equation of a free electron 
under the action of a light wave can be obtained from (27) simply 
by putting /=0. The term for the effect of the free electrons on the 
index of refraction and coefficient of absorption can be obtained from 
the term for the effect of the stationary electrons simply‘by putting 
/= 0. Thus suppose N denotes the number of free electrons per unit 
volume, and that the region of the spectrum under consideration is so 
far from the free periods that the influence of the latter on the index 
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of refraction is constant, and on the coefficient of absorption can be 
neglected. Then 

, . „ 2 . 47rNe 2 

(v-**) 2 =n 2 +--- 

— ma* 


= n 2 + 


mg* + irg 
2 Ne 2 A 


m2TTC . \ 9 
c '~ +tT ) 


(- 


where w 2 represents the effect of the stationary electrons and ions. 
This equation resolves into 

4,rNe2m . . . (37) 


v 2 — K 2 =r 2 - 


and 


VK = 


(=rr- 

fNe 2 A 


(38) 


Now consider the equation of motion of the free electron 

Let us assume that X is constant. Then the equation can be written 

SGteK®*)-* 


and has the solution 


5+fx-c-S. 


Hence when the steady state is reached the term on the right becomes 
0 and 

^-- C X 

dt 

The current per unit area in the x direction is - N ed£/cU or (Ne 2 /r)X. 
Consequently the conductivity according to the usual definition is given 
by 

Ne 2 

< 7 =-. 


If we return now to equation (38) and substitute or for Ne 2 , it 
becomes 

or 2 A 


or 


VK = 




+ 1 


(39) 
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when t is written for A/c. We see at once why the relation vk=ot is 
not fulfilled. It is on account of the term (2i rm) 2 /(rr) 2 in the denomi¬ 
nator, which becomes zero only when r is infinite, vk must be less 
than err. This is the case ; for example, in the case of mercury i//c = 8-6 
when err = 20. 

According to (39) when vk, a, and r are known r can be calculated. 
Hence N can be calculated by substitution in the expression for a. 
It is found in this way that the number of free electrons is of the 
same magnitude as the number of molecules. 

In the case of electrolytes a is very much smaller than in the case of 
metals. Hence, since vk is always less than or, they do not absorb 
light appreciably. 

If we consider equation (37) we see that k can be greater than v 
on account of the second terra on the right being negative, more 
especially if r is small, which happens when the conductivity is great. 

§ When A is large equation (37) becomes 


y2_ K 2 = n 2- 


47rNe 2 m 

* 


i.e. the right-hand side is constant. But under the same circumstances 
vk = or. Now a is constant. Hence when r is very large the pro¬ 
duct vk is very large, but the difference v 2 - k 2 remains finite. Conse¬ 
quently v must become approximately equal to k. 

The expression for the fraction of light reflected at perpendicular 
incidence by a metal mirror was given by 


Hence 


v 2 + k 2 + 1-2v 
V 2 + K 2 +1 + 2v 

__ 4v _ 

v 2 + k 2 +1 + 2v 


If v is put equal to k this becomes 



since k is considerably greater than 1. Put v=k in vk = ot and we 
obtain k = V<rr. Hence 


1-R= * 

V <rr 


or, if R is measured in per cent., 


rn-H=-m 

V err 


(40) 


Rubens and Hagen measured the reflecting powers of various metals 
in the infra-red both by means of a reflecting spectrometer fitted with 
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a fluorite prism and by the method of residual rays. They found that 
at the wave-length 12 y. the above relation was satisfied. Thus at this 
wave-length the motion of the electrons has little influence and 
Maxwell’s original theory is satisfied. * 

Equation (40), it should be noted, provides a method, although an 
inaccurate one, of comparing conductivities optically. 


Theory of the Faraday Effect. If a piece of dense glass is placed 
in a strong magnetic field and a plane polarised beam of light sent 
through it in the direction of the lines of force, the plane of polarisation 
of the beam is rotated, the rotation being propoitional to the strength 
of the field. This phenomenon has already been described in Chapter 
XIII and is known as the Faraday effect. It can be explained 
very readily in terms of the motion of the electrons contained inside 
the body. 

Suppose for the sake of simplicity that there is only one kind of 
electron inside the body, in number N per unit volume, and that these 
electrons are vibrating about their positions of equilibrium. Neglect 
also the frictional resistance to the motion of the electrons, and suppose 
that the magnetic field is parallel to the Z axis and that the wave is 
propagated in this direction. Then, as may be seen from the theory of 
the Zeeman effect on p. 307, the equations of motion of the typical 
electron are 

g + /| + H * J—f X , 


dt 2 tn ' c m dt m 


3 *£‘- 


The difference in the sign of the H terms as compared with p. 308 is 
due to the fact that here the charge is - e. The presence of c in the 
denominator is due to the fact that e is measured here in electrostatic 
units. If we multiply the second of these equations by i and add it to 
the first, they combine into 

at- m c m at m 


According to (23) we have 

47rNe dj + l <M = dy_dj$ 
c dt c dt dy dz 

If we differentiate this equation with regard to t and substitute for fi 
and y from the second three equations of the electromagnetic field, it 
becomes on the assumption that K=/t = l 
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4 ?rNe <P£ i asx a 2 x a 2 X a*x 

C 2 " dl 2 + C 2 *2 ~ dx 2+ dz 2* 

If we multiply the similar equation for Y by t and add it to this one, 
we obtain 

4?rNe 02 . 1 02 02 02 

■ -y s#+*»>+* p< x +=^(X+t-Y)+ ¥ 2 (X+*y) 

+ 5 (x+ * y) • • • (42) 

This equation must be solved in conjunction with (41). Let us 
assume that t occurs in £+i-n and X + iY solely in the factor e'* 1 . 
Then (41) becomes 

and on substituting for (+irj in (42) we obtain 

m cm 

‘ = S (x+<y)+ $ (x+<y)+ S ( x+<y) - 

This represents the propagation of a wave in a medium, the square oi 
the index of refraction of which is given by 

2-1 , 4ttNc2 

** -mg*+f+ Hcg/c 

The solution is therefore given by 

X + tY = e , * ( *“* n » ,e) 


-?)• —(-?)• 

As has already been shown on p. 231 this represents a left-handed 
circularly polarised wave. 

Instead of finding equations for ( + irj and X + tY, we might have 
taken £-irj and X-iY. The only difference in this case would be 
in the sign of the H term ; hence, if we denote the index of refraction 
in this case by n 2 , 

2 47rNe 2 

* 2 + - mg 2 +/- Heg/c 

The solution in this case is given by 

X = cos^-^?j, Y*= -sin^-^j, 


or 


X = cos 
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and represents a right-handed circularly polarised wave travelling in 
the direction of the z axis. 

In the medium in the magnetic field, then, X cannot occur apart 
from Y. Only circularly polarised waves can be propagated. If a 
plane polarised beam enters such a medium, it is decomposed into 
two circularly polarised waves which are propagated with different 
velocities c/n } and c/n 2 . As was shown on p. 232 this is equivalent 
to a rotation of the original plane of polarisation at a rate of 


9( n 2-”i) 
2c 


radians per cm. Now 


n 2 2 “ n i 2 = 47 tNc 2 l 


\ - mg 2 +/- H eg/c - mg 2 +/+ He 9l c 


) 


= 47rNe 2 


2H eg/c 


= 4nUe 2 


2Heg/c 

v-wr 


(/- mg*p - {Heg/c)* 

since (H eg/c) 2 is small compared with the other term in the denomi¬ 
nator. If we write n x + n 2 = 2n, where n is approximately the refractive 
index in the absence of a magnetic field, 

n 2 2 -n 1 2 = (n 2 -n 1 )2n l 
and the rotation per cm. is given by 

27rNety*H 

cMf-mg*)* 

If, as before, we substitute m/f= (A 0 /2 7rc) 2 and write g=2nc/\, this 
becomes 

Nc 2 V A 2 H 


2m 2 nc 4 n (A 2 -V) 2 


(43) 


Let us suppose that A 0 is in the ultra-violet, then as A diminishes, 
the magnitude of the rotation increases. Also the rotation is propor¬ 
tional to H and is greater if A 0 is near the visible spectrum, i.e. if the 
medium has a high refractive index, all which is in accordance with 
experiment. 

If we pass through a well-defined absorption band, according to 
(43) the rotation should increase to a very high value in the centre 
of the band and then decrease again. It has the same sign and is 
approximately symmetrical on both sides of the band. But formula 
(43) is only approximate. If the friction terms in the equation of 
the electron are not neglected it is found that the band splits into two 
components, the distance between which is proportional to the field 
strength, and that between the components the rotation is in the other 
direction. An absorption Zeeman effect takes place. The one com¬ 
ponent absorbs right-handed circularly polarised light and the other 
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left-handed circularly polarised light. This absorption or “ inverse 99 
Zeeman effect, as it has been called, was observed by J. Becquercl 
in the case of certain crystals containing didymium. 

According to our investigation n 2 is greater than n b i.e. the right- 
handed wave is the slower. Consequently the rotation of the plane 
of polarisation is left-handed, or in the same direction as the current 
producing the field. Had the sign of e been different, the rotation 
would have been the other way. The fact, that in the great majority 
of substances the rotation is in the same direction as the current 
producing the field, shows that the vibrators are electrons. 

The above theory of the Faraday effect was first given by 
W. Voigt. 

§ The fact that the anomalous dispersion of a medium could be ex¬ 
plained by means of the forced vibrations of particles inside it, was first 
shown by Maxwell in 1869, but did not receive attention until put forward 
by Sellmeier two years later. Sellmeier used the elastic solid theory of 
light; he assumed that the medium was permeated by the ether and that 
the particles of the medium were attached to ether particles but not 
rigidly. Each material particle could execute vibrations about the 
ether particle to which it was attached. When the wave passed through 
the medium, the ether particles vibrated and the material particles 
attached to them executed forced vibrations. 

Dipole Moments. The dielectric constants of water and similar liquids 
change from the optical to the static value in the region of wave-lengths 
1 metre or thereabouts. Here there is a maximum of absorption. This 
is ascribed to rotational oscillations of the molecule as a whole under the 
influence of the light wave. The molecules are supposed to be permanent 
dipoles and their electrical moments are referred to as dipole moments. 
Prominent among the workers in this field is the name of P. Debye. 

EXAMPLES 

(1) The indices of refraction of carbon bisulphide are given for seven different 
wave lengths at 0° and 20° C. in the tables at the end of the book. Its coefficient 
of cubical expansion is represented by a + 2bt, where t is the temperature in 
degrees Centigrade, a= -0011398, and b= -00000137. Find whether the change 
in the refractive index is best represented by Gladstone and Dale's, Lorenz and 
Lorentz's, or Newton s formula. 

(2) Try to represent the curve in Fig. 304, which gives the sensitiveness of 
the eye to light of different colours, by a formula similar to (34). Determine 
the most favourable values of the constants of the formula, and show by a 
graph how closely it tits the experimental results. 



CHAPTER XXV 

THEORY OF RADIATION 

It has already been stated in Chapter XIV that in 1860 Kirchhoff 
published the law, that the ratio of the radiating power to the absorbing 
power of all bodies is the same and a function of the wave-length and 
the temperature. By the radiating power of a body is meant the 
quantity of heat radiated from unit area of its surface in unit time, 
and by the absorbing power is meant the fraction of the energy incident 
on the surface, that is absorbed by the body. This law has been the 
point of departure of some very interesting and far-reaching experi¬ 
mental and theoretical investigations. 

Kirchhoff gave a rigorous theoretical proof of the law, and since his 
time there have been other proofs given. They are all, however, some¬ 
what abstract, so we shall content ourselves with the 
proof of one simple case of the law. Kirchhoff gave 
this proof before he gave the rigorous proof. 

Let CDFB, GJKH (Fig. 327) be pieces of two bodies. 

They have the form of slabs extending to infinity on 
all sides. Let the faces CB, JK, which are turned 
away from one another, be impervious to heat. Let 
Ej, denote the radiating power and absorbing 
power of the body on the left, and E 2 , A 2 the radiating 
power and absorbing power of the body on the 
right. 

Suppose that there is equilibrium of temperature between the two 
bodies. Then according to Prevost’s theory of exchanges each receives 
as much heat as it radiates. From the shape of the bodies it is evident 
that the radiation from each must be normal to their surfaces. It is 
sufficient, therefore, to consider unit area of the one surface and the 
unit area of the other surface opposite it. Consider the energy 
originally emitted from 1. A 2 E X is absorbed by 2, (1 - A 2 )E 1 reflected. 
Of the reflected energy (1 - A 2 )A,Ej is absorbed by 1, (1 - A 2 ) (1 - A^! 
reflected. Of this (1 — A 2 ) (1 — Aj)A 2 E X is absorbed by 2, and so on. 
It is easy to see that the quantity absorbed by 1 is 

(1 “ A 2 )A X Ej + (1 — A 2 ) 2 (l - A 1 )A 1 E 1 + (1 - A 2 ) 3 (l - A l ) 2 A l E 1 . . . 

. =(1-A 2 )A 1 E 1 {1 + (1-A 1 )(1-A 2 ) + (1-A 1 )*(1-A 2 )* ...» 
(1-A 2 )A 1 E 1 
1 — (1 - A,)(l - A 2 )’ 
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and the quantity absorbed by 2 is 

^ 2^1 + (1 — Ai)(l — A 2 )A 2 Ei + (1 — A 1 ) 2 (l - A 2 ) 2 A 2 Ei . . . 

A 2 E, 

1-(1-A 1 )(1-A 2 )‘ 

If we interchange the suffixes we obtain the quantity of the energy E 2 
that is absorbed by 1. It is 

M 2 

1 - (1 - A,)(l - A 2 )’ 

The total quantity of energy absorbed by 1 is 

(1-A I )A I E 1 A t E 2 = (1 - A 2 )A 1 E 1 + A t E, 

1 (1 A,)(l — A 2 ) 1 — (1 - A,)(l - A 2 ) A x + A 2 - A*A 2 # 

This must equal Therefore 

(1 - A 2 )AjE| + A 1 E 2 =(A 1 + A 2 - A|A 2 )E|. 

Hence A 1 E 2 =A 2 E, 

or Ei/A^Ej/A,, 

which proves the proposition. 

§ The law has been tested experimentally in various cases and always 
found in agreement with facts. It is illustrated by many elementary 
experiments. For example, if letters are written with ink on a piece 
of bright platinum foil and the latter then heated in the bunsen flame, 
the writing stands out brighter than the surrounding foil. It absorbs 
more and consequently emits more. 

The only form of energy considered by the proof is heat. Hence 
the law holds only for temperature radiation. Under this limitation it 
is universally accepted as true, being fulfilled in the case of all glowing 
solids and also in the case of some gases, such as carbon dioxide. 
Carbon dioxide when heated emits bands at 2-8/x and 4-3/x. They are 
prominent in the spectrum’of the bunsen burner. H. Schmidt measured 
the absorption and emission of these bands and found they obeyed 
Kirehhoffs law. 

Band and line spectra are seldom produced as a result of heating 
alone, being usually the result of the liberation of chemical or 
electrical energy. Sources emitting bands and lines absorb these bands 
and lines, so the law is obeyed qualitatively in their case, but the 
ratio of E/A for these sources is not the same as for a glowing solid. 

If in the expression for the law we write A=0, in order that the 
ratio may remain finite E must also be put = 0. Now A may be zero 
for either of two reasons ; the body may be perfectly transparent or 
its surface may reflect all the radiation that falls on it. A r e arrive, 
therefore, at the important result that a body cannot emit those rays 
for which it is transparent, or for which its surface acts as a perfect 
mirror. 
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In the rigorius proof of his law Kirchhoff introduced the idea of a 
perfectly black body, i.e. one for which A = l. According to the table 
given on p. 369, A has the value -988 for black cloth and the value -996 
for black velvet, hence neither of these substances is perfectly black. 
Let S be the radiating power of a perfectly black body, and A and E 
the absorbing and radiating powers of any other body. Then 

S= E/A. 

Hence for any given temperature and wave-length no body can radiate 
more than a perfectly black body. S is, of course, a function of the 
wave-length and the temperature. It is sometimes called Kirchhoff’s 
function. Kirchhoff pointed out the importance of determining it, 
because it enabled either E or A to be calculated when the other was 
known, and he stated that it would undoubtedly be of a simple form, 
since it was independent of the properties of any particular body. 

- § It would be extremely difficult to measure E and A for one particular 
body for different wave-lengths and thus determine S, for, of course, A 
would have to be measured at the same temperature as E —that is, 
while the body is radiating. Paschen commenced a series of researches 
in 1892 with the purpose of determining S, the method being to 
measure E for a series of bodies which were more or less black. Then, 
if these bodies were arranged in order of their “ blackness,” it would 
be possible by a species of extrapolation to arrive at the behaviour of 
the ideal black body. Paschen used a piece of platinum foil folded 
double, in the fold of which a thermo-element was placed for the 
purpose of determining its temperature. The foil was heated by a 
current from a secondary battery, and was coated with the substances 
the radiation from which was to be examined. The radiation was 
measured with a bolometer: the spectral apparatus had concave 
mirrors instead of lenses, and the prism was of fluorite. The substances 
used were carbon filaments, platinum foil, platinum foil covered with 
iron oxide, copper oxide, and soot. They all behaved in much the 
same manner with the exception of platinum, which radiated con¬ 
siderably less than the others. 

The next important step was the experi¬ 
mental realisation of the perfectly blaok 
body by Lummer and Pringsheim. A 
perfectly black body is one that absorbs 
all the rays that fall on it and reflects 
none. Consider the accompanying dia¬ 
gram (Fig. 328). It represents a section 
of a hollow sphere which has a small 
opening at AB. R is a ray which enters 
the opening and is reflected in succession 
at C, D, E, and F. The inside surface of the sphere is blackened. Only 
a small portion of the energy is reflected each time, the greater part 

Ifi 


c 




482 


A TREATISE ON LIGHT 

being absorbed. The hole AB is of such a size that the chances of the 
ray finding its way out again are very small. Light falling on AB is 
practically all absorbed. Consequently, if the sphere be maintained at 
a uniform temperature, sufficiently high to make its inner surface 
radiate out heat appreciably, the radiation from AB will be the radiation 
of a black body for that temperature, or black radiation, as it is called. 
Also, if any body be heated inside the sphere to the temperature 
of the latter, the radiation issuing from its surface through the opening 
will be black radiation. 6 

For low temperatures double-walled vessels were used, the space 
between the walls being filled with steam, ice, carbon dioxide snow, or 
liquid air, so as to keep the interior at a uniform temperature. The 
radiation escaped by means of a tube. For high temperatures an 
electrically heated body of porcelain was used. 

With this apparatus Lummer and 
Pringsheim first proved that the radia¬ 
tion from a black body was proportional 
to the fourth power of the absolute tem¬ 
perature. This law had been enunciated 
by Stefan as a result of observations 
made on the rate of cooling of ther¬ 
mometers with blackened bulbs, etc. 
Then, in 1899, they published energy 
curves taken with the same radiators. 
Some of these energy curves are repro 
duced in the accompanying diagram 
(Fig. 329). Thus Kirchhoff’s function 8 
was determined as a function of A for 
several different values of T. 

Density of Equilibrium Radiation in 
an Enclosed Vessel. At the same time 
as Paso hen and Lummer and Pringsheim 
Fig. 320. were seeking to measure S experiment¬ 

ally, endeavours were being made to 
determine S as a function of A and T purely by theoretical reasoning. 
The results obtained have been very important, but as the reasoning 
leading up to them is long and abstract, only a short sketch of it will 
be given here. 

The theoretical investigations are based on the idea of radiation 
being in equilibrium with matter. To understand this idea let us re¬ 
vert to Fig. 327. At any time there is a flow of energy from 1 to 2 
and a flow from 2 to 1. On the assumption that the velocity of the 
radiation is c let us calculate the density of the flow from 1 to 2. 

The emitted by 1, if allowed to flow forward without obstruction, 
would fill a cylinder of length c and unit cross-sectional area. Hence 
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it gives a density of E rfc. The portion of E 2 emitted by 2 and reflected 
by 1 gives a density of (l-A 1 )E 2 /c. The portion of Ej reflected by 
both 2 and 1 gives (1 — Aj)(l — A 2 )Ei/c. The portion of E 2 reflected 
by 1 and 2 and then again by 1 gives (1 - Aj) 2 (l - A 2 )E 2 /c. If we 
proceed in this way, we find that the density of the resultant stream 
from 1 to 2 is given by 

1{E 1 + (1-AJE 2 + (1-A 1 )(1-A 2 )E, + (1-A I ) 2 (1-A 2 )E 2 . . .} 
c 

= H E » + _ M - A ») ) 

e\l-(l-A,)(l-A 2 ) 1 - (1 - A|)(l - A 2 )J 


c(Aj + A 2 - A I A 2 ) 


(Ei + E 2 - A,E 2 ). 


If we substitute for E 2 from A,E 2 = A 2 E 1 , the expression reduces to 


li 

cAi 



The density of the resultant stream in the other direction has, of 
course, the same value. Thus, when thermal equilibrium is established, 
the density of the radiation in the space enclosed between 1 and 2 is 
independent of the materials of which these substances are composed, 
and, if there is a small opening made in one of the slabs at P, the 
density of the radiation issuing from P is S/c. We thus see why the 
radiation from a hollow vessel is always black radiation, 
even though the inside of the vessel reflects quite well. 

It is not necessary for the enclosed space to have the 
form shown in Fig. 330 in order that the expression for the 
density may equal S/c; the enclosure may have any shape 1 2 

whatever. When a system is in thermal equilibrium the 
radiation in every direction for every wave-length has a P 

definite density. If the surrounding bodies become colder, 
radiation is absorbed and the density becomes less; if they 
become warmer, radiation is emitted and the density in FlO x 3 3 0 
space becomes greater. We thus arrive at the idea of 
radiation in space being in equilibrium with matter at any tempera¬ 
ture. 


Boltzmann’s Ether Engine. In the theory of the steam engine 
much use is made of a series of changes known as the Carnot cycle. 
A definite mass of gas can be put through a Carnot cycle by enclosing 
it in a cylinder with a tightly fitting piston as is shown in Fig. 331, 
supplying a quantity of heat to it, and allowing it to expand isotherm- 
ally. It is then allowed to expand further without gain or loss of heat. 
During this expansion its temperature falls. It is next allowed to 
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contract isothermally, and during this operation a quantity of heat is 
taken from it. It is finally made to contract without gain or loss of 
heat, and during this operation the temperature increases to its initial 
value. The gas has then returned to its initial condition and the 
cycle of operations is completed. 

Suppose that instead of containing gas the cylinder is a vacuum, 
and that the inside surface of the cylinder and the lower surface of 
the piston are perfect reflectors. Let us suppose also that there it 
radiation inside the cylinder. This radiation will be reflected back¬ 
wards and forwards and never be absorbed. Its density throughout the 
cylinder is constant, and it can also be said to have the temperature of 
the matter with which it would be in equilibrium. The radiation 
passes in the ether, so that the energy in the cylinder may be said to 
be contained in the ether, just as in the former case it was contained 
in the gas. The analogy extends still further ; it was 
found by Bartolli as a deduction from the second law of 
thermodynamics that the radiation exerts a pressure on 
the sides of the cylinder, just as in the former case a 
pressure was exerted by the gas. The radiation in the 
cylinder can consequently be put through a Carnot cycle 
just as the gas was, and as in this case the working 
substance in the cycle is the luminiferous ether, the 
arrangement of cylinder and piston for putting it 
through the cycle has been called an ether engine. 

By considering such a cycle Boltzmann proved that the total radia¬ 
tion from a black body was proportional to the fourth power of its 
absolute temperature. This law had been stated previously but 
erroneously by Stefan as holding good for all bodies, and as the 
amended version was due to Boltzmann, it is very often referred to as 
the Stefan-Boltzmann law. 

Wien’s Displacement Law. Stefan’s law applies only to the total 
radiation from a black body and gives no information as to how it is 
distributed through the spectrum. It is well known that when a 
piece of carbon is heated it sends out first a black heat, then, as its 
temperature is raised, a red heat,* and finally a white heat. With rise 
of temperature, therefore, the wave-length of the radiation diminishes. 
This has been known for a long time, and in 1847 Draper 
determined the temperature at which all bodies began to send out red 
light. He found it to be 525° C., and the statement that all bodies 
begin to emit red rays at this temperature was known for a long time 
as Draper’s law. As a matter of fact bodies do not all begin to radiate 
at the same temperature. The “ blacker ” the body is, the lower is the 
temperature at which visible radiation starts. But Draper heated all 

• If the observations are made very carefully with an extended object in a verv 
dark room, owing to the Parkinje effect (Chapter XX) it appears grey before red. 
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his specimens in an iron tube closed at one end, and hence by his method 
of experimenting made them all to some extent black bodies. 

As the temperature is raised, then, the wave-lengths of the radiation 
alter. This alteration has been investigated mathematically by 
Wien. Suppose we have a quantity of radiation of a given density 
enclosed in a cylinder with a piston, the inside surface of the enclosure 
being a perfect mirror, and suppose that the piston is pushed slowly 
down, then the radiation will be compressed and its density increased. 
It will consequently be in equilibrium with matter at a higher tem¬ 
perature. It has already been shown in the section dealing with the 
Doppler principle on p. 303, that if a beam is incident at an angle 9 
on a mirror which is moving with a velocity v in the direction of its 
normal, then after reflection the wave-length of the beam is diminished 
in the ratio of 1 to 1 - 2 (v/c) cos 6. Now as the piston moves down, 
its surface acts as a moving mirror, the radiation in the cylinder is 
being continuously reflected by it and consequently its wave-length is 
being diminished. Arguing on these lines Wien showed that if A m 
is the wave-length of the maximum of the energy curve at absolute 
temperature T, then A m T is constant. He also showed how, when the 
energy curve is known for a given temperature, it can be constructed 
for any other temperature. This result is known as Wien’s displace¬ 
ment law. 


Radiation Formulae. By assuming a particular and not at all 
plausible constitution for the radiating body, Wien obtained the 
formula 

8 A =£i e -*/*T 

which is known as Wien’s radiation law. Whenever S refers only to 
one particular wave-length we shall henceforth denote it by S A ; then 

S=J\<fA. 

Owing to the definition of S* it is, of course, independent of the size 
of the hole or the distance of the latter from the slit of the spectroscope. 

By assuming that all the “ standing waves ” which it was possible 
to form inside an enclosure possessed the same quantity of energy, 
and by dividing the spectrum into intervals and counting how many 
waves had their periods in each interval, Rayleigh derived the formula 



Rayleigh’s formula does not represent the experimental results. 
Wien’s formula was satisfied by Paschen’s results, but did not fit 
Luramer and Pringsheim’s data so well. Investigation showed that it 
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was the formula, not Lumraer and Pringsheim’s results, that was at 
fault, and finally Planck proposed the formula 

S a =£ 1 _ 1 

A A*eVAT_i’ 

which fits all results within error of observation and which is at 
present universally accepted. 

In deriving his formula Planck considers each wave-length separately. 
He assumes the existence of an enclosure containing a great number 
of Hertzian oscillators all radiating and absorbing the same wave¬ 
length, but possessing at any given instant different quantities of 
energy. This distribution of the energy among the different oscillators 
occurs according to the laws of probability, and by using a very 
general definition of temperature the temperature of the system can 
be derived from the distribution of energy. Then by calculating the 
density of the radiation in the enclosure the value of S A for that 
particular value of A can be found as a function of T. 

In order to obtain the correct result Planck found it necessary to 
assume, to put the matter very crudely, that the oscillators did not 
radiate continuously, but emitted the energy in jerks or “ quanta.” 
This was opposed to all previous notions. Thus the famous quantum 
theory was started, which in the thirty-two years since its inception 
has spread over the whole field of physics and chemistry, and has 
inspired a great quantity of work of very varied quality. We have 
made progress, but not very much progress towards the solution of the 
problems which Planck has raised. 

The matter has already been treated in Chapter XVIII. As hao 
already been mentioned, it is easier to study it in connection with 
photo-electricity and spectra ; statistical mechanics, i.e. Planck’s own 
method, is not such a good approach. 


Discussion of the Radiation Formula. It will be noticed that 
when AT is made very large, Planck’s formula agrees with Rayleigh’s, 
and when AT is made very small, it agrees with Wien’s. In far the 
greater number of cases, indeed except when dealing with residual 
rays, Wien’s formula does not differ much from Planck’s, and, since it 
has the advantage of simplicity, it can be used as an approximation 
for the latter. From it a number of important results about black 
body radiation can be deduced. 

We have S A = 

To find for what value of A the expression has a maximum take the 
logarithm of S A , differentiate it with respect to A, and equate the 
result to zero. 

This gives 



logS A =log c, - 5 log A - C -*_ 
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and finally 


_? + £s.=o, 

A A*T ’ 

AT= C -’. 

5 


Denote the value of A corresponding to the maximum value of S A by 
An,. When T is measured in degrees absolute or degrees K., to use the 
modern notation, and A in 10~ 4 cm., c 2 = 14,500. Therefore 

A m T=2900. 

As the temperature increases, the maximum moves towards the 
visible spectrum. By substituting An, in the expression for S A , we find 
that the maximum value of S A increases as the fifth power of the 
absolute temperature. S A always increases with the temperature for 
every value of A, no matter on which side of the maximum it is. 

To find the total radiation, integrate CiA _6 e“ e * /AT from A = 0 to A= co. 
The integration follows easily if AT is put=l/0 and 0 is regarded as 
the variable. The result is 6c{T*lc£. This is Stefan’s law. 

The temperature radiation of bodies that are not black follows 
more complicated laws. The energy curves vary all the way from 
shapes not differing widely from that for the black body to curves with 
two or more sharp maxima. The wave-length of maximum intensity, 
however, always decreases as the temperature increases, and many 
substances which radiate selectively at low temperatures, become 
similar to the black body at high tempera¬ 
tures. Of course, no body can radiate 
more than a black body for any wave¬ 
length and temperature. 

The metals form an interesting class, 
and an attempt has been made to represent 
their energy curves by formulae of the same 
form as Wien’s, but with a different power 
of A in place of the A -6 . At ordinary tem¬ 
peratures they all reflect much better in 
the infra-red than in the visible spectrum. 

Hence their absorbing power and conse¬ 
quently their radiating power is less in the 
infra-red. This selective reflection seems 
to persist at high temperatures, and the 
energy curves resemble somewhat the 
curves for the black body, but with 
the ordinates on the infra-red side of the 
maximum diminished, and consequently 
the radiant efficiency increased. Some of 
Lummer and Pringsheim’s curves repre¬ 
senting the radiation from glowing platinum at different temperatures 
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are gi ve n in Fig. 332. The total radiation from platinum varies as the 
liith power of the absolute temperature. 

Optical Pyrometry. The theory of the black body has been 
applied in three different ways to the measurement of temperature. 
Temperature may be read by the hydrogen thermometer up to G00° C., 
and thence by the nitrogen thermometer up to 1150° C. Beyond this 
it is customary to use thermocouples, which have been calibrated as 
far as the gas thermometers go, and to extrapolate for values beyond. 
Thermocouples are, however, unsuitable for some purposes, and in 
any case they cannot be used beyond the melting-point of platinum. 
This is where optical pyrometry finds its use. 

The first optical method consists in finding the position of A m and 
applying the equation A m T=2900. The second consists in measuring 
the total radiation by some instrument such as Fery’s thermo¬ 
electric telescope and using Stefan’s law. In this instrument an image 
of the source is formed on a thermocouple by a concave mirror, and 
the instrument is calibrated by pointing it at two sources of known 
temperature. The third method consists in measuring the brightness of 
the source for one wave-length in the visible spectrum, and calibrating 
the photometer by means of two sources of known temperature. 

Ihese methods give relative measurements satisfactorily and 
enable one to reproduce any temperature with accuracy, which is all 
that is required for industrial purposes ; but they must be used with 
considerable care if absolute measurements are required. Many 
people in possession of optical pyrometers are unaware of the limita¬ 
tions of their instrument, and have too profound a faith in its empirical 
formula. 

All three methods hold in the first instance only for the black 
body. The first method holds also for a 44 grey ” body—that is one 
that reflects all colours equally well. In the case of a grey body the 
ordinates of the energy curve are supposed to be diminished in the 
same ratio all over, and the position of the maximum is unaltered. 
The first method is, however, not so accurate as the other two, for the 
position of the maximum cannot be easily determined. The last two 
methods if applied indiscriminately will not give the true temperature 
of a body but its “ black ” temperature—that is, the temperature of a 
black body which would have the same total radiation, or which 
would have the same brightness for the wave-length in question. 

To get the true temperature we may proceed in two ways. On 
the first method, which is due to Lummcr and Pringsheim, the scale 
of the instrument is calibrated by using glowing platinum as well as 
the black body. We thus have two determinations of the temperature, 
the second value being that which the body would have if it had the 
same properties as platinum. As platinum differs widely from the 
black body as a radiator, there is a presumption that the true 
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temperature of the body will lie between the limits thus obtained. On 
the second method the body is placed inside a sphere, the inner sur¬ 
face of which is a good reflector, and the radiation through a hole in 
the surface examined. The radiation from the body is thus increased, 
until its black temperature equals its true temperature. 

Optical pyrometry has been applied to the determination of the 
temperature of the sun, and values somewhat below 6000° C. have 
been obtained. If the sun is a black radiator, this is not far from its 
most economic temperature, i.e. the temperature at which the greatest 
proportion of its radiation falls within the limits of the visible spectrum. 
If the temperature were greater than this, too large a proportion of the 
radiation would fall in the ultra-violet. Through long ages of evolution 
our eyes have adapted themselves to the sun, and become most sensitive 
to these wave-lengths which it radiates most intensely. 

In the ordinary gas or candle flame, the carbon glow lamp, and the 
crater of the carbon arc, the source of light is in each case glowing 
carbon, and the energy spectrum is approximately that of the black 
body. The fundamental difference is that of temperature. By means 
of the thermojunction the temperature of the luminous region of the 
gas flame has been found to be not more than 1780° C., and by 
optical methods the temperatures of the carbon glow lamp and arc 
crater have been found respectively to be below 1800° C. and between 
3500° and 4000° C. 


The Pressure of Light.* It has been shown from Maxwell’s 
equations that there is momentum in an electromagnetic field as well 
as energy, that the direction of this momentum is the same as the 
direction of propagation of the energy, and that its value per unit 
volume is numerically equal to the energy per unit volume divided by 
the velocity of light. A pencil of light is consequently a stream of 
momentum. 

Thus if a light wave is incident on a plane absorbing surface at an 
angle <j> and if the energy falling per second per square centimetre held 
normal to the rays is E, the momentum received per second per square 
centimetre is (E cos <£)/c. This produces 

xr i E cos 2 <f> 

Normal pressure =-- . 

c. 


Tangential stress = 


E cos <f> sin 
c 


If the wave is entirely absorbed both these forces exist. 

If the stream is entirely reflected, the reflected pencil exerts an 
equal normal force and an equal and opposite tangential force and we 
have only the normal pressure of amount 2E (cos <£) 2 /c. 


• This method of treating the subject is doe to J. H. Poynting. 
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If only a fraction r is reflected, the incident and reflected waves 
give 

Normal pressure = (* + _ r )E cos2 4> 

c 

Tangential stress = V ~ r)E C ? S + sin * 

c 

A beam of light should exert a pressure, then, on a surface on which 
it falls. This pressure is, however, extremely small. For solar radia¬ 
tion at the earth’s surface, when the absorption of the atmosphere is 
allowed for, E=0-175 10 7 ergs/cm. 2 sec. Consequently if the surface 
is a black one and the incidence is normal, the magnitude of the normal 
component is only 


0-175 10 7 
3 10'0 


= 5-8 10~® dynes/sq. cm. 


A pressure was to be expected according to Newton’s corpuscular 
theory, owing to the destruction of the momentum of the stream of 
particles which constituted the light ray according to that theory, and 
the pressure could be calculated on the corpuscular theory according 
to the ordinary laws of dynamics. An unsuccessful attempt was made 
to detect its existence experimentally as early as 1754. Unsuccessful 
attempts were made to detect the pressure by other physicists, that of 
Crookes, for example, leading to the discovery of the radiometer. An 
expression was derived for the pressure on the electromagnetic theory 
by Clerk Maxwell, and shortly afterwards it was shown independently 
by Bartolli from thermodynamical considerations, as has already been 
mentioned, that a light wave exerts a pressure on a surface on which it 
falls. The above method of deriving the formulae is considerably 
simpler than Clerk Maxwell’s, but it assumes the existence of optical 
momentum and the expression for its magnitude. 

The existence of the normal component of the pressure was proved 
experimentally in 1900 by Lebedew, and independently immediately 
afterwards by Nichols and Hull. The method of experimenting was 
approximately the same in each case. Light from an arc lamp was 
concentrated on a suspended vane, made of thin platinum discs in 
Lebedew’s arrangement and of thin silvered glass in Nichols and Hull’s 
arrangement. The light produced a rotation of the vane and this 
rotation was read by a mirror attached to it. The most suitable 
pressure of air was sought in each case. The chief difficulty was the 
radiometer or gas action ; the side on which the light falls gets heated, 
the pressure on that side rises and this rise in pressure produces 
a spurious effect. Lebedew eliminated the gas action by letting the 
light fall rapidly in succession on the two sides of the disc and taking 
the mean of the two deflections. The results in both cases were found 
to agree with theory. 
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The tangential stress was detected and measured by Poynting and 
Barlow in 1904. The angle of incidence used was 45°, and the 
magnitude of the result was found to agree with theory. 

Angular Momentum of Light. Poynting showed by analogy with a 
rotating shaft, that a circularly polarised beam of light of wave-length A 
which delivers energy E per second per unit area normally on an 
absorbing surface, will give up angular momentum EA/(27rc) per second 
per unit area. The same result can be obtained by assigning angular 
momentum A/ 2n to each quantum. The existence of the effect, which 
was previously regarded as too small to measure, was proved by R. A. 
Beth at Princeton in 193G. 

Pressure of Radiation on its Source. If rays of light are streams 
of momentum, it follows, since the momentum of rays and source in 
any direction is constant, that the rays must exert a backward 
pressure on their source. 

If 1 sq. cm. of surface is emitting altogether energy R per second, 
and if Ndw is the energy it is emitting through a cone dto with axis 
along the normal, then in direction 0 it is emitting N cos 0 daj through 
a cone dto. Putting d<o = 2n sin 6 d6 and integrating over the hemi¬ 
sphere, we have 

n 

R = J*~N cos 0 .2tt sin 6 d0 = nU. 

If we draw a hemisphere, radius r, round the source as centre, the 
energy falling on area r 2 dto is N cos 6 dto per second, and, since the 
velocity is c, the energy density just outside the surface on which it 
falls is N (cos 0)/(cr 2 ), and this is the rate at which momentum is being 
received, that is, it is the normal pressure. The total force on area 
r 2 dco is N cos 6 dto/c. This is the momentum sent out by the radiating 
square centimetre per second through the pencil with angle dto, in the 
direction 0 , and is therefore the force on the square centimetre due to 
that pencil. 

Resolving along the normal and in the surface, we have 

XT . N cos 2 0 doj 

Normal pressure =-, 

c 

_ ,• i . N cos 0 sin 0 dto 

\ angential stress =-. 

c 

Putting dto = 2ir sin 0 d0 and integrating over the hemisphere we get 

Resultant normal thrust 


7T 

= f (N cos 2 0 2tt sin 0 <f0/c) = 27rN/(3c) = 2R/(3c). 

J o 

Total tangential stress = 0, since the radiation is symmetrical about 
the normal. 
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Comparison of Radiation Pressure with Gravitational Attraction 
exerted by the Sun on a Small Body. Let the small body be a 
sphere of radius a and density p, let its surface be a perfect absorber, 
and let it be at one temperature throughout. Let us assume that it is 
exposed to solar radiation of intensity E ergs/sq. cm. sec. Then it 
receives a momentum 

noT-E 

c 

per second from the sun. Its own radiation, being equal in all 
directions, has zero resultant thrust. 

The acceleration of gravity towards the sun at the distance of the 
earth is about 0-09 cm./sec. 2 Thus we have 

Radiation pressure _ ira-E 
Gravitation pull ~c x $7ra 3 /> x 0-59* 

The two will be equal when 

^cp x 0*59* 

If we put p = 1 , E=0175 10 7 , c=3 10‘°, 
we get a = 74 10-6, 

i.e. a body of diameter about two wave-lengths of red light would be 
equally attracted and repelled, if we could assume that a surface so 
small still continues to absorb. But when we are getting to dimen¬ 
sions comparable with a wave-length that assumption can no longer be 
made. 


EXAMPLES 

(1) Show that, if Wien’s formula is assumed for the black body, the maximum 
value of S A varies as T 5 . 

(2) Derive Stefan’s law from Wien’s radiation formula, giving in full all the 
steps of tho integration. Show in the same way that Stefan’s law can be derived 
from Planck’s radiation formula. 

(3) Show clearly that if AT is made very large Planck’s radiation formula 
reduces to Rayleigh’s. 

(4) Show that when 1/0 is substituted for AT in Wien’s radiation formula and 
the integral taken with regard to the wave-length, the result is 

c,t* j e'r^do. 

If the curve 0 3 e“ e * 0 is plotted and ordinates set up at values of 0 corresponding 
to the ends of the visible spectrum for a definite temperature, show how the ratio 
of the area included between these ordinates to the area of tho whole curve 
gives the radiant efficiency (cf. p. 371) for that temperature. Hence find the 
radiant efficiency of a black body at a temperature of 2000° K. 

(**>) Tho total radiation from platinum varies as the fifth power of the absolute 
temperature. Show that the formula 

S A = r,.\-^- f >' iT 
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satisfies this requirement. Show also, as is required for all metals, that this 
formula gives relatively less radiation in the infra-red than is done by the 

corresponding formula for the black body. ...... 

(6) Let E, denote the radiating power of an arc lamp for sodium light, 

and let E, denote the radiating power for the same wave-length of a sodium 
flame placed in front of it. Let a denote the fraction of the incident sodium 
light absorbed by the flame. Tho sides of the sodium flame are plane and'at 
right angles to the line of vision of an observer. Show that the D lines will 
appear reversed if E x a is greater than E t . . 

(7) Show that an infinitely thick flame radiates like a black body. [Divide 
the flame into n parallel layers of equal thickness ; let E be the radiating power 
of a single layer, and let a be the fraction of light absorbed by a layer. 1 hen the 
radiating power of the whole flame is 


E + E( 1 — a) + E( 1 — a)*+ . . . 

(8) It is found that, when a thermopile is exposed to the full radiation of 

tho sun, the deflection on the scale is 81 times as great as when it is exposed to the 
radiation from a disc of platinum which subtends the same angle at the thermopile 
as the sun does. The “ black ” temperature of the platinum is 2000 K., i.e. its 
surface is as bright as tho surface of a black body at that temperature. Find 
tho “ black ” temperature of the sun. „ „ f 

(9) The sun is 600,000 times as bright as the full moon. The brightness ot 
the sk v at full moon is 10“ • times the brightness of the moon’s surface. Assuming 
that the total radiation from the sun and from tho sky is proportional in each 
case to tho visible radiation, show that tho temperature of a small portion of 
matter in interstellar space cannot bo greater than 7° K- 



CHAPTER XXVI 

THE ETHER AND RELATIVITY 

J StT r^? 1 Ab f rr . a ‘ ion : Li 8 ht “ propagated outwards from the 

a medium for rt r ^ C J y to P 03tulate ^e existence of 

®J™ 1lum 1 f ° r t . fu e ln> and thls medium which filled interstellar 
space, and penetrated between the molecules of matter, was known as 

:J Umi K mfe r S r h v r - WaS for merly discussed fully at an early 
erH 86 h b °°f * ° D ‘ gh , aDd attention dra wn to its contradictory prop 7 
h °" lfc °PP°sed no measurable resistance to the motion of the 
“Mr and yet acted as a rigid solid, so far as the 
vibrations of light were concerned. But in this book the discussion of 

L r ‘“ r t0 u 1 *®®? eVaded ; we shal1 now Proceed to explain why 
the hypothesis has been abandoned. y 

elwf^ el - rC S? rded the ether as continuous and having a density and 

fnfin te! y 'V 8ame T 7 ■“? "P** 7 matter has ' onl / lta density was 
infinitesimal compared with the density of ordinary matter. The 

° f th , C ether varied from medium to medium, being greater 

inside an optically dense medium such as glass than in air but its 

medinm y W “ S ^ 'f”*® m a11 media - The velocity of light in any 
^ ed '" m was inversely proportional to the square root of the density of 

tSs bLiVp ‘? at mpd ‘ Um - H has akead y been mentioned that on 
and refraction 3 " 6 W88 ^ glVe * “tisfactory theory of reflection 

Now what happens when matter moves through the ether ? Does 
the ether contained in it move with it, or does the matter move through 
the ether like a wire framework through air ? 

In 1726 the astronomer Bradley observed a phenomenon, known as 
the aberration of light, which apparently enables us to answer this 
question. It has already been described in Chapter VIII, and consists 
m an apparent displacement of the stars in the sky owing to the 
motion of the earth in its orbit about the sun. Suppose that an 
observer is stationed at 0 and looks at a star, the true direction of 
which is OQ, but that the earth is moving with velocity v in the direction 
OP. Let V be the velocity of light. In estimating v only the velocity 
of the earth in its orbit need be considered, the component due to the 
diurnal rotation being neglected. If the axis of the telescope were 
pointed in the direction OQ, owing to the lateral motion of the telescope 
the rays from the star would not travel down its axis. In order 
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that this may take place the telescope must be pointed in the direction 
0 Q where 0 1 0 / 0 Q=v/V. For if we suppose the centre of the object 
glass to be at Q, the cross-wires move from 0, to 0 while the ray is 
travelling from Q to 0, and consequently only if the telescope is 
pointed in the direction of OjQ will the rays come 
to a focus on the cross-wires. 

The phenomenon is exactly analogous to the 
case of a ship which is moving at a high speed, 
and which is being struck by shots fired at right 
angles to its line of motion. Owing to the motion 
of the ship the track of the shot through it will not 
be at right angles to its length, but the hole in the 
side at which the shot leaves will be further astern 
than the hole at which it enters. Thus the apparent 
direction of the cannon as estimated from the shot 
holes is ahead of the true direction, in the same 
way as the apparent direction of the star is ahead of its true 

direction. , 

The angle between the true and apparent directions ol tne star, 

namely, 0Q0,, is given by 

sin OQOx OOi 
sin QOOi 0|Q 

Since 0,0 is small, we may write 0Q for 0,Q and Z.0Q0i f° r » ts s * ne - 
Hence the aberration 

Z.°Q°i = ^ sin QOOi. 

The maximum value of 0Q0, is obtained by putting sin 0 = 1, and 
equals 20-47 seconds. As has already been stated, the value of the 
velocity of light obtained from measurements of the aberration agrees 
with the values obtained by the other methods. 

In the above explanation we have assumed that the ether remains 
at rest while the telescope and the air inside it move through it. V e 
can thus apparently assume that the ether remains always absolutely 
at rest. 

Airy’s Experiment. This assumption is, however, upset by an 
experiment due to Airy. He filled a telescope with water. The 
velocity of the ray down the telescope would consequently be 
diminished, while the velocity of the earth through space remains the 
same. Also the ray would be refracted on passing out of the object 
glass into the water. Now according to the foregoing theory on 
account of both these reasons the aberration should be greater. But it 
remains exactly the same. 

We must therefore modify our assumption, and assume that the 
ether inside the telescope drifts with it when it is filled with water. 
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k" t il n0 . t wh . en “ led with air - The magnitude of this drift can 
eamly be calculated from geometrical considerations. 

For in Fig. 334 let OQ represent the true direction and 0,0 the 
apparent direction of the star. When the rays enter the water at Q 

they are refracted. Now Q0 gives their direction 
of incidence and Q0, the normal; consequently 
the direction of refraction is given by QS, where 

sin 0^0=^ sin 0,QS. 

Since the angles are small we may write this 
equation 

OiQO^OjQS 

or simply 0,0=^0,8. 

Fio. 334. The velocity of the rays down the telescope is 

.. , diminished in the ratio of p. to 1, consequently the 

time taken by them in passing down the telescope is increased in 
tne ratio of 1 to p and during this time the cross-wires would arrive 
at T instead of 0, where 0 1 T=/x0,0. 

We have to explain, therefore, how it is that the ray arrives at T 

drift, ad th° f A -! Dd th !f T Ca ° be done onl y b y a^uming that the ether 

Whih* the d ‘ S t Ce S W u Jc , the ra y® are P assin 6 dow “ the tube. 
W hile the water moves the distance 0,T, the ether moves ST, or, in 

other words, the ether contained inside the water is moving in the same 
the e ia tter aS bUt With “ velocit y onJ y ST/0.T of the velocity of 

We have therefore for the velocity of the ether drift 





This expression was first obtained by Fresnel. It becomes zero for air 
i.e. when u=l. 


Fresnel’s Method of Obtaining the Expression for the Ether Drift. 

Suppose that a glass plate is moving through the ether with velocity 
t\ that the density of the ether inside the glass is p\ and that its density 
in vacuo is p ; p is, of course, greater than p. Then it is clear that the 
ether inside the glass must be to a certain extent dragged with it, for 
if it remained at rest the glass would move away from the place where 
the ether had the greater density. 

Let v' be the velocity of drift of the ether. Then since there is no 
flow round the edges of the plate, the quantity entering the front surface 
is pv per unit area. The quantity leaving the back surface of the plate 
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is p’(v-v') per unit. area. Since the quantity inside the plate is 

constant, 


pv=p'(v-v') or = 


But p/p=p?> the square of the index of refraction of the glass. Con¬ 
sequently on substituting we find 


the same result as before. 




Fizeau’s Experiment. Fresnel’s formula for the ether drift was 
verified in a celebrated experiment carried out by Fizeau in 1859. 

Fig. 335 shows the arrangement. As source a narrow slit at S 
illuminated by monochromatic light is taken. The rays from S arc 
reflected by a glass plate G, made parallel by a lens L, and then pass 
through two apertures 
A and B. CD is a 
vessel which is di¬ 
vided into two parts 
by a partition, and 
through which water 

can be forced in the Fio. 335. 

direction of the 
arrows. The pencils from the apertures enter and leave the vessel 
through parallel plates of glass. They are then received by a lens L' 
and reflected by a mirror M at its focus, after which they pass back 
through L', CD, L, and G to S', but with their paths interchanged. 
The pencil which enters CD through A leaves it through B. The two 
pencils form interference bands at S'. 

If the water is at rest, the paths of the two pencils are exactly 
similar. If, however, the water is being forced through, the pencil 
which enters through A travels against the current both going and re¬ 
turning. Hence, if according to Fresnel’s theory the ether is dragged 
with the current, this pencil is retarded, while the other pencil which 
in both cases travels with the current is accelerated. The interference 
bands at S' should therefore be displaced. 

The phase difference introduced by the motion can easily be cal¬ 
culated. For let V be the velocity of light in vacuo, v the velocity of the 
water and /z its index of refraction, and let l be the length of the vessel 
CD. Then the difference of the times required by the two paths is 

2 1 21 
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From the difference of times in emerging from A and B and the velocity 
of light in air the path difference at S' can be calculated. 

Fizeau obtained a measurable result when the velocity of the water 
was 7 metres per second, and the result supported Fresnel’s theory. 

The experiment was repeated by Michelson and Morley in 1886 in 
a slightly different manner and with greater accuracy. Their results 
also t lar out the foregoing theory. 

Michelson and Morley’s Experiment. Fizeau’s experiment is 
unique in that it gives a positive effect. Many experiments have 
been made with the intention of detecting a possible effect of the 
earth’s motion on optical phenomena, but the results have been wholly 
negative. The most celebrated of these experiments has been that 
made in 1887 by Michelson and Morley with Michelson’s interfero¬ 
meter. 

Fig. 336 represents the interferometer. Its use has already been 

described on pp. 150 and 151. 
The light from the slit enters the 
glass plate A and divides into two 
beams at its second surface, which 
is half-silvered. One of these 
beams then goes back through the 
plate and is reflected back on its 
path by the mirror at C, while 
the other passes through the 
equally thick plate B and is re¬ 
flected back on its path by the 
mirror at D. The two beams 
Fio. 330. then superimpose again at the 

point where they separated, and 
interference bands are produced. These interference bands are 
observed by a telescope which is pointed in the direction 0A. Let 
us suppose that the two paths are optically equal, and that the optical 
distance from the point of separation of the beams to either of the 
mirrors is d. 



Let us suppose now that the earth is moving through space in the 
direction parallel to SD with a velocity v . Then the time taken by 
the light to go from A to D and back is 

V + i> V-v 

where V is the velocity of light. The equivalent optical length of this 
path is consequently 

xt J 1 1 \ 2dV 2 i> 2 \ 

vrf (v+» + v-J r--v* v*) 

approximately. We have supposed in this calculation that the ether 



499 


THE ETHER AND RELATIVITY 

is afc rest in the glass as well as in the air, but owing to the fraction of 
the path in the glass being very small this assumption c 
does not affect the result appreciably. 

Let us calculate now the equivalent length of the path 
AC. Owing to the motion of the glass plate A in space 
from A to A' (Fig. 337), while the light is going from the 
plate to the mirror and back, the rays are no longer 
incident on C perpendicularly but they fall on it at an 
angle as shown in the figure. CF =d and AF/CF=v/V. 

Hence the equivalent length is 

AC + CA' = 2 AC = 2VCF2+AF2 



A' 


( AF 2 \* AF 2 

1 + CF 2 / =2CF + op" approximately 


The difference between the equivalent lengths of the two paths is 
consequently 

dv 2 
V 2# 


If the earth were to stop suddenly, then the interference bands would 
be displaced in the field. 

It is impossible to start or stop the earth’s motion suddenly, but 
the same effect can be obtained by rotating the whole apparatus through 
90°, so that the path AC becomes parallel to the direction of the earth’s 
motion and the path AD at right angles to it. This makes the difference 
the other way, so that the rotation produces a difference of length 
equal to (2 dv 2 )/V 2 . 

In the first experiments tried the calculated shift was too small, so 
by means of multiple reflections d was increased to 11 metres. We 
have v2/V 2 =10-8. Hence the difference should have been 2-2 x 
10 " 6 cm., or less than half a wave-length of sodium light. The actual 
displacement observed was certainly less than ^ and probably less 
than 4 V of this amount. To avoid vibration and distortion of the 
apparatus due to rotating it, it was mounted on a heavy slab of stone 
floating on mercury in an iron trough cemented in a low brick pier. 
This slab was kept in a slow rotation, the time of a complete revolution 
being about six minutes, and, in order to avoid the strains set up by 
stopping it or starting it, the observations were made while it was 
moving. The experiment was repeated by Joos in 1930 at Jena with 
the resources of Zeiss behind him. He found that the relative velocity 
of ether and matter, if any, was less than 1-5 km. per sec. 

The apparent result of Michelson and Morley’s experiment is to 
prove that the ether in the vicinity of the earth moves with the same 
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velocity that the earth does, a result which is at variance with Fresnel’s 
law of drift and the phenomena of astronomical aberration. In order 
to remove this contradiction FitzGerald and Lorentz put forward the 
suggestion simultaneously, that the lineal dimensions of matter depend 
to a slight extent on its absolute motion through space. If the arm 
AD (Fig. 336) which lies in the direction of the earth’s motion is always 
(<ft» 2 )/(2V 2 ) shorter than the other, then the two paths would have the 
same equivalent length. 

This suggestion is not so artificial as it seems at first sight, because 
in the first place the change required in the length is so very small. 
Since v 2 /V 2 is only 10~ 8 , the diameter of the earth which is parallel to 
the direction of motion would be diminished only 2£ inches by the 
motion. Also the length of a body depends on the forces between its 
molecules. These molecular forces may very well be electrical in their 
origin. If so, they would be transmitted by the ether and would be 
influenced by the motion of the molecules through the ether. 

Sir Oliver Lodge made an experiment, in which two large steel 
discs 3 feet in diameter were mounted on a common axle, one above 
the other with their planes 1 inch apart, and rotated at a very high 
speed. Two interfering beams were passed round the space between 
the discs in opposite directions by means of a system of mirrors. 
Fig. 338 shows a plan of the arrangement. The two beams are 

separated and united again at the half- 
silvered glass plate G, and each goes 
round the axle three times. The two 
paths are shown exactly superimposed. 
The four mirrors A, B, C, and D are, of 
course, fixed. 

If the ether between the discs was 
dragged with them, it was thought that 
there might be a displacement of the 
bands when the motion started. No 
such displacement was observed. This 
showed that the ether was not appre¬ 
ciably affected by the moving matter in 
its vicinity, a result which is in full agreement with Fresnel’s formula. 

Brace’s Experiment. Lord Rayleigh suggested that if transparent 
media really contracted in the way described by FitzGerald and Lorentz 
when they were moving through space, then they might become 
doubly-refracting, just as a block of glass does when it is subjected to 
unilateral stress. He made an attempt to detect such an effect experi¬ 
mentally but with negative results. This experiment was repeated 
by Brace in 1904 on a more elaborate scale. 

Brace used a trough 413 cm. long which was filled with water, 
but the rays were reflected back and forward along it so that the 


B 



Fic. 338. 
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total length of the path in water was about 30 metres. The trough 
was rotated about a vertical axis. The light was plane polarised at 
an angle of 45° to the direction of the earth’s motion before it entered 
the water. If the trough was at right angles to the direction of the 
earth’s motion, and the vibration was resolved into two components 
perpendicular and parallel to this direction, and if the water contracted 
in one of these directions, the two components of the vibration might 
presumably have different velocities. Hence the water might become 
doubly-refracting. But when the trough was rotated through 90° so 
that it became parallel to the direction of the earth’s motion, the 
velocity of the two component vibrations should become the same and 
the double refraction disappear. 

No double refraction was observed. Brace estimated that a change 
in the index of refraction of 7-8 x lO- 1 * could have been detected. 
The greatest effect which might have been expected was 1600 times 
this. 

Lorentz’s Theory. While the last experiments described above 
were performed, the views of physicists as to the nature of light had 
changed, and they were no longer thinking in terms of the elastic solid 
theory, but in terms of the electromagnetic theory. The influence of 
the earth’s motion on the electromagnetic theory was investigated very 
successfully by H. A. Lorcntz in 1895. 

He starts out from Maxwell’s equations in their usual form, referred 
to axes fixed in space, and assumes that the ions and electrons which 
form the earth’s constitution are all streaming past with velocity v , i.e. 
the earth’s orbital velocity in space. Owing to their rapid motion the 
electrons are appreciably acted on by the magnetic intensity as well as 
by the electric intensity of the light wave, and consequently new terms 
appear in their equations of motion. 

He finds as a result that in the moving body the electric intensity 
can no longer be propagated in plane transversal waves, although 
the magnetic intensity can. He also finds that the velocity of light 
in a moving body, measured with reference to fixed axes in a direction 
in which the component of the body’s velocity is u, is given by 

M + ( jidXr 

an expression almost the same as Fresnel's; Zeeman showed experi¬ 
mentally in 1915 that it represented the facts better than Fresnel’s 
expression did. Thus the body acts on the wave as if it were drag¬ 
ging with it the medium in which the latter travels, but this drift 
is purely a virtual one. According to H. A. Lorentz the ether is not 
a medium in any way analogous to matter, but purely space endowed 
with the property of propagating wave motion. 

Lorentz also finds that the results for a system moving with 
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velocity v in the x direction simplify considerably when they are 
expressed as a function of t - («r)/V 2 instead of as a function of /. 
Maxwell s equations have then the same form as for a system at rest. 

Hence * - (vx)/V 2 may be regarded as a sort of local time for the plane 
specified by x. 

The Principle of Relativity. The introduction of this local time 
and the FitzGerald contraction paved the way for the celebrated 
Principle of Relativity, which in its restricted form was introduced by 
Einstein in 1905. According to this principle the earth’s motion has 
no influence whatever upon optical phenomena, because each observer 
carries about with him his own system of space and time, and the units 
he employs to measure space and time adjust themselves automatically 
so as to eliminate the influence of the motion. 

This automatic adjustment is specified by the Lorentz transforma¬ 
tion, which is stated as follows for the case that the x\ y\ z' axes are 
moving with velocity v with reference to the x , y , z axes in a direction 
parallel to the axis of x : 

?)■ 

where k-(\ -«*/<*) * and c is the velocity of light. Maxwell’s 
equations of the electromagnetic field are invariant with respect to 
this transformation, i.e. if the equations are expressed in terms of x, 
y, Zyty and x y , z , are substituted by means of the formula* above, 
the form of the equations is unaltered. Now Maxwell’s equations sum 
up all optical and electrical phenomena ; all physical phenomena are 
supposed to be essentially electrical, and they are hence unaffected by 
the motion. J 

Of course the philosophers for long wrote about the relativity of 
time and space, but their discussions only proved its possibility. The 
distinctive feature of the new hypothesis is that it is quantitative, and 
Einstein showed that it is necessary. We have certain phenomena 
presented to us ; we have failed to construct a consistent explanation 
of them on the assumption that we are dealing with absolute time and 
space, and hence this assumption must go. 

Relativity is consequently now accepted as a faith It is inadvisable 
to devote attention to its paradoxical aspects. 

The Materiality of Light. According to Einstein every observer 
has his own system of space and time, i.e. his own ether. But they all 
have the same light wave. It is consequently easier to abandon the 
conception of the ether and think of the light itself as having substance 
and moving through the void. It is a wave-motion without a medium. 
This is simply the culmination of the development which has taken 
place since Fresnel; the ether gradually became more and more of a 
shadow, and has now vanished altogether. 


x' = K(x-vt\ y 


■=y, z‘=z, ?=k(. 
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We have seen that the light wave has energy and momentum. If 
E is the energy per unit volume of a light wave, E/c is its momentum 
per unit volume where c is the velocity of light. It can be shown by 
different lines of reasoning that the wave has a mass per unit volume 
ual to E/c 2 . We were in a measure prepared for this by Boltzmann’s 
ether engine ; if light can be enclosed in a cylinder and put through a 
Carnot cycle, and if it be granted the attribute of temperature the same 
as a gas, it is not easy to deny it the property of inertia. 

The value of the mass can be determined most easily in the following 
manner. Let Fig. 339 represent a light-tight tube with equal bodies 
of mass M at its ends. Let us suppose 
that A has initially more energy than B, 
and that it discharges this excess energy 
as light in the direction of B. A receives 
a backward impulse I when the light 

leaves, B a forward impulse I when it arrives, as a consequence of the 
licrht possessing momentum. Let l be the distance from A to B. Then 
during the time l/c the system travels towards tLe left with velocity 
l/(2M), and is consequently displaced a distance 

\ * = A 

2Mc 2Mc 


B 


Fio. 339. 


in this direction. But by Newton’s third law the centroid remains in 
the same place. Thus, if the mass 2M is displaced the above distance 
towards the left, another mass must be displaced towards the right. 
The only thing which moves towards the right is the light which travels 
a distance l. Thus we must assume that it has mass, and that this 
mass is given by 

— x 2M divided by l 
2Mc 


i.e. l/c. Now I the impulse is equal to the momentum E/c, where E is 
in this case the whole energy of the light. Hence its mass is E/c 2 . 
We have, of course, assumed in the proof that the mass of the light is 
small in comparison with M. 

The mass of the quantum, /<v/c 2 , increases with its frequency. If it 
is put equal to the mass of an electron, the value of the wave-length works 
out at 2-4 x 10“ 10 cm., which falls in the y-ray region. 


The Einstein Star Shift. Light having momentum, temperature, 
and mass, the next property to arrive was weight. This came in 1915 
as a consequence of Einstein’s general theory of relativity promulgated 
in that year. The general theory of relativity dealt with gravitational 
attraction which was now shown to be a property of space. It led to 
a very slight modification of the Newtonian law. This slight modifica¬ 
tion explained in a satisfactory manner a long outstanding discrepancy 
in the motion of the planet Mercury. At the same time the general 
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• 

theory of relativity predicted that a ray of light would be slightly 
deflected by a strong gravitational field. It had previously always 
been taken for granted that when a ray of light from a star passed by 
the edge of the sun to the eye of an observer at E on the earth’s surface 
it did so undeflected as in Fig. 340. Its path was a straight line, and 
the observer saw the star actually where it was. According to Einstein 
the ray of kght was bent as in Fig. 341, and the observer saw the star 
in the direction S and not in its true position at S. A measurable 
effect was to be expected only in the case of the sun’s gravitational field 


4 

E 




- ♦ 

Star 


Fio. 340. 


£ 



sr 


Fio. 341. 


which is, of course, much stronger than the earth’s ; the acceleration of 
gravity is 27-6 tunes as great on the sun as on the earth, and a man who 
weighs 11£ stone on the earth would weigh 2 tons on the sun. 

Stars are not visible in the neighbourhood of the sun except at an 
eclipse, when the light of the latter is hidden. Let a, b, and c be the 
true directions of the stars and S the position of the sun as seen at an 
eclipse ; then according to Einstein’s prediction the stars should be 
seen in the directions A, B, and C. They are displaced outwards radially 

from the sun, and the displacements, a A, bB, 
cC, are inversely proportional to the distance 
from the sun’s centre. The displacement is 
extremely small, being only 1*75 seconds at 
the sun’s edge, and during an eclipse we 
cannot observe close to the sun owing to the 
light from the corona, so the actual deflec¬ 
tions we might expect to observe are 
considerably less than this. But they are 
nevertheless within the power of modem 
instruments. An eclipse of the sun occurred on May 29, 1919, in a 
part of the sky where there were stars suitable for observing on, and 
an attempt was made to test the prediction. 

Two expeditions were despatched from this country for this purpose, 
Professor Eddington and Mr. Cottingham to the island of Principe 
on the coast of Africa, and Dr. Crommelin and Mr. Davidson to Sobral 
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in Brazil. The method employed was to photograph the sky in the 
neighbourhood of the sun during the eclipse and then photograph the 
same field at another time, when the sun had moved to a different 
part of the sky. The plates were then examined to see whether or 
not the stars were displaced relatively to the sun during the eclipse. 
Owing to the war the expeditions were not so well equipped as was 
desirable, but after the plates were measured and the results reduced, 
it was found that the Principe expedition got a deflection equivalent 
to 1*61" at the sun’s edge, and the Sobral expedition 1*98" with 
one telescope ; with another instrument the Sobral expedition got 
inconclusive results which were attributed to the sun’s heat distorting 
the coelostat mirror. The mean of the two results, 1-61" and 1-98", 
i.e. 1-795*, is in good agreement with Einstein’s prediction. 

Another eclipse occurred in 1922. The American expedition sent 
to Wallal in Western Australia to observe it obtained a mean shift 
of 1-74", only -01" less than the predicted value. This result was 
based on the measurement of 80 stars. The effect can be regarded, 
therefore, as established beyond all doubt. 

The general theory of relativity also predicts that spectral lines 
will be slightly displaced in an intense gravitational field, that lines 
in the solar spectrum should not have exactly the same wave-length 
as the same lines when produced by a terrestrial source. The effect 
is a small one, only about ifc A.U. in the blue part of the spectrum, 
and there are many disturbing factors. But by 1924 these were 
disentangled, and it is now agreed that the verdict is in favour of Ein¬ 
stein on this point also. It has also been discovered that the gravi¬ 
tational field is much stronger at the surface of certain stars than at 
the surface of the sun, and an Einstein shift of the order of half an 
Angstrom unit has been found by Dr. Adams in the spectrum of the 
dwarf companion of Sirius. This is in further confirmation of the 
theory. 

It should be noted that, if E is the energy per unit volume of the wave 
and g the acceleration of gravity, the weight per unit volume is 
E^/c 2 . 

Conclusion. At first light was regarded as consisting of rays, but 
as a consequence of the discovery of interference rays gave place 
to waves and an ether. The ether became unsubstantial, and the 
wave-theory became part of electromagnetic theory. Electromagnetic 
theory proved unable to explain the interchange of energy between 
light and matter, as a consequence of which the quantum theory is now 
in process of development. But neither electromagnetic theory nor 
quantum theory can explain the Einstein star shift; this requires 
that the ray should have weight in the ordinary sense of the word, or 
that space-time should have curvature. There is no finality. As 
experimental methods become more refined, it becomes impossible for 
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any one theory to cover all the facts, and we must make up our minds 
that light will never be exactly like our conceptions of it, and that 
there will always be an unexplained residue. 

The Ives-StilweU Experiment. If the Michclson Morley interfero- 
meter suffers a FitzGerald-Lorentz contraction, the observer moving with 
it should see no shift of the interference bands, but the time taken by the 
light to pass through the instrument would be affected by the motion. 
If in addition all clocks moving with the interferometer go slow in the 
ratio 1 to (1—t; 2 /c2) *, this effect should disappear also. 

The slowing of clocks in a moving system is known as the time dilatation. 
Its existence was proved directly by H. E. Ives and G. R. Stilwell in 1938. 
They used not clocks but hydrogen ions. These wero projected as canal 
rays in a vacuum tube and their spectrum was examined by a high power 
grating spectrograph. It was found that as a result of the motion the 
lines of the spectrum were displaced towards the red in accordance with 
the formula. So the electron in the moving ion actually does vibrate 
more slowly. 

This effect exists in addition to the Doppler effect and, unlike the latter, 
is the same in all directions. It is very much smaller than the latter. 

EXAMPLES 

(1) A plane wavo is incident at an angle 4> on the plane surface of a piece 
of glass, which is moving with velocity v in the direction of the normal to the 
surface. Find the value of the angle of reflection by applying Huygens’s 
principle. 

(2) Find the angle of refraction in the preceding problom, given that p is the 
refractive indox of the glass. 


NOTES 


The Velocity of Light. The principal determinations of the velocity 
of light were recalculated in the light of later knowledge by Birge in 1941 
and by Dorsey in 1944, and the following table which is taken from Dorsey's 
review, states in thousand kilometres per second the results which, in his 
opinion, the various experimenters obtained. 


Cornu, 1872 . 298-5 

Cornu, 1876. 299-9 

Perrotin and Prim. 1908 .. .. 300 

Newcomb, 1880-82 . 299-78 

.Michelson, 1878 .. .. .. 300 

Michelson, 1879 . 299 9 

Michelson, 1882 . 299-85 

Michelson, 1924 . 299-80 

Michelson, 1927 . 299-798 

Michelson, Pease and Pearson. 1935 299-774 

Karolus and Mittclntncdt, 1929 .. 299-778 

Anderson, 1937 . 299 771 

Anderson, 1940 . 299-770 

Hiittel, 1940 . 299-708 


Dorsey’s weighted mean for the whole series is 299,773 km. per sec. with a 
“ dubiety ” of perhaps, but probably less than, 10 km. per sec., and Dirge's 
weighted mean is 299,776±4 km. per sec. Many of the observers cited in 
the list have been careless in describing their work, and it is not possible by 
any amount of revision to get more out of it than has been obtained by 
Birge and Dorsey. 

The radar method “ Shoran ” has been used in America for the measure¬ 
ment of geodetic distances. With refined methods of using radar long 
distances can be measured with great accuracy. Aslakson describes 
the methods used to measure 47 lines varying in length from 67 to 367 
miles. Six of the lines could be compared with geodetic distances ob¬ 
tained from first order triangulation. In order to get the results to agree 
it was necessary to assume that the velocity of radio waves in vacuo is 
299,792±2-4 km. per sec. 

This result is confirmed by measurements made with cavity resonators. 
The frequency of stationary radio waves inside a copper cylinder of known 
dimensions can be calculated by Maxwell’s equations. The formula 
contains the velocity of the waves. The waves can be excited by con¬ 
necting an oscillator to a small probe through one of the end walls of the 
cylinder, and the frequency can be measured with a heterodyne wavemeter 
to 2 parts in 10 6 . When the theoretical and experimental values are 
equated, the velocity can be calculated. Essen and Gordon-Smith made a 
determination in this way in 1948 and obtained a value of 299,792±9 kin. 
per sec., and by refining the method Essen has since obtained the value 
299,792-5^3 km. per sec. The cavity was evacuated, so no correction was 
necessary for the dielectric constant. There is a correction due to the fact 
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that the walls of the cavity arc not perfect conductors, which raises the 
hnal value of the velocity about 0-3 km. ]»cr sec. The height of the oylindcr 
was 8-5 cm. and its diameter 7-4 cm. 

Simultaneously with this work at the N.P.L. a determination was being 
made in the same way at Stanford University in California. The cylinder 
in this case was 4-5 in. high and its internal diameter was 9-8 in. Full 
details are not yet published, but according to a preliminary announcement 
the result is 299,789-3±04 km. per sec. The limits do not include a possible 
systematic error due to a slight tarnish of the silver-plated walls of the 
cavity Hence the result may be too low by possibly as much as, but 
probably less than, 0-5 km. per sec. 

We have thus four values for radio waves and one for light in close 
agreement and separated by a gap of 16 km. per sec. from Birge’s mean. 
There is no a priori reason why the velocities of light and of radio waves 
should be exactly the same. This is usually taken for granted, but there 
are two essential differences between them. 

(а) There are no quantum phenomena associated with radio waves. 

(б) A wave from one aerial can be measured, but we cannot investigate 
a light wave from one atom. There is always a jumble of waves from a 
crowd of atoms. 

Quite apart from this “ constants ” of nature usually vary somewhat over 
their range. Essen’s measurements were made at 3000 megacycles per 
sec. The wave-length would thus be 10 cm., i.e. 200,000 times greater than 
the wave-length of light, and it is demanding much of a “ constant,” when 
we ask it to remain constant to one part in 20,000 over such a large range. 

1 he difficulty about the above considerations is, that they do not explain 
Bergstrand s result. Birge’s value for the refractive index of air is a bad 
one ; if the latest value is used, one-third of the gap is closed and my own 
value goes up to 299,782^9 km. per sec. But the position is an unsatisfac¬ 
tory one, and a further determination of the velocity of light is required. It 
now possible to determine this constant with an accuracy of $ km. per sec. 

The Ether. Old ways of thought about the ether are now reasserting 
themselves. There are two experiments which the principle of relativity 
cannot explain, namely Sagnac’s experiment, made in 1914, and Michelson’s 
experiment on the rotation of the earth, which was made in 1925. 

In Sagnac’s experiment a source of light, interferometer and photo¬ 
graphic plate are mounted on a disc of 50 cm. diameter which can be 
rotated seven times per second about its axis. The beam divides and goes 
round the path, one-half against the rotation, the other half with the 
rotation. The interference bands shift when the disc rotates. So an 
observer situated on the disc would be aware of his motion. 

Michelson’s experiment was simply the same thing with the earth itself 
substituted for the disc. Owing to the smaller angular velocity the path 
had to be a rectangle of 613 and 340 metres side. The results were again 
positive. 


TABLES 


Indices of Refraction of the Principal Types of Optical 
Glasses made by Chance Brothers & Co., Limited, Birmingham 


Glass 

type 

Name 



bv-Hd 

/**-/** 

483703 

Fluor crown 

• 

• 

1-48278 

0 00213 

0-00474 

0 00361 

610644 

Borosilicate crown 

• 

• 

1-50970 

0 00243 

0-00548 

000420 

619604 

Hard crown 

• 

• 

1-51899 

000262 

000597 

0 00467 

640695 

Light barium crown 

• 

• 

1-54065 

000277 

0-00631 

0-00493 

672677 

Medium barium crown 

• 

• 

1-57220 

000299 

0-00691 

000543 

614599 

Dense barium crown 

• 

• 

1 61415 

0 00313 

0 00713 

000558 

613685 

Denso barium crown 

• 

• 

1-61239 

0 00318 

000728 

0 00571 

610573 

Dense barium crown 

• 

• 

1-61029 

000323 

0-00743 

0-00584 

615562 

Denso barium crown 

# 

• | 

1 61452 

0-00332 

000761 

0-00601 

610533 

Dense barium crown 

• 

• 

1-60982 

000345 

0-00799 

000632 

615570 

Soft crown . 

• 

• 

1-51616 

000274 

0-00630 

000496 

630520 

Telescope flint 

• 

• 

1-53042 

0 00310 

0-00711 

0 00561 

551515 

Barium light flint 

• 

• 

1-65119 

000323 

0 00748 

0-00597 

648456 

Extra light flint . 

• 

• 

1-54769 

000360 

0 00841 

0-00681 

605438 

Barium flint 

• 

• 

1-60483 

0-00410 

000970 

000787 

623396 

Barium flint 

• 

• 

1-62274 

000464 

0 01110 

0-00910 

578407 

Light flint . • 

• 

• 

1 57838 

000422 

001000 

0-00816 

623360 

Denso flint . . 

• 

• 

1-62258 

0-00509 

001218 

0-01005 

651336 

Extra dense flint . 

• 

• 

1-65108 

000568 

001372 

001141 

748278 

Doublo extra dense flint 

• 

1-74842 

0-00776 

001911 

001619 


Tho wave-lengths d and g are helium 6875 and mercury 4359. 


Refraction and Dispersion of Gases 

The second column gives the index of refraction for sodium light 
reduced to a standard density at 0° C. and 760 mm. on the assumption 
that (/x — 1 )//> is constant. The third and fourth columns give the 
constants of the formula /*-1 = A(1 + B/A 2 ), where A is measured in 
cm. ; this formula represents the index of refraction throughout the 
visible spectrum. 



Gas 



/*D 

A 

B 

Air 

• • 

• 

• 

1 0002918 

28-71 10- 5 

5-67 10- 11 

Hydrogen 

• • 

• 

• 

1 0001384 

13-58 „ 

7-52 „ 

Helium • 

• • 

• 

• 

1-0000350 

3-48 „ 

2-3 

Oxygen 

• • 

• 

• 

1 000272 

26-63 „ 

5-07 „ 

Nitrogen 

• • 

• 

• 

1-000297 

29-06 „ 

7*7 


607 
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Indices of Refraction of Solids and Liquids 
with Respect to Air 


Wave-length 


Ultra-violet 
A1 1857 
Cd 2144 
Cd 2313 
Cd 2749 
Cd 3404 
Cd 3612 
Visible 
H 3968 
H 4340 
H 4861 
Na 5893 
Li 6708 
K 7685 
Infra-red 
1-Ott 
20 „ 
30 „ 
40 „ 



Carbon Bisul< 
phide 

Quartz atl8°C. 

Iceland Spar at 
18° C. 

Fluo¬ 

Rock 








rite at 

Salt 



Ord. 

Ext. 

Ord. 

□ 

18° C. 

at 18°C. 





1-6750 

1-6891 


■ 


1-8933 

1-4040 


— 

1-6304 

1-6427 

1-8456 

1-5598 

1-4848 

1-7322 

1-3888 


■— 


1-6256 

1-8023 

1-5454 

1-4752 

1-6H84 

1-3664 

20348 

2 0047 

1-5875 


1-7414 

1-5226 


rr~i 

1-3504 

— 

— 

1-5674 

1-5774 

1-7008 

1-6056 

1-4478 

1-6860 

1-3474 

1-7572 

1-7381 

1-5634 

1-5732 

1-6932 

1-6022 

1-4463 

1-6784 

1-3435 

1-7199 

1-7018 

1-5581 

1-5677 

1-6832 

1-4977 

1-4421 

1-6682 

1-3404 

— 

— 

1-6540 


1-6765 

1-4943 


1-6612 

1-3371 

1-6713 

1-6547 

1-5497 

1 A'? 

1-6678 


1-4371 

1-5534 

1-3330 

1-6436 

1-6276 

1-5442 

1-5533 

1-6584 


1-4338 


1-3307 

1-6328 

1-6168 

— 

— 

1-6637 

1-4843 

1-4323 

Ic .H?«l 

1-3289 

1-6241 

1-6087 

1-5390 

1-5479 

1-6497 

1-4826 

1-4309 

1-6367 

1-3249 

— 

1-5968 

1-5350 

1-5437 

1-6436 

1-4801 

1-4290 

1-5321 

— 

— 

1-584 

1-521 

1-529 

1-626 

1-475 

1-4239 

1-5267 

— 

— 

— 


— 

— 

— 

1-4179 

1-5241 




1-465 

" 



1-4097 

1-6218 


Carbon bisulphide is used frequently as a standard substance in 
determining refractive indices by total reflection methods. Its refrac¬ 
tive index varies rapidly with the temperature. Hence it is in veil 
both for 0° and 20° C. 


Indices of Refraction for Sodium Light at 15° C. 


Alcohol, amyl . 

• 

• 

. 1-41 

Ether, ethyl 

1-352 

Alcohol, ethyl . 

• 

• 

. 1-362 

Glycerine . 

1-463 

Alcohol, methyl 

• 


. 1332 

Ice . 

1-31 

Aniline 

• 

• 

. 1-590 

Mica .... 

1-56 to 1-60 

Benzene . 

• 

• 

. 1-504 

Methylene iodide. 

1-742 

Canada balsam . 

• 

• 

. 1-53 

Monobrom naphthalene 

1-660 

Cedar oil 

• 

• 

. 1-516 

Paraffin oil. 

1-44 

Chloroform 

• 


. 1-446 

Ruby 

1-76 

Diamond . 

• 

• 

. 2417 

Sugar. 

Turpentino 

1-54 to 1-67 
1-48 


Rotation in Quartz per mm. at 20° 0. 


m 

H 4861 

T1 6351 

Na 5893 

H 6563 

Li 6703 


D 

20-53 

21-72 

__ 

17-3 

16-4 
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Percentage of Light reflected by Metal Mirrors 
(E. Hagen and H. Rubens) 


Wave-length 

Speculum 

Metal. 

68-2 Cu +31-8 Sn 

Electrolytically 

Deposited 

Nickel 

Electrolytically 

Deposited 

Platinum 

Chemically 

Deposited 

Silver 

Ultra-violet 





•251 M 

29-9 

37-8 

33-8 

34-1 

•288 

37-7 

42-7 

38-8 

21-2 

•305 

41-7 

44-2 

39-8 

91 

•316 

— 

— 

— 

4-2 

•326 

— 

45-2 

41-4 

14 6 

•338 

— 

46-5 

— 

655 

•357 

51 0 

48-8 

43 4 

74-5 

•386 

63-1 

496 

45-4 

81-4 

Visible 





•420 

66-4 

56-6 

51-8 

86-6 

•450 

600 

59-4 

54-7 

90-5 

•500 

63-2 

00 8 

58-4 

91-3 

•550 

640 

62-6 

Oil 

92-7 

•600 

64-3 

64-9 

64-2 

92-6 

•650 

65-4 

66-6 

06-5 

93-6 

•700 

66-8 

68-8 

69 0 

94-6 

Infra-red 





•800 

— 

69-6 

70-3 

96-3 

100 

70-5 

720 

72-9 

96-6 

1-5 

750 

78-6 

77-7 


20 

80-4 

83-5 

80-6 


30 

80-2 

88-7 

88-8 


40 

88-5 

911 

91-5 


50 

89-1 

94 4 

93-5 


70 

90 1 

94-3 

95-5 


90 

92-2 

950 

95-4 


no 

92-9 

959 

956 


140 

936 

97-2 

96-4 



Drude’s Values for the Optical Constants of Metals for 

Na Light 


Metal 

K 

¥ 

Silver ... 

307 

018 

Gold . . . 


037 

Platinum 


206 

Copper . 

2-62 

064 

Steel 

3-40 

2-41 

Sodium ... 

2-61 


Mercury . 

4-96 

1-73 
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A TREATISE ON LIGHT 


Calibration of the Ultra-violet 

The following spectral lines are useful for calibrating a spectro¬ 
graph of moderate dispersion. They are produced by passing the 
spark in air between terminals of the metals in question, a condenser 
being connected up in parallel with the spark. The zinc lines printed 
in heavier type are prominent and easily recognised. The air lines 
become stronger if the condenser is removed. The three aluminium 
lines require a very long exposure. The sensitiveness of the photo¬ 
graphic plate is low for wave-lengths smaller than 2300. The 
relative brightness of the different lines depends on the induction coil. 


A1 1852-2 

Cd 2194-7 

Zn 3072-2 

Pb 4060 

Air 6006-0 

„ 1933-6 

„ 23129 

„ 3282-4 

., 42466 

„ 6679-1 

.. 1988-1 

Zn 2516 0 

» 3303-0 

., 4387-3 

„ 6933-1 

Zn 2024-3 

.. 2558 0 

.. 33451 

Zn 4722T 

„ 6942-6 

.. 2061 0 

2771-0 

Cd 3404 

.. 4810-5 

Zn 6103-0 

» 2098-8 

„ 2801-0 

„ 3467 

.. 4912 0 

6363-7 

.. 2138-3 

„ 3035-9 

„ 3612 

Air 5003-0 



Wave-length and Colour of the Principal Fraunhofer Lines 

The first column gives the name of the line, the second the element 
that produces it, and the third the wave-length in A.U. 


Indigo and Violet, 3600-4550 

Yellow, 6500-5880 

iv 

Ca 

3933-6 

Orange, 6880-6470 

H 

Ca 

3968-4 

D, He 

6875-6 

h 

H 

4101-8 

D, Na 

6890-0 

9 

Ca 

4226-7 

D. Na 

5895-9 

G 

Fc. Ca • 

4307-9 

a O 

6278-1 

G' 

Fo 

4326-8 

Red. 6470-77 

00 

/ 

H 

4340-4 

C H 

6662-8 

e 

Fo 

43836 

B O 

6870 

Blue, 4550-4920 


a 

7185 

d 

Fo 

4668 

A 

7661 

F 

H 

4861-4 



Green, 4920-5500 




c 

Fo 

4957-6 



*4 

Mg. Fe* 

5167-4 




Fo 

6169-0 




Mg 

6172-7 


- 

b t 

Mg 

6178-2 



E 

Fo 

5269-6 




• There are two lines here, one belonging to each element, which can be separated 
by a high resolving power. 





Percentage Transmitted g? Percentage Transmitted 
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Wave-lengths 


343.—Percentage transmission of Chanoe’a ultra-violet glass filter and the Kodak 
(Wratten and Wainwright) standard trichromatic gelatine filters. 



Wave - lengths 


Fio. 344.—Percentage transmission of the Kodak (Wratten and Watnwrtght) mono. 

chromatio gelatine filters. 

17 
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A. TREATISE ON LIGHT 


Hue, Saturation, and Brightness of Different Colours 

(Sir Wm. Abney) 


Colour 

Dominant 

Wave-length 

Percentage of 
White Light 

Luminosity 
(White = 100) 

Vermilion. 

6100 A. 

25 

14-8 

Emerald green . 

5220 

59 

22-7 

French blue. 

4720 

61 

4*4 

Brown paper .... 

5940 

60 

25 

Brown paper (greyer) 

6670 

67 

19-5 

Orange. 

5915 

4 

62-5 

Chrome yellow 

5835 

26 

77-7 

Blue green. 

5005 

42-5 

14-8 

Eosin dye (“ Sporting Times ”) 

6400 

72 

44-7 

Cobalt. 

4820 

65-6 

14-5 


Percentage of Light Extinguished per Inch of Various 
British Optical Glasses (W. D. Haigh) 


Name 

Rcfractivo 
Index. n„ 

Mo-1 
Mr - Mo 

Ultra-violet 
3600 A. 

Green 
6200 A. 

Red 
7000 A. 

Boro-silicate crown 


636 

6 25 

19 

3-00 

Extra-light flint. 


51 4 

2034 


3-37 

Barium light flint 


51-5 

8-46 


2 11 

Light flint. 

1-5795 

l&g * 

13-06 

1-82 

3-01 

Denso barium crown . 

1-6150 

56-1 

23-98 

3-39 

4-38 


The use of the diagram below will be best understood by considera¬ 
tion of a particular example. Suppose that a convex lens forms a real 



Fio. 345.—Nomogram for Determining the Focal Lengths of Lenses and Mirrors. 


image, that the object and image distances are 80 and 40 cm., and 
that it is required to determine the focal length. Lay off lengths of 
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80 and 40 units along 0U and 0V, and join their ends by the broken 
line. Then the point on the diagonal scale intersected by this line 
gives the focal length. If after substituting the values of object and 
image distance in the formula, the two terms have different signs, 
e.g. case of convex lens forming a virtual image, then one of the 
lengths must be laid off along 0U r instead of along 0U. 


17* 



A TREATISE ON LIGHT 

TABLE OF RECIPROCALS FOR CALCULATING FOCAL LENGTH8 
Numbers in Difference Columns to be Subtracted, not Added 


0 0010000 

0 0009091 
0 0008333 
00007692 

00007143 
0*0006667 
0 0006250 |*3211 

00005882 
00005556 
0 0005263 523 

0 0005000 197 

000047G2 1739 4717 469 
0 0004545 452 
0 0004348 


367 2 
202 4184 2 


00004167 


0*0003846 


I'l'I'I'JK'JJ ML 


00003704 
0 0003571 
0*0003448 

0*0003333 

0000322G 
00003125 
0 0003030 


34 0 0002941 2933 

35 0 0002857 

36 0*0002778 

37 0*0002703 

38 00002632 

39 00002564 

0 0002500 

00002439 
00002381 
0*0002326 

0*0002273 
0*0002222 
00002174 

0*0002128 
0*0002083 
0 0002041 

0 0002000 

51 1 0*0001961 Il96 

52 0*0001923 

53 0 0001887 


0*0001852 



12 3 

4 5 6 



9 18 27 

36 46 65 

8 15 23 

30 38 45 

6 13 19 

26 32 38 

5 11 16 

22 27 33 

5 10 14 

19 24 29 

4 8 13 

17 21 25 

4 7 11 

15 18 22 

3 6 10 

18 16 20 

3 6 9 

12 16 17 

3 5 8 

11 13 16 

2 6 7 

10 12 14 

2 4 7 

9 11 18 


7 8 9 


14 16 18 
7 9 111 13 14 16 


2 8 51 7 8 10 12 18 15 
6 8 9 11 12 14 
8 10 11 18 

8 9 1112 
9 10 11 
8 9 10 


7 8 9 
7 8 9 
6 



2 3 8 
2 3 3 


l 1 2 


3 3 3 
2 3 8 



































































TABLE 515 

TABLE OF RECIPROCALS FOR CALCULATING FOCAL LENGTHS 
Numbers in Difference ColumJis to be Subtracted, not Added 


55 0*0001818 |I81 

56 0*0001786 
67 00001751 

58 0 0001724 

59 00001695 

60 0 0001667 

61 0*0001639 163 

62 0*0001613 

63 0*0001587 

64 0*0001563 

65 0*0001538 

66 0*0001515 

67 0*0001493 

68 0*0001471 

69 00001449 

70 0*0001429 

71 0*0001408 

72 0*0001389 

73 0*0001370 

74 0*0001351 

75 0*0001333 

76 0 0001316 

77 0*0001299 12 

78 0*0001282 12 

r9 00001266 

JO 0*0001250 
81 00001235 

2 0*0001220 

3 0*0001205 

4 0 0001190 

5 0*0001176 

86 0*0001163 

87 00001149 1 

88 0 0001136 l 

89 0*0001124 1 

90 0*0001111 1 

91 0 0001099 1 

92 0 0001087 l» 

93 0*0001075 H 

94 0*0001064 U 

95 0*0001053 l( 

90 0*0001042 104 

97 0*0001031 103 

98 0 0001020 IlC 

9 0*0001010 1 


8 9 


8 




2 3 3 
2 2 3 
2 2 3 


2 2 2 3 

2 2 2 3 

2 2 2 2 


2 2 2 2 

0 0 1 111 222 
0 0 1 111 222 

001 111 2 22 

001 111 222 
0 0 1 111 222 

0 0 1 111 222 

0 0 1 111 222 

0 0 1 111 122 

001 111 122 

0 0 1 111 122 

0 0 1 111 122 

0 0 1 111 112 

3ld 001 111 112 

0 0 1 111 112 
0 0 0 111 111 
0 0 0 111 111 

) 0 0 111 111 
. .) o 0 1 1 1 1 1 l 

12221221 I 0 0 0 111 111 

) 0 0 111 111 
) 0 0 111 111 
>00 111 111 

>00 111 111 

>00 111 111 
>00 111 111 
1 0 0 111 111 

0 0 0 111 111 
000 111 111 
0 0 0 0 1 1 111 

000 011 111 
000011 111 
000 011 111 

0 0 0 011 111 

032| 0 0 0 0 1 ll 1 1 1 
02 



































ANSWERS 


CHAPTER I 

I. Consider the case of two holes and a short line image parallel to the line 
joining them. 2. 1141. 3. Three. 4. Six, last two coincident. 5. Use 
the fact that 0 is an ex-centre of A p Q R - 7. 29° 58-2'. 8. 5-33 ft. 9. 3 04 cm. 
10. 3-42 cm. above paper. 11 and 12 are easy geometry. 13. Take a slightly 
displaced ray in the plane of incidence, and show that the displacement is second 
order. Then displace the ray outside this plane. 14. Cf. Fig. 25. Put pb + bq 
= PA+AQ. 


CHAPTER II 

1. 13$ cm. and 6 cm. from mirror. 2. 66-6 cm. 3. The image is at first 
9 in. from the nearer end and gradually approaches it. 4. 6-98 cm. behind 
mirror, height 3-49 mm. 5. 11-28 mm. from surface. 6.' 20j cm. from lens on 
opposite side from mantle ; lowered 2^ cm. 8. 64 cm. 9. 44-6 cm. 12. In 

4/ express/in terms of u and v. 13. 231 cm., 115-4 cm. 14. The 
mirror must be small and the incidence normal. 15. This can be shown with 
spectacles; briefly it is because the lenses deflect the narrow beam entering the 
eye in the same way as a prism does. 17. About 8 metres. 18. Since two 
neighbouring rays have the same optical length, it can be shown that one of 
them is stationary; hence result. 19. (a) 25-8 cm. beyond convex; (6) 174 
cm. beyond concave. 

CHAPTER III 

2. Cf. p. 36. 4. Principal planes coincide at centre of lens, focal planes are 

distant 28-3 cm. from lens in air and 37-7 cm. in water. Nodal points coincide 
9-4 ora. from lens in water. 5. 7-5 cm. from centre on other side ; magnifi¬ 
cation 1-5. 6. Nodal points coincide at centre ; focal planes are 1-727 cm. from 
centre in water, and 2-302 cm. from centre in air; principal planes are 0-576 
cm. from centre on side next air. 4-07 cm. from centre on opposite side from, 
and 3-23 cm. from centre on same side as object; magnifications —1-02, 2-2. 
8. N.B. / is measured in cm. 9. Cf. p. 43. 10. 46-15 cm. (a) 599 cm. from 
convex surface, (6) 718 cm. from convex surface, in each case on opposite side 
of lens from object. 11. If we take an origin in the convex surface, and measure 
distances into air positive, OF, = 129-0, OH,=0-7, OH a =0, 0^=— 42-2, 
0N 2 =— 42-9, 0F a = —171-2, and 0P =+ 11-4-0, where P is the position of the 
image. 12. +<£ 2 +<*//*)> " here p is the refractive index of water, and 

<£, and <f> 2 aro the smaller values of the focal lengths of the two lenses. 

CHAPTER IV 

2 0-076, 0-303, 0-682, 1-212 mm. 4. 19-7 cm. and 65-1 cm. from mirror; 
roughly 3-5 and 11-5 cm. long. 5. Use Fig. 15 and suppose it rotated slightly 
about PH ; vJu= QS/PS; then differentiate sin r=p sin i and substitute 
expressions for dr and di. 6. Yes. 7. / D =20-54 cm., /d'= 34-85 cm. ; F # = 
49 85 cm.; F a =50-13 cm. 8. The proof is given in various books, e.g. Preston 8 
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Light , Chapter V. 9. The formula is 1 /— v=4-4 h*/r. 10. The ratio v/v' 
should have the same value for the regions id, dF, and F g. As a preliminary 
v should be calculated for each glass for each of these regions, and the results 
graphed against n d . 

CHAPTER V 

1. 48-5 cm. to right of concave lens, 2-77 cm. high. 3. The bright one; 
the faint one is due to light which misses the concave lens owing to the part 
being broken off. 5. About 50 metres. 6 . The images are formed on the 
opposite side of the lenses from the object (a) 39-28 cm. and 19-82 cm., ( 6 ) 
39-28 cm. and 2200 cm. from the lenses. 8 . 17} cm., 20 cm. At a distance of 
13} cm. from the lenses. 9. 5-01 cm. 


CHAPTER VI 

1. It will be half as bright and there will be a slight deterioration in definition 
2 . g second. 


CHAPTER VII 

1. 8-7 mm. 2. Take the sines of the angles of incidence and refraction equal 
to the angles themselves. 3. i and r are fixed ; r+r^A ; hence r" increases 
with A. and the greater r', the greater the deviation at the second face. 5. Four- 
figure logarithms show no difference. 6 . The change in deviation is 12 seconds ; 
accurate work should show a difference. 8 . The deviation is 2»—6r+27r. 
Hence dr/d»=}. The procedure is otherwise the samo. 

CHAPTER VIH 

1. 6-88 Xl0 l * miles. 2. 16-96 mis. per sec., 0-00912 per cent. 3. For a 
point on the equator the diurnal rotation is about fa second of arc and will have 
to be allowed for in accurate work. 5. 20-47', 20-47' sin 9. 6 . 3rd, 4th, 5th, 
and 6 th. 2-993 x 10 s km. per sec. 8 . V=4o>RM* • LS/(RM + Rl> PP'. 

CHAPTER IX 

2. Use the condition that the tangential component of the momentum is 
unaltered. 6. Regard retina as screen on which the bands are focussed ; result 
,\/(2 d) radians. 7. 0-172 mm. 8. 0-84 times amplitude of incident wave. 
9. 1 and 0-8349; in the second case cc'Gir 1 ), i.e. 0-992 and 0-8281. 
11. 2380 cm. 12. Elliptical, lengths of major and minor axes being in ratio V 2 to 1 . 
13. The spectrum is covered with dark bands which get further apart as film 
becomes thinner; cf. Edser and Butler’s method of calibrating a spectroscope, 
Chapter XIV. 14. It decreases 8-4 XlO " 4 or 24-9 X 10 “ 4 ; data are not complete. 

CHAPTER X 

1. Area is {n- cos ” 1 d/\ZpnA)pA. The second part is best done graphically. 
For sodium light and n=100, d comes out about } cm. 4. Take cos rv a as 
V cos Inv'xl/v. 5. Each vibration can be put in the form a cos nt+b sin nt. 
Then proceed graphically. 7. If the origin is in one comer and the * and y 
axes along the sides, the path difference is of the form lx+my and the expression 
for the amplitude of the form sin a sin flap. 12. The angle of the prism is given 
by ( M - l)e sin 9=nX. 13. About 1-4 cm. 14. (a) About 19-9 mm., ( 6 ) about 

0-9 mm., (c) about 4-8 mm. The glasses are those specified on p. 61. 


CHAPTER XI 

« i .AiQI 2. 20® 1' and 18° O'. 3. 41° 4' and 41° 54'. 4. 31° 29', 28° 46'. 
5 3-71 mm. 6 . The equation is ii 0 d(l—n*/ t i 0 *)e 1 =2n\. 

CHAPTER XII 

1 81° 3'. 2. 1-923X10 10 cm. per sec., 1-882X10 10 cm. per sec., 4-40 Xl0 “ 4 
cm.*, 8-80 X10 " 4 cm. 3. 1-637X lO”* cm. 


CHAPTER XIII 

1 619 X 10 -3 cm. 3. Resolve the vibrations parallel to the three coordinate 
R To approximately *, A* and A minute. 6 . The spectrum is ex- 
?. J.Uhftd wherever the rotation is a multiple of n, i.e. at 422, 465, 529, 646 m/x. 

taking the mean from the graph. 8 . 21-67, 21*99, 21-92 degrees per 
mm 9 . 0 3335°. 10. 37-72 gm. per 100 c.c. 11. 14° 48'. 


CHAPTER XIV 

2 There are eight equations for three unknowns, and the correct procedure, 
bv least squares, is too laborious. Take the lithium, thaUium, and H y points, 
a Aflnpe the origin so as to make the coordinates of the thallium point zero. 
Thin simplifies the calculation. The values obtained in this way are A 0 =2027 A., 
A —50° 1-7' c=7-223xl0*. The constants can then be adjusted to make the 
fit hotter Changing A 0 and s 0 means parallel displacements of the whole curve, 
cLngteg c means changing its curvature. 3. If we use 6563 A., 5461 A., and 
4 *un g A 8 Aa= 23, 5 0 =3667, and c=- 7-389 X 10 4 . 4. The result may be proved 
more rapidly by using Hartmann’s formula for /x. 5. Take readings for Na with 
Wide slit as for K, placing cross-wire on (a) middle of image. ( 6 ) fixed edge of 
The difference between ( 6 ) and the ongmal value for Na will g.ve tho 
correction for Na. Li, Tl. and H. and the difference between (a) and ( b) will give 
the correction for K, since the images for the same slit width are of approximately 
Imial breadth 6. Let a and 5 be the widths of the two slits. Then the range of 
Live leneths to be found at a point in the spectrum is proportional to a+f> 
, hfi intensity to ab, and the problem reduces to that of the rectangle with 
^ven area and Minimum perimeter. 7. Angle of flint prism 76° 10' of crown 
prism 47° 16'. Deviation between C and G lines about 1° 6 . but it will depend 
on the exact position of the slit. 

CHAPTER XV 

4 . The error is due to black screen replacing the filament. It is 1 in 2500. 


CHAPTER XVI 

1 1-0979 X 10* by four figure logs. 2. It is diminished in the ratio (V-u)/(V+v). 
3 Yes • in the most favourable circumstances it is twice tho separation of the 
Na lines. 4. Solve for cos nt and sin nt from the first two and substitute in the 
third. 5. It displaces the centre about which the oscillations take place. 

CHAPTER XVII 

1 6-55x10'® erg, 4119 electron-volts. 2. 4-2 xlO 3 ergs per sq. cm. per sec. 
3. 20° 4'. 4. 2-15X10- 7 micro ampere, 6-11x10 4 erg per sec. 5. 7-9x10 
metres. 



520 


A TREATISE ON LIGHT 

CHAPTER XIX 

1. 2-48 ft. from weaker lamp towards stronger and 14-48 ft. from weaker 
away from stronger. 2. 1-OOxlO 17 . 3.3-24. 4.18-7. 5.0-91. 

CHAPTER XX 

1. Because the equivalent focal length of the eye is increased. 4. -3-3. 

CHAPTER XXI 

2. Taking the crown glass of p. 61 the result is (/z 0 -/z 0 )(f/A=226 waves. 
3 and 4 follow from the hydrodynamical analogue. 

CHAPTER XXII 

2. AVy(8rr). 3. The expression is X^X — x2nrd. 4. Proceed as on 

4 n d cr 

p. 403, but note that now £.(k,X)+^ (K t Y)+^(K # Z)=0. 

ox oy oz 


CHAPTER XXIII 


2. Taking the metals in the same order as in the tables, 0-953, 0-849, 0-700, 
0-732, 0-588,0-998 and 0-784. 3. The formula for the relative phase difference 
A >3 


tan i A = 



whore <f> is the angle of incidence in the glass and /x is the refractive index of the 
glass. There are two solutions, ^=47° 50' and 55° IT. 6. 0-0998. 


CHAPTER XXIV 

1. Gladstone and Dale’s formula is best. 


CHAPTER XXV 
4. 1-7 percent. 8. 6000° K. 

CHAPTER XXVI 

1 and 2. Let <f>f and O' be angles of reflection and refraction referred to the 
same normal. Then ^'=^+28 and sin (^-f 8)=/x sin (0'+8), where tan (^+8)= 
V tan vjcoa <f>). 
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Drude’s Optica quoted, 59. 

Dufaycolor, 393. 

Dun6r, 299. 

Duplicity theory of Von Krica, 394. 


e/m from Zeeman effect, 310. 

Echelon grating, 311. 

Eddington, 504. 

Eder and Valenta, 257. 

Edison, Thos. A., 373. 
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Lummer, 147. 

_and Gehrcke’s interferometer, 315. 

— and Pringsheim, 481-2, 485, 487, 488. 
Lummer-Brodhun photometer, 354. 

Lux, 372. 

Lyman, 325. 

— series, 294. 


u, mfi, 262. 

McLennan, J. C., 305. 

Macula lutea, 378. 

Magnetio rotation, 229. 

Magnification methods for determining 
focal lengths, 73. 

— of a telescope, 85. 

Magnifying glass, 81. 

Magnitudes of stars, 358. 

Malus, 199. 

Mascart, 147. 

Mass of light, 602. 

Maxwell, Clerk, 304, 489, 490. 

Maxwell’s equations, derivation of, 421- 
32. 

Mazda lamps, 374. 

Mean error, 80. 

Meos, C. E. K., 280. 

Mclloni, 280. 

Mercury arc, 260. 

— green lino, 305. 

Merritt and Nichols, 268. 

Metal filament lamps, 374. 

— reflection, 453-6, 474. 

Metals, dispersion of, 472-4. 

Metre in terms of wave-lengths, 151. 
Metre-candle, 370. 

Mica, constants of, 221. 

Michelson, 293, 302, 416. 

— and Morley’s experiment, 498. 

-Newcomb, velocity of light, 124. 

— diameter of stars, 153. 

— echelon grating, 311. 

— velocity of light, 124. 

Michelson’s interferometer, 150, 313, 498. 
Micromillimetres, 252. 

Microns, 252. 

Microscope, 90. 

— resolving power of, 91. 

Microscopic method of determining index 

of refraction, 13. 

Miller, W. A., 269. 


Millikan, 325, 327. 

Minimum deviation, 99. 

Mirage, 12. 

Mirror spectroscope, 283. 

— telescopes, 89. 

Mitscherlich, 257, 264. 

Mitechorlich’s saccharimcter, 224. 
Mittolstaedt, 125. 

Mohlor and Humphreys, 305. 

Moseley, H. G. J.. 322-5. 
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Perot and Fabry, 293. 
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Petzval lens, 94. 

Pfl tiger, 470. 

Pfund, A. H., 260. 

Phantom bouquet, 23. 

Phase, 132-3. 

Phosphorescence, 289. 

— effect of infra-red rays on, 290. 
Phosphoroscope, 289. 

Photoelectric cells, 328-9. 
Photoelectricity, 326. 

Photographic action, theory of, 271. 

— plates, wedge spectra of, 279. 
Photography, 270. 

— colour, 161, 392. 

Photometer, flicker, 394. 

Photometry, 351-8. 

Photomicrography, 93. 
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Photronic cell, 329. 

Pickering, 300, 337. 
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— radiation formula, 486. 
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Poynting’s theorem, 440-2. 
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planation of, 158. 

Reflection and refraction on electro¬ 
magnetic theory, 445-56. 
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Sensitiveness of eye to light of different 
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Siegbahn, 325. 

Silberstein, S. L., 272. _ . 
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Sky, colour of, 187. 

Slit, diffraction at, 176-8. 

“ Slit width ” correction, 287. 

Solar infra-red spectrum, 288. 

Soleil’s Babinet compensator ,449. 

— saccharimeter, 227. 

Sommerfeld, 339. 

Soret’s fluorescent eyepiece, 270. 

Spark, electric, 257. 

Specific refraction, 467. 

Spectral series, 294-8. 

Spectrograph, quartz, 274-5. 

— wedge, 279. 

Spectrometer, 99-108. 


Spectrometer polarisation, 450. 

— X-ray, 322. 

Spectrophotometer, Nutting. 365. 
Spectrophotometrio results, 364. 
Spectrophotometry, 359. 

Spectroscope, 247-52. 

— calibration of, 252. 

-in infra-red, 283. 

— direct vision, 249. 

— wave-length, 251. 

Spectroscopy, foundation of, 262-4. 
Spectrum, discovery of, 245. 

Spinning electron, 339. 

Spherical aberration of concavo mirror. 
51. 

-of eye, 380. 

-of thin lens, 57. 

Spherical lens, 44. 

— mirrors, 19-23. 

— surface, refraction at, 24-5 
Spiral, Cornu’s, 171. 

Star magnitudes, 358. 

Star shift, Einstein, 503. 

Stark effect, 316. 

Stark's work on canal rays, 302. 

Stars, diameter of, 153. 

Stationary light waves, 457. 

Stefan’s law. 484, 487, 488. 

Stellar motion in lino of sight, 300. 

— spectra, 300. 

Stereo-micrometer, 383. 

Stereoscope, 383. 

Stewart, Balfour, 262. 

Stokes. 267, 269, 273. 

Stokes’s theorem, 422. 

— treatment of reflection, 140. 

Straight edge, diffraction at, 168-73. 
Strain, double refraction produced by, 

238. 

Stress, optical determination of, 228. 
Structure of spectral lines, 305. 

Sun, temperature of, 489. 

Supersonic waves, 191. 

Svcdborg, 272. 

Swan photometer, 354. 

— spectrum, 300, 373. 


Talbot’s bands, 414. 
Telephotography, 95. 
Telescope, astronomical, 82. 

— Cassegrainian, 89. 

— Galilean, 87. 

— Gregorian, 89. 

— Herschelian, 89. 

— resolving power of, 186. 
Telescopic systems, 4S. 

“ Tenth metre,” 252. 

Thalen, 265. 

Thermometer, differential, 281. 
Thermopile, 280. 

— improvements in, 282. 

• — precautions in using, 287. 
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Thick lens, 41. 

Thin films, colours of, 144. 

Thompson, S. P., 205-39. 

Thomson, G. P., 346. 

Thorp, T., 178, 293. 

Three-dimensional grating, 189. 

Toric lens, 381. 

Toroidal lens, 381. 

Total reflection, 13. 

-methods for determining index of 

refraction, 108 - 11 . 

-theory of, 448-52. 

Tourmaline tongs, 208. 

Toy, F. C.. 272. 

Triangle, colour, 389. 

Twinkling of stars, 12. 

Two-dimensional grating, 188. 

Twyman, F., 155. 

Tyndall, blue of sky, 188. 


Ultramicroscope, 93. 
Ultrasonic waves, 191. 
Ultra-violet, discovery of, 267. 
Umbra, 4. 


Vacuum grating, 325. 

— tubes, 258. 

Valenta and Eder, 257. 

Velocity of electromagnetic waves, 434, 
438. 

— of iight, 119-25. 

— group, 418. 

Verdet's constant, 229. 

Violle, light standard, 356. 

Visibility curve, 397. 

Vision, binocular, 382. 

— defects of, 380-1. 

Vita-glass, 273. 

Vitreous humour, 378. 

Vogel, 271. 

Voigt, W., 478. 


Wadsworth mirror prism 
284. 


Warburg, E., 259. 

Water, absorption spectrum of, 285. 
Wave-length spectrometer, 261. 
Wave-lengths, table of, 252, 610. 
Wave mechanics, 347. 

Wave motion, equation of, 432. 

— number, 252. 

— surface, Fresnel's, 215. 

— train, length of, 415-6. 

Wedge photometer, 353. 

— spectrograph, 276. 

Welsbach mantle, 373. 

Wien, 303. 

— displacement law, 484. 

— radiation formula, 485. 

Wiener's experiment, 457. 

Wilip and Galitzin, 304. 

Wollaston, 246. 

Wollaston's prism, 205. 

Wood, R. W., 259. 


X-ray spectra, 322-3. 
— spectrometer, 322. 
X-rays, 318-25. 

X.U., 252. 


Yellow spot, 378. 

Yerkes telescope. 85. 

Young, Thos., 144, 147, 162, 207, 300. 

— (Jas.) and Forbes, velocity of light* 
123. 

Young-Helmholtz theory, 390. 

Young's interference experiment, 135. 


Zeeman effect, 306-11. 

-inverse, 477. 

Zeeman's ether drift experiment, 501. 
Zeiss, 88. 

Zinc-blende crystal, diffraction by, 321. 
Zollner photometer, 358. 

Zone plates, 164. 

Zonc6, Fresnel's, 159. 
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Bergstrand, E., 125. 
Candela, 357. 

Debye, P., 478. 
Dipole moments, 478. 
Doppler effect, 506. 
Gerlach, W., 290. 
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